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and Boecker [9] to derive a finite range central potential with a Gaussian form for nuclear
structure calculations. Going finite range was a technical challenge for the computers avail-
able at that time. However, combining together the simplicity of the Gaussian shape for the
central potential and a nice property of the harmonic oscillator (HO) wave functions [10], to
be discussed below, gave the opportunity to get a reasonable implementation of the HF or the
HFB mean fields on those days computers [11].

The Gogny force consists of four terms

= + + +( ) ( ) ( ) ( ) ( ) ( )v v v v v1, 2 1, 2 1, 2 1, 2 1, 2 . 1c LS DD Coul

A central term vc of finite range which is a linear combination of two Gaussians and contains
the typical spin and isospin channels with the Wigner (W), Barlett (B), Heisenberg (H) and
Majorana (M) terms
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A two body spin–orbit for zero range is taken directly from the Skyrme functional

d s s=  -   +
     ( ) ( ( ) )( ) ( )v W r r1, 2 i , 3LS LS 12 1 2 12 1 2

a pure phenomenological density dependent term, strongly repulsive, introduced to make the
force fulfill the saturation property of the nuclear interaction

d r= + - +s
a   ( ) ( ) ( ) (( ) ) ( )v t P x r r r r1, 2 1 2 . 4DD 3 0 1 2 1 2

This ‘state dependent’ part of the interaction has to be handled properly in the application of
the variational principle which is behind the HF or HFB procedures and gives rise to a so-
called rearrangement potential to be discussed below. Finally, the standard Coulomb potential
vCoul(1,2) between protons is added to the interaction. Usually, the Coulomb potential is taken
only into account in the direct channel of the HF or HFB procedures. The exchange term,
which is rather involved due to the infinite range of the interaction, is considered in the local
Slater approximation [12, 13] that comes in the form of an additional term to be added to the
energy
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and depending on the proton’s density alone. This term also gives a ‘rearrangement’
contribution to the HF or HFB potentials when treated appropriately in the application of the
variational principle.

The traditional center of mass (COM) correction to the mean field energy, including both
the one body and two body components, is fully considered in all Gogny parametrizations and
included in the variational procedure. Both the contributions to the HF and pairing (anti-
pairing) fields are taken into account.

The Gogny interaction depends on 15 adjustable parameters that are obtained after
performing a fit to experimental data and nuclear matter properties. Different parametrizations
have been obtained throughout the years depending on the set of data and the quality of the
approaches used to solve the nuclear many-body problem. For a recent discussion of the
fitting protocol see [14].

In the recent literature it is common to catalog the Gogny force as an EDF due to its
density dependent term. In this review we will use indistinctly the term force, interaction and
EDF to refer to the Gogny force.
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Chiral effective field theory = interactions expansion

Major challenges

►Can k-body, k>3, be omitted in A>>3?
►N3/4LO 2N for high precision; 3N? 4N?
►More profound issues…

H. Hergert - INT Program 19-2-a, “Nuclear Structure at the Crossroads”, Jul 8, 2019

Decoupling in A-Body Space

aim: decouple reference state  
from excitations
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Chiral effective field theory = interactions expansion

Major challenges

►Can k-body, k>3, be omitted in A>>3?
►N3/4LO 2N for high precision; 3N? 4N?
►More profound issues…

H. Hergert - INT Program 19-2-a, “Nuclear Structure at the Crossroads”, Jul 8, 2019

Decoupling in A-Body Space
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Fig. 15 Low lying spectrum of 20Ne as a function of the MR-IMSRG
flow parameter

and the inclusion of collective fluctuations at the PGCM
level slightly increase,

2. dynamical correlations brought either on top of HFB via
BMBPT(2) or on top of PGCM via PGCM-PT(2) are
drastically reduced.

Overall, dynamical correlations go from being highly domi-
nant to being largely subleading. Still, their inclusion on top
of PGCM via PGCM-PT(2) remains mandatory, in particular
when dealing with low-lying excitation energies.

Eventually, the great benefit of the pre-processing relates
to the fact that many-body calculations performed with
evolved Hamiltonians become numerically gentler as s
increases, i.e. the numerical solution of the PGCM-PT(2) lin-
ear system is more precise, corrections beyond PGCM-PT(2)
are minimized and the convergence with the model-space size
(emax) is probably faster, although this latter point remains to
be studied.24 Given that PGCM-PT(2) is numerically more
costly than the MR-IMSRG(2) step (see Appendix D.1), the
optimal combination of both methods is of great interest.
Of course, this optimal point must be such that the error
due to the breaking of unitarity through the MR-IMSRG(2)

24 See Ref. [24] for an accelerated convergence in so-called in-medium
no-core shell model calculations.

Fig. 16 Total ground-state energy of 20Ne computed within various
many-body methods for three different values of the MR-IMSRG flow
parameter. Numbers next to downward arrows denote the corresponding
gain in correlation energy (in MeV)

pre-processing is not larger than the error associated with
PGCM-PT(2) results.

4 Conclusions

This work, the third paper of the series on PGCM-PT, pre-
sented the first realistic results for the novel multi-reference
perturbation theory built on top of an unperturbed state gen-
erated through the projected generator coordinate method.
While the unperturbed state captures crucial static cor-
relations via the breaking and restoration of symmetries
along with collective fluctuations, the perturbative expansion
brings in complementary dynamical correlations in a consis-
tent fashion within a symmetry conserving scheme. Further-
more, being a state-specific multi-reference many-body per-
turbation theory, PGCM-PT accesses ground and low-lying
excited states on an equal footing.

First, the novel many-body formalism was shown to
be both versatile and accurate by benchmarking proof-of-
principle results for the doubly closed-shell 16O, singly open-
shell 18O and doubly open-shell 20Ne nuclei in a small
(emax = 4) harmonic oscillator model space against full con-
figuration interaction results. Binding energies obtained at
second order, i.e. through PGCM-PT(2), were shown to be
typically 0.5–1.5% away from FCI results.
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FIG. 13. Ground-state energies and point-proton radii for doubly
magic oxygen and calcium isotopes obtained in the IM-SRG with
SMS interactions from NLO to N4LO+ for ! = 450 MeV (left-hand
panels) and ! = 500 MeV (right-hand panels) with SRG flow pa-
rameter α = 0.08 fm4. The error bands show the chiral truncation
uncertainties at the 95% confidence level obtained with the pointwise
Bayesian model for N2LO and N4LO+.

further. From N2LO to N3LO we observe a systematic in-
crease of the radii, which exhausts or even exceeds the N2LO
uncertainty band. From N3LO on, the radii are very stable and
consistent within uncertainties across the different orders and
the two cutoff values. While the pattern correlates with the
pattern observed for the ground-state energies, the converged
values of the radii are significantly smaller than the structure
radii extracted from the experimental charge radii for 16O and
18O, despite the excellent agreement for the energies.

These trends continue if we proceed to heavier nuclei.
In Fig. 13 we show the ground state energies and the rms
radii of 16O and 24O as well as 40Ca and 48Ca obtained in
single-reference IM-SRG calculations, which correspond to
the N ref

max = Nmax = 0 limit of the IM-NCSM for 16O and 40Ca.
Also for the doubly magic calcium isotopes, we observe a very
nice convergence of the chiral expansion for both energies and
radii. As before, N2LO leads to significant overbinding, but
the higher orders stabilize quickly and agree within uncertain-
ties. Though the ground-state energies are still in reasonable
agreement with experiment, the underestimation of the radii
is even more pronounced. For the calcium isotopes the radii
at the highest chiral orders are by about 0.5 fm too small
compared to experiment, this corresponds to a reduction of
the nuclear volume by almost 50%.

There are obvious limitations in the present calculations
that might explain the systematic deviation for radii. Starting
from N3LO the 3N interaction is incomplete, and, while the
additional 3N terms at N3LO do not introduce additional
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FIG. 14. Ground-state energies and point-proton radii for even
oxygen isotopes obtained in the IM-NCSM with the SMS interaction
at N4LO+ for ! = 450 MeV, supplemented by the E1 three-nucleon
contact term at N4LO with LEC values cE1 = 0, ±1.

LECs, the 3N terms at N4LO come with a set of new 3N
LECs. Work is in progress to derive all 3N contributions at
N3LO and N4LO [63–67] and to compute the corresponding
matrix elements in a partial-wave representation [68]. In order
to probe the sensitivity of ground-state energies and radii
to the sub-leading three-body contributions, particularly the
terms with new LECs at N4LO, we have selectively included
the simplest, spin-isospin-independent contact term at N4LO
[65] with different values of the corresponding LEC cE1 =
−1, 0,+1 on top of the N4LO+ interaction for ! = 450 MeV.
Based on Yakubovsky calculations, we found that the 4He
binding energy varies between 28.00 and 28.68 MeV. The
corresponding 4He radii change to 1.440 or 1.421 fm, respec-
tively. The resulting ground-state energies and radii for the
oxygen isotopes obtained in the IM-NCSM are depicted in
Fig. 14. Clearly, these higher-order terms have the potential
to significantly affect energies and radii. It remains to be seen
whether the consistent inclusion of all terms will allow for a
net change in the radii while keeping the good reproduction of
the ground-state energies.

Another limitation is the missing corrections to the charge
density from exchange terms predicted in chiral EFT. We are
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Charge yields:

Experimental results ➠ photoinduced fission with 
photon energies in the interval 8 − 14 MeV, and a 
peak value E𝜸 = 11 MeV.

Dynamics of induced fission Zhao, Nikšić, Vretenar, Zhou 
Phys. Rev. C 99, 014618 (2019).

T = 0.5, 0.75, 1.0, and 1.25 MeV ➠ corresponding 
internal excitation energies E∗ are: 2.58, 8.71, 
16.56, and 27.12 MeV, respectively. 

of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
relative values. Quantities in bold italic are newly determined.
Upper limits result from lower limits for the level lifetimes, or
unknown E2=M1 mixing ratios, and the values given assume E2
multipolarity. Also shown are the collective wave function
distributions for the bandheads, plotted in the β − γ plane, with
a color scheme of red for the maximum and blue for the minimum
contribution. The average particle-hole occupation numbers
extracted for protons (π) and neutrons (ν) for the 0þ states are
indicated.

PHYSICAL REVIEW LETTERS 123, 142502 (2019)

142502-3

now the 0p-0h components amount to 33%. The distortion
of the spectrum is due to the mixing of the spherical and the
deformed 0þ’s. Thus, the doublet of 0þ states in 76Fe
signals the rapid transition from the doubly magic ground
state of 78Ni to the fully rotational case of 74Cr, where the
collective behavior is well established, and the neutron
4p-4h intruder becomes dominant in the yrast band, with a
2þ at 0.27 MeV and Eð4þÞ=Eð2þÞ ¼ 3 (see Fig. 3).
Collectivity persists to a lesser extent in 72Ti, whose 2þ

is at 0.41 MeV. There is no experimental information for
these nuclei yet. Table II shows the calculated BðE2Þ values
and spectroscopic quadrupole moments, which correspond,
in the well-deformed case of 74Cr, to βmass ∼ 0.32 and
βcharge ∼ 0.35 in very nice agreement with the results of the
CHF PES. In Table III, we display the occupation numbers
of the neutron and proton orbits above the N ¼ 50, Z ¼ 28
doubly magic closure. It is seen that in the neutron side,
they evolve from 2.7 neutrons excited in 78Ni to a
maximum of 4.9 neutrons in 74Cr, and down to 3.3 neutrons
in 70Ca. Importantly, we verify that in all the cases, all the
excited orbits have non-negligible occupations, as expected
in a pseudo-SU(3) regime, which, however, is only fully
dominant in 74Cr. In the proton sector, the p3=2 orbit is
preferentially populated, as should happen in the quasi-
SU(3) limit, except in 78Ni, where the proton collectivity is
rather of pseudo-SU(3) type. 70Ca is the most neutron-rich

nuclei in our palette and the one for which our predictions
are less dependable because of the far-off extrapolation of
the neutron ESPEs. It has a curious structure, more vibra-
tional than superfluid, with its ground state wave function
evenly split ð24=24=21=16Þ% between the ð0=2=4=6Þp-h
configurations, and a first excited 0þ state at about 500 keV
of doubly magic, N ¼ 50, Z ¼ 20, character.
Finally, we gather in Fig. 4, the evolution of the 2þ

excitation energies for the nickel and chromium chains. The
present calculations are complemented towards N ¼ 40,
with the results obtained using the LNPS interaction and
valence space [13]. It is seen that the magic peaks in the
nickels, at N ¼ 40 and N ¼ 50, disappear completely in
the chromiums: the fingerprint of the onset of deformation
and of the entrance in the IOIs. The same is indeed true
for the iron chain. The agreement of the SM CI
description with experiment may soon extend to full chains
of isotopes from the proton to the neutron drip lines, for
instance, from 48Ni and 44Cr (N ¼ 20) in the pf shell
with the KB3G interaction, to 80Ni and 76Cr (N ¼ 52)
using PFSDG-U.
In conclusion, it looks as if nature would like to replicate

the N ¼ 40 physics at N ¼ 50. Shape coexistence in
doubly magic 78Ni turns out to be the portal to a new
IOI at N ¼ 50, which merges with the well established one
at N ¼ 40 for the isotopes with Z ≤ 26. With this new
addition, the archipelago of IOIs in the neutron rich shores
of the nuclear chart counts now five members: N ¼ 8, 20,
28, 40, and 50.

This work is partly supported byMINECO (Spain) Grant
No. FPA2014-57196 and Programme “Centros de
Excelencia Severo Ochoa” SEV-2012-0249, and by an
USIAS Fellowship of the Université de Strasbourg.

Note added.—A paper describing the heaviest nickel
isotopes with “ab initio” methods has appeared in [30]
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FIG. 3. Theoretical spectra of the N ¼ 50 isotones with the
PFSDG-U interaction. In red the deformed intruder band of 78Ni.

TABLE III. Average number of p-h excitations and occupancies
of the neutron and proton orbits above N ¼ 50 and Z ¼ 28 for
several intruder states.

nνp−h nπp−h dν5=2 sν1=2 gν7=2 dν3=2 pπ
3=2 fπ5=2 pπ

1=2

78Ni 0þ2 2.7 2.3 1.1 0.8 0.4 0.4 0.9 1.0 0.4
76Fe 2þ1 3.0 1.4 1.2 0.8 0.6 0.4 0.8 0.4 0.2
74Cr 0þ1 4.9 1.6 1.8 1.1 1.2 0.8 1.1 0.3 0.2
72Ti 0þ1 4.8 0.9 2.2 0.7 0.6 1.3 0.7 0.1 0.1
70Ca 0þ1 3.5 0.0 1.9 0.3 0.2 1.1 0.0 0.0 0.0
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FIG. 4. 2þ energy systematics in the nickel and chromium
isotopic chains. Experimental data compared with calculations
using the LNPS [13] and PFSDG-U interactions.
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Nuclear structure theory:

• even-even nuclei

• even-odd/odd-even nuclei

• odd-odd nuclei

• electromagnetic transition probabilities

• Beta-decay rates

• Double-beta decay matrix elements

- Kind of nuclei

- Observables and physical quantities

• Bulk properties: masses, radii, nuclear densities.

• Excitation energies

• Electromagnetic responses

• Fission properties

• Reaction properties
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Nuclear methods must provide a wide catalog of physical quantities that can be reliably 
compared with experimental data
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Let us assume that we know the nuclear interaction.
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Let us assume that we know the nuclear interaction.

Most widely used solutions to attack this problem:

• Valence-space or no-core (Shell Model) calculations 

• Variational approximate methods (mean-field and beyond-mean-field).

• Expansion techniques (e.g., many-body perturbation theory, Coupled-cluster)
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Ĥ| ni = En| ni
??

Nuclear many-body problem(s)

Solving the quantum many-body exactly is (in general)  
impossible 



1. Introduction 2. PGCM method 4. Summary and Outlook3. Benchmarking PGCM against shell model with TAURUS

5th GOGNY Conference | Paris December 2024 | The nuclear shell model in the intrinsic frame | Tomás R. Rodríguez

Full diagonalization of the adapted Hamiltonian within 
a valence space 
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Full diagonalization of an adapted Hamiltonian within a valence space 
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Ĥ| ni = En| ni
?



1. Introduction 2. PGCM method 4. Summary and Outlook3. Benchmarking PGCM against shell model with TAURUS

5th GOGNY Conference | Paris December 2024 | The nuclear shell model in the intrinsic frame | Tomás R. Rodríguez

Wave functions are defined in 
the LABORATORY SYSTEM

⇒ SHAPES?!?!

Full diagonalization of the adapted Hamiltonian within 
a valence space 
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- Provide an interpretation of the SM states in terms of intrinsic collective shapes 

- Extend the range of applicability of shell model calculations 

Variational methods in SM spaces
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- Provide an interpretation of the SM states in terms of intrinsic collective shapes 

- Extend the range of applicability of shell model calculations 

Monte Carlo Shell Model 
MCSM

Y. Tsunoda et al., PRC 89, 031301(R) (2014), Y. Utsuno et 
al., PRL 114, 032501 (2015), …

contributes: the proton 1g9=2-2d5=2 splitting, for instance,
becomes wider, first (N up to ∼66) by neutrons in the 1g7=2
and 2d5=2 orbits and later by neutrons in the 1h11=2. Thus, the
Z ¼ 50 gap increases gradually, leading to the highly stable
doubly-magic 132Sn. This is not the full story, however.
Figure 2(b) depicts E2 matrix elements as functions of

N, with kinks at N ¼ 66. These kinks imply that the
dynamical mechanism may change there. Figure 1(a)
shows ΔS2n ¼ −½S2nðNÞ − S2nðN − 2Þ%, which is remark-
ably constant for N=54–66 and for N ¼ 70–80, separately.
Figure 1(a) also shows their averages, including a dis-
continuity between them. Since ΔS2n corresponds to the
second derivative of the ground-state energy, this disconti-
nuity points to a second-order quantum phase transition
with control parameter N [51,52]. While Fig. 1(a) shows
experimental ΔS2n values, a similar overall trend is
obtained in the present calculation. Coming back to
Fig. 2(b), the “derivative” of E2 matrix elements as a
function ofN shows discontinuity similarly toΔS2n. This is
consistent with the change of the T-plot pattern. These
experimental and theoretical observations imply coher-
ently: until N ∼ 66, the moderate deformation phase
dominates the low-lying eigenstates, and the transition
occurs such that the pairing phase takes over with the
seniority-zero (pair-condensed) ground state and its exci-
tations. We note that the present case differs from the first-
order quantum phase transition in Zr isotopes, where a level
crossing occurs between spherical and strongly deformed
states without mixing [45]. The search for other cases of the
second-order quantum phase transition is of extreme
interest in clarifying nuclear dynamics.
Certain properties of the critical (transition) point of the

second-order phase transition are seen around N ¼ 66.
Figure 4(e) shows the T-plot of the 0þ1 state extending over

a wide area though not reaching the spherical limit. This is
consistent with a large quantum fluctuation typical for the
critical point. The T-plot circles of the 2þ1 state are
discretely displaced from those of the 0þ1 state, keeping
the 2þ1 state in the deformed phase. The angular momentum
J can thus be another control parameter. This 0þ1 –2

þ
1

difference causes a suppression of the BðE2Þ value, to
be concrete, due to more neutrons in the 3s1=2 (1h11=2) orbit
for the 0þ1 (2þ1 ) state. Since some experiments do not
show this suppression, the alternative set of TBMEs was
introduced mainly for obtaining a larger BðE2Þ value.
Figures 4(j), 4(k), 4(l) exhibit, respectively, T-plots for
110;116;122Sn obtained from this set. A notable difference
from the present set appears only for 116Sn, and the overall
structure evolution remain unchanged. A consistent feature
is seen in Fig. 2(a), where the dip is shifted only to N ¼ 64
with the alternative set. Thus, the features around the
critical point may give certain constraints on particular
TBMEs, keeping the present overall picture basically
intact.
The magnetic moment of the 2þ1 state has been measured

recently [24], providing a sensible measure of configura-
tions. The calculated g factor of 112–124Sn is, respectively,
0.13, 0.08, 0.02, -0.01, -0.04, -0.05, and -0.07 in an
agreement with these data, whereas other theoretical results
are for limited nuclei or deviate more [24].
The T-plot of 100Sn [panel (a)] is similar to the one for

132Sn [panel (h)], but the circles are spread more outwards,
i.e., stronger ground-state correlations, certainly because of
the N ¼ Z nucleus. The Gamow-Teller decay of the 100Sn
0þ1 state to the 100In 1þ1 state was measured, giving the
largest BðGTÞ value. The T-plots of these states [panels (a),
(i)] are similar to each other, suggesting a large BðGTÞ.

FIG. 4. (a)–(h) T-plots for 0þ1 and 2þ1 states of selected Sn isotopes and (i) T-plot for 1þ1 state of 100In, with the present interaction.
(j)–(l) the same as (a)–(h), with the alternative interaction.
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FIG. 3. (Color online) Potential energy surfaces (PESs) of Ni isotopes, coordinated by the usual Q0 and Q2 (or γ ). The energy relative to
the minimum is shown by contour plots. Circles on the PES represent shapes of MCSM basis vectors (see the text).

that the 0+
3 and 2+

2 states of 68Ni were reported to be strongly
deformed with β2 ∼ 0.4 in shell-model calculations in [32].

Figures 4(a) and 4(b) show occupation numbers of proton
and neutron orbits, respectively, for the 0+

1,2,3 states of 68Ni.
One sees drastic changes between the 0+

1 and 0+
3 states for

proton f7/2 and neutron g9/2, while some other orbits show also
sizable changes. Such changes are due to particle-hole excita-
tions: mainly proton excitations from f7/2 to f5/2 and p3/2,1/2,
and neutron excitations from f5/2 and p1/2 to g9/2. Once
such excitations occur, the state can be deformed towards an
ellipsoidal shape and large deformation energy is gained pre-
dominantly from the proton-neutron quadrupole interaction.
The configuration structure of the 0+

3 state seems to be beyond
the applicability of truncated shell-model calculations [35,36].

We next discuss effective single-particle energy (ESPE),
obtained from the monopole component Hm of the Hamilto-
nian (see, for instance, [4] for more details). Hm is written
in terms of the number operator nj of each orbit j (proton
or neutron is omitted). The ESPE is calculated usually for
configurations that are being filled, but we evaluate it for mixed
configurations by a functional derivative ϵj= ⟨ ∂Hm

∂nj
⟩ with the

expectation values of nj ’s for eigenstates being considered1.
These ϵj ’s are still spherical ESPEs, but are obtained with

1The contribution of identical particles in the same orbit becomes
slightly different from the one by the filling scheme, but this difference
is negligible in the present case.

⟨nj ⟩ of deformed states. From the viewpoint of the Nilsson
model, ϵj ’s correspond to Nilsson levels at the spherical limit,
but the difference from the Nilsson model is that the ϵj ’s vary
as the deformation changes, due to the orbit dependence of
the monopole component of nuclear forces. For protons, the
ESPE of f7/2 is increased by ∼2 MeV in going from 0+

1 to 0+
3

states, while ESPE of f5/2 comes down by ∼1 MeV. Let us
look into how these changes occur, based on the mechanism
presented in [4,8]: Because g9/2 and f7/2 are of j>(= l + 1/2)
type and f5/2 is of j<(= l − 1/2) type, the g9/2-f7/2 (g9/2-
f5/2) monopole interaction from the tensor force is repulsive
(attractive). More neutrons in g9/2 in the 0+

3 state result in the
raising of the proton f7/2 and the lowering of the proton f5/2.
Similarly, neutron holes in f5/2 lead to the weakening of the
attractive (repulsive) effect on the proton f7/2 (f5/2). All these
effects reduce coherently the proton f7/2-f5/2 gap (i.e., the
difference of the ESPEs of these orbits), making it ∼3 MeV
narrower in the 0+

3 state, including other minor effects.
If a relevant shell gap becomes smaller, more particle-

hole excitations occur over this gap, leading to stronger
deformation with more energy gain as mentioned above. A
stronger deformation enhances particular configurations, for
instance, more neutrons in g9/2, which reduce the proton
f7/2-f5/2 gap further. Thus, the change of the shell gap and
strong deformation are interconnected in a self-consistent way.
Figure 4(c) demonstrates this mechanism with an example
of the proton f7/2-f5/2 gap obtained for the CHF wave
function along the γ = 0◦ and 60◦ lines in Fig. 3, as a
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FIG. 1. (Color online) Energy levels for (a) yrast and (b) yrare
states of Ni isotopes with even N . Symbols are experimental data
for J π = 0+ (black triangles), 2+ (open red squares), 4+ (green filled
squares), 6+ (open blue circles), and 8+ (filled purple circles) [19–21].
Lines are the present MCSM calculations with the same color code.
(c) B(E2; 0+

1 → 2+
1 ) values from experiment [22] and by the present

calculation.

prolate. We shall come to this point later. The correspondence
between theoretical and experimental levels can be made with
rather good agreement, including levels of higher spins.

Figure 3 depicts, for selected states of 68,70,74,78Ni isotopes,
potential energy surfaces (PESs) for the present Hamiltonian
obtained by the constrained Hartree-Fock (CHF) method with
the usual constraints on the quadrupole moments Q0 and Q2.
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FIG. 2. (Color online) Energy levels of 68Ni by (a) present calcu-
lation and (b) experiment [19–21].

We can see many features; for instance, for 68Ni, there is a
spherical minimum stretched towards modest oblate region, as
well as a prolate local minimum.

The MCSM wave function is expressed by a superposition
of Slater determinants with the angular-momentum and parity
projector P [J π ],

" =
∑

i

ciP [J π ] #i . (1)

Here ci denotes an amplitude, and #i stands for the
Slater determinant consisting of one-nucleon wave functions
φ

(i)
1 ,φ

(i)
2 , . . . ,φ(i)

n with

φ
(i)
k =

∑

l

D
(i)
k,l ul, (2)

where ul is the lth single-particle state in the original model
space in the m scheme, and D implies an amplitude determined
by the MCSM process. #i is the product of the proton and
neutron sectors, with n being the number of valence protons
or neutrons.

For each #i , we take the following procedure. We calculate
its quadrupole moment matrix and diagonalize it. Three axes
are obtained with Q0 and Q2 values. We then place a circle on
the PES at the point corresponding to these Q0 and Q2 values.
The size (i.e., area) of the circle is set to be proportional to the
overlap probability between " and the normalized P [J π ] #i .
Thus, the location of the circle implies the intrinsic shape of
#i , and its size the importance of it in the eigenstate, ". Note
that the states P [J π ] #i (i = 1,2, . . . ) are not orthogonal to
each other, in general, but the distribution pattern of the circles
provides a unique and clear message on the intrinsic shape of
the shell-model eigenstate, as we shall see.

Figure 3(a) shows such circles for the ground state of 68Ni.
We see many large circles near the spherical point, Q0 = Q2 =
0. In general, there can be many points close to one another
partly because each circle represents a Slater determinant and
a two-body interaction, particularly its pairing components,
mixes different Slater determinants. Those Slater determinants
should have similar shapes so that the mixing between them
can occur. We also see notable spreading of the distribution
of circles from the spherical point. This implies the extent
of the shape fluctuation. The 0+

2 state in Fig. 3(b) shows
similar spreading but the locations are shifted to the moderately
oblate region (β2 ∼ −0.2). Although there is no clear potential
barrier between the spherical and oblate regions of the PES,
the antisymmetrization pushes the 0+

2 state away from the 0+
1

state. Figure 3(c) exhibits many circles in a profound prolate
minimum with Q0 ∼ 200 fm2 (β2 ∼ 0.4). We emphasize that
we can analyze, in this way, the intrinsic shape even for 0+

states without referring to E2 properties.
Figures 3(d) and 3(e) show the same plots for the 2+

1,2 states.
The 2+

1 state exhibits a pattern almost identical to that of the
0+

2 state, which suggests the formation of the modestly oblate
band. Such striking similarity is found also between the 0+

3
and 2+

2 states with a strong-prolate-band assignment. The band
structure can be further verified by E2 matrix elements and
is presented in Fig. 2 including 4+ and 6+ members. We note

031301-2

Variational methods in SM spaces



1. Introduction 2. PGCM method 4. Summary and Outlook3. Benchmarking PGCM against shell model with TAURUS

5th GOGNY Conference | Paris December 2024 | The nuclear shell model in the intrinsic frame | Tomás R. Rodríguez

- Provide an interpretation of the SM states in terms of intrinsic collective shapes 

- Extend the range of applicability of shell model calculations 

Monte Carlo Shell Model 
MCSM

Y. Tsunoda et al., PRC 89, 031301(R) (2014), Y. Utsuno et 
al., PRL 114, 032501 (2015), …

contributes: the proton 1g9=2-2d5=2 splitting, for instance,
becomes wider, first (N up to ∼66) by neutrons in the 1g7=2
and 2d5=2 orbits and later by neutrons in the 1h11=2. Thus, the
Z ¼ 50 gap increases gradually, leading to the highly stable
doubly-magic 132Sn. This is not the full story, however.
Figure 2(b) depicts E2 matrix elements as functions of

N, with kinks at N ¼ 66. These kinks imply that the
dynamical mechanism may change there. Figure 1(a)
shows ΔS2n ¼ −½S2nðNÞ − S2nðN − 2Þ%, which is remark-
ably constant for N=54–66 and for N ¼ 70–80, separately.
Figure 1(a) also shows their averages, including a dis-
continuity between them. Since ΔS2n corresponds to the
second derivative of the ground-state energy, this disconti-
nuity points to a second-order quantum phase transition
with control parameter N [51,52]. While Fig. 1(a) shows
experimental ΔS2n values, a similar overall trend is
obtained in the present calculation. Coming back to
Fig. 2(b), the “derivative” of E2 matrix elements as a
function ofN shows discontinuity similarly toΔS2n. This is
consistent with the change of the T-plot pattern. These
experimental and theoretical observations imply coher-
ently: until N ∼ 66, the moderate deformation phase
dominates the low-lying eigenstates, and the transition
occurs such that the pairing phase takes over with the
seniority-zero (pair-condensed) ground state and its exci-
tations. We note that the present case differs from the first-
order quantum phase transition in Zr isotopes, where a level
crossing occurs between spherical and strongly deformed
states without mixing [45]. The search for other cases of the
second-order quantum phase transition is of extreme
interest in clarifying nuclear dynamics.
Certain properties of the critical (transition) point of the

second-order phase transition are seen around N ¼ 66.
Figure 4(e) shows the T-plot of the 0þ1 state extending over

a wide area though not reaching the spherical limit. This is
consistent with a large quantum fluctuation typical for the
critical point. The T-plot circles of the 2þ1 state are
discretely displaced from those of the 0þ1 state, keeping
the 2þ1 state in the deformed phase. The angular momentum
J can thus be another control parameter. This 0þ1 –2

þ
1

difference causes a suppression of the BðE2Þ value, to
be concrete, due to more neutrons in the 3s1=2 (1h11=2) orbit
for the 0þ1 (2þ1 ) state. Since some experiments do not
show this suppression, the alternative set of TBMEs was
introduced mainly for obtaining a larger BðE2Þ value.
Figures 4(j), 4(k), 4(l) exhibit, respectively, T-plots for
110;116;122Sn obtained from this set. A notable difference
from the present set appears only for 116Sn, and the overall
structure evolution remain unchanged. A consistent feature
is seen in Fig. 2(a), where the dip is shifted only to N ¼ 64
with the alternative set. Thus, the features around the
critical point may give certain constraints on particular
TBMEs, keeping the present overall picture basically
intact.
The magnetic moment of the 2þ1 state has been measured

recently [24], providing a sensible measure of configura-
tions. The calculated g factor of 112–124Sn is, respectively,
0.13, 0.08, 0.02, -0.01, -0.04, -0.05, and -0.07 in an
agreement with these data, whereas other theoretical results
are for limited nuclei or deviate more [24].
The T-plot of 100Sn [panel (a)] is similar to the one for

132Sn [panel (h)], but the circles are spread more outwards,
i.e., stronger ground-state correlations, certainly because of
the N ¼ Z nucleus. The Gamow-Teller decay of the 100Sn
0þ1 state to the 100In 1þ1 state was measured, giving the
largest BðGTÞ value. The T-plots of these states [panels (a),
(i)] are similar to each other, suggesting a large BðGTÞ.

FIG. 4. (a)–(h) T-plots for 0þ1 and 2þ1 states of selected Sn isotopes and (i) T-plot for 1þ1 state of 100In, with the present interaction.
(j)–(l) the same as (a)–(h), with the alternative interaction.

PHYSICAL REVIEW LETTERS 121, 062501 (2018)

062501-4

RAPID COMMUNICATIONS

NOVEL SHAPE EVOLUTION IN EXOTIC Ni ISOTOPES . . . PHYSICAL REVIEW C 89, 031301(R) (2014)

FIG. 3. (Color online) Potential energy surfaces (PESs) of Ni isotopes, coordinated by the usual Q0 and Q2 (or γ ). The energy relative to
the minimum is shown by contour plots. Circles on the PES represent shapes of MCSM basis vectors (see the text).

that the 0+
3 and 2+

2 states of 68Ni were reported to be strongly
deformed with β2 ∼ 0.4 in shell-model calculations in [32].

Figures 4(a) and 4(b) show occupation numbers of proton
and neutron orbits, respectively, for the 0+

1,2,3 states of 68Ni.
One sees drastic changes between the 0+

1 and 0+
3 states for

proton f7/2 and neutron g9/2, while some other orbits show also
sizable changes. Such changes are due to particle-hole excita-
tions: mainly proton excitations from f7/2 to f5/2 and p3/2,1/2,
and neutron excitations from f5/2 and p1/2 to g9/2. Once
such excitations occur, the state can be deformed towards an
ellipsoidal shape and large deformation energy is gained pre-
dominantly from the proton-neutron quadrupole interaction.
The configuration structure of the 0+

3 state seems to be beyond
the applicability of truncated shell-model calculations [35,36].

We next discuss effective single-particle energy (ESPE),
obtained from the monopole component Hm of the Hamilto-
nian (see, for instance, [4] for more details). Hm is written
in terms of the number operator nj of each orbit j (proton
or neutron is omitted). The ESPE is calculated usually for
configurations that are being filled, but we evaluate it for mixed
configurations by a functional derivative ϵj= ⟨ ∂Hm

∂nj
⟩ with the

expectation values of nj ’s for eigenstates being considered1.
These ϵj ’s are still spherical ESPEs, but are obtained with

1The contribution of identical particles in the same orbit becomes
slightly different from the one by the filling scheme, but this difference
is negligible in the present case.

⟨nj ⟩ of deformed states. From the viewpoint of the Nilsson
model, ϵj ’s correspond to Nilsson levels at the spherical limit,
but the difference from the Nilsson model is that the ϵj ’s vary
as the deformation changes, due to the orbit dependence of
the monopole component of nuclear forces. For protons, the
ESPE of f7/2 is increased by ∼2 MeV in going from 0+

1 to 0+
3

states, while ESPE of f5/2 comes down by ∼1 MeV. Let us
look into how these changes occur, based on the mechanism
presented in [4,8]: Because g9/2 and f7/2 are of j>(= l + 1/2)
type and f5/2 is of j<(= l − 1/2) type, the g9/2-f7/2 (g9/2-
f5/2) monopole interaction from the tensor force is repulsive
(attractive). More neutrons in g9/2 in the 0+

3 state result in the
raising of the proton f7/2 and the lowering of the proton f5/2.
Similarly, neutron holes in f5/2 lead to the weakening of the
attractive (repulsive) effect on the proton f7/2 (f5/2). All these
effects reduce coherently the proton f7/2-f5/2 gap (i.e., the
difference of the ESPEs of these orbits), making it ∼3 MeV
narrower in the 0+

3 state, including other minor effects.
If a relevant shell gap becomes smaller, more particle-

hole excitations occur over this gap, leading to stronger
deformation with more energy gain as mentioned above. A
stronger deformation enhances particular configurations, for
instance, more neutrons in g9/2, which reduce the proton
f7/2-f5/2 gap further. Thus, the change of the shell gap and
strong deformation are interconnected in a self-consistent way.
Figure 4(c) demonstrates this mechanism with an example
of the proton f7/2-f5/2 gap obtained for the CHF wave
function along the γ = 0◦ and 60◦ lines in Fig. 3, as a
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FIG. 1. (Color online) Energy levels for (a) yrast and (b) yrare
states of Ni isotopes with even N . Symbols are experimental data
for J π = 0+ (black triangles), 2+ (open red squares), 4+ (green filled
squares), 6+ (open blue circles), and 8+ (filled purple circles) [19–21].
Lines are the present MCSM calculations with the same color code.
(c) B(E2; 0+

1 → 2+
1 ) values from experiment [22] and by the present

calculation.

prolate. We shall come to this point later. The correspondence
between theoretical and experimental levels can be made with
rather good agreement, including levels of higher spins.

Figure 3 depicts, for selected states of 68,70,74,78Ni isotopes,
potential energy surfaces (PESs) for the present Hamiltonian
obtained by the constrained Hartree-Fock (CHF) method with
the usual constraints on the quadrupole moments Q0 and Q2.
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FIG. 2. (Color online) Energy levels of 68Ni by (a) present calcu-
lation and (b) experiment [19–21].

We can see many features; for instance, for 68Ni, there is a
spherical minimum stretched towards modest oblate region, as
well as a prolate local minimum.

The MCSM wave function is expressed by a superposition
of Slater determinants with the angular-momentum and parity
projector P [J π ],

" =
∑

i

ciP [J π ] #i . (1)

Here ci denotes an amplitude, and #i stands for the
Slater determinant consisting of one-nucleon wave functions
φ

(i)
1 ,φ

(i)
2 , . . . ,φ(i)

n with

φ
(i)
k =

∑

l

D
(i)
k,l ul, (2)

where ul is the lth single-particle state in the original model
space in the m scheme, and D implies an amplitude determined
by the MCSM process. #i is the product of the proton and
neutron sectors, with n being the number of valence protons
or neutrons.

For each #i , we take the following procedure. We calculate
its quadrupole moment matrix and diagonalize it. Three axes
are obtained with Q0 and Q2 values. We then place a circle on
the PES at the point corresponding to these Q0 and Q2 values.
The size (i.e., area) of the circle is set to be proportional to the
overlap probability between " and the normalized P [J π ] #i .
Thus, the location of the circle implies the intrinsic shape of
#i , and its size the importance of it in the eigenstate, ". Note
that the states P [J π ] #i (i = 1,2, . . . ) are not orthogonal to
each other, in general, but the distribution pattern of the circles
provides a unique and clear message on the intrinsic shape of
the shell-model eigenstate, as we shall see.

Figure 3(a) shows such circles for the ground state of 68Ni.
We see many large circles near the spherical point, Q0 = Q2 =
0. In general, there can be many points close to one another
partly because each circle represents a Slater determinant and
a two-body interaction, particularly its pairing components,
mixes different Slater determinants. Those Slater determinants
should have similar shapes so that the mixing between them
can occur. We also see notable spreading of the distribution
of circles from the spherical point. This implies the extent
of the shape fluctuation. The 0+

2 state in Fig. 3(b) shows
similar spreading but the locations are shifted to the moderately
oblate region (β2 ∼ −0.2). Although there is no clear potential
barrier between the spherical and oblate regions of the PES,
the antisymmetrization pushes the 0+

2 state away from the 0+
1

state. Figure 3(c) exhibits many circles in a profound prolate
minimum with Q0 ∼ 200 fm2 (β2 ∼ 0.4). We emphasize that
we can analyze, in this way, the intrinsic shape even for 0+

states without referring to E2 properties.
Figures 3(d) and 3(e) show the same plots for the 2+

1,2 states.
The 2+

1 state exhibits a pattern almost identical to that of the
0+

2 state, which suggests the formation of the modestly oblate
band. Such striking similarity is found also between the 0+

3
and 2+

2 states with a strong-prolate-band assignment. The band
structure can be further verified by E2 matrix elements and
is presented in Fig. 2 including 4+ and 6+ members. We note
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TABLE I. Different PGCM approximation schemes used to com-
pute the structure of calcium isotopes.

Label Energy minimization Collective coordinates

PGCM1 HFB (β2, γ )
PGCM2 PNVAP (β2, γ )
PGCM3 PNVAP (β2, γ , δnn )

where C = 3r2
0 A5/3

8π
, r0 = 1.2 fm, and A is the total mass number

(including core and valence space particles). Additionally,
electromagnetic transitions and moments are calculated with
the effective charge ep for protons and en for neutrons. In the
p f shell, we choose the standard values 1.5 and 0.5 for protons
and neutrons, respectively [8,9].

Pairing degrees of freedom can be explored by constraining
the expectation value of a pair creation operator with respect
to the intrinsic states. In this work, we use an operator that
couples pairs within a given orbit ă ≡ (na, la, ja, sa, ta) to a
good total angular momentum J and total isospin T [48,49],

[P̂†]JT
MJ MT

=
∑

ă

[P̂†
ă ]JT

MJ MT

= 1√
2

∑

ă

√
2 ja + 1[c†

ăc†
ă]JT

MJ MT
, (12)

where the creation operators are JT coupled according to

[c†
ăc†

b̆
]JT
MJ MT

=
√

1 − δăb̆(−1)J+T

1 + δăb̆

∑

mja mjb
mta mtb

c†
ac†

b

×
〈
jamja jbmjb

∣∣JMJ
〉〈 1

2 mta
1
2 mtb

∣∣T MT
〉
. (13)

Both isoscalar (T = 0, J = 1) pn pairing and isovector (T =
1, J = 0) pp, nn, and pn pairing can be explored with these
operators. In this work, we only study the nn-pairing channel
(T = 1, MT = 1, J = 0, MJ = 0) because only neutrons are
present in the calcium chain in the p f shell, i.e., the intrinsic
wave functions can be constrained to

δnn = 1
2 ⟨%(q)|[P̂]01

01 + [P̂†]01
01|%(q)⟩. (14)

In Table I, we summarize and label the different PGCM
schemes that are examined in the present work depending
on the type of energy minimization scheme used (HFB or
PNVAP) and the collective coordinates explored. In all cases,
particle-number (proton and neutron) and angular-momentum
(three Euler angles) projections were performed. The number
of integration points taken to discretize the integrals over
the gauge and Euler angles was large enough as to ensure
a full convergence in the nominal expectation values of the
particle-number and angular-momentum operators computed
with the GCM wave functions [Eq. (2)]. The PGCM calcu-
lations were performed using the newly developed software
TAURUS [50].
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FIG. 1. Total energy surfaces (TES) as a function of the
quadrupole degrees of freedom, (β2, γ ) calculated for the nucleus
48Ca using the following approaches: (a) HFB, (b) PNVAP, and
their corresponding particle number and angular momentum pro-
jected (PNAMP, J = 0) total energy surfaces, (c) HFB+PNAMP, and
(d) PNVAP+PNAMP. Surfaces are normalized to their respective
minimum, i.e., (a) −6.446 MeV, (b) −7.195 MeV, (c) −6.896 MeV,
and (d) −7.209 MeV. Contour lines are separated by 0.2 MeV.

III. RESULTS

A. 48Ca

In this section, we illustrate our methodology taking the
nucleus 48Ca as an example. It is noteworthy that, as it will
be demonstrated below, it represents one of the most difficult
cases for our model.

As mentioned in the previous section, the first step in our
method is the construction of a set of quasiparticle states
through a series of constrained HFB/PNVAP calculations. It
is important to point out that in a restricted valence space the
range of admissible values for the constraints is much more
limited than in a no-core implementation. Indeed, working
with a handful of particles and single-particle states, it is not
possible to build a many-body wave function that satisfies any
arbitrary values of the constraints. For example, the largest β2
value reachable in the model space is quite small compared
to the values used in traditional EDF calculations. In the
present work, the bounds of the constraints are determined
heuristically.

The total energy as a function of the quadrupole degrees
of freedom, (β2, γ ) is represented in Fig. 1. In the top panels,
the HFB [Fig. 1(a)] and PNVAP [Fig. 1(b)] total energy
surfaces (TES) are shown. As expected in this doubly magic
nucleus, in both cases the absolute minimum is located at
the spherical configuration and the energy rises quickly with
β2 and is almost independent of γ ; also we observe that
the PNVAP surface is slightly softer. At the spherical point,
the pairing collapses in the HFB calculation, which is thus
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projected-HFB calculations that generate multiple (nonor-
thogonal) number-projected quasiparticle vacua jΦZNðQÞi,
where Q ¼ fqμ;ϕg encompasses the collective coordinates
most important for spectra and the NME [43]: quadrupole
moments qμ ¼ hΦZNðQÞjr2Y2μjΦZNðQÞi and an isoscalar
(proton-neutron) pairing amplitude ϕ ¼ hΦZNðQÞjP†

0þ
P0jΦZNðQÞi. HereP†

0, defined precisely in Ref. [44], creates
a correlated isoscalar pair.We construct low-lying eigenstates
by further projecting the jΦZNðQÞi onto states with well-
defined angular momentum, jJMZNðQiÞi, and superposing
them using the GCM ansatz

jΨJMZNi ¼
X

Qi

FJZNðQiÞjJMZNðQiÞi: ð2Þ

The weights FJZNðQiÞ are determined by minimizing the
expectation value of the evolved Hamiltonian H̃, a procedure
that leads to theHill-Wheeler-Griffin equation [25]. Since our
approach involves a Hamiltonian, we do not suffer from the
spurious divergences and discontinuities that affect GCM
applications in nuclear DFT [45,46].
Results and discussion.—Figure 1 displays the

“potential energy surfaces,” i.e., the expectation values
hΦZNðQiÞjH̃jΦZNðQiÞi, for 48Ca and 48Ti. The expectation
value at each deformation ðβ; γÞ, where β≡ 4π=ð3AR2

0Þ×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 þ 2q22

p
with R0¼1.2A1=3 fm and γ ≡ arctan

ffiffiffi
2

p
q2=q0,

is an indication of the importance of the corresponding
state in our GCM wave functions. The IMSRG-evolved
Hamiltonian H̃ used to construct the surface comes from
the EM1.8/2.0 interaction, with emax ¼ 8 and ℏω ¼
16 MeV. For convenience, we use the bare rather than
the evolved quadrupole operators to define β and γ; this
convention has no effect on computed observables. The
figure shows that the energy of 48Ca is minimized for a
spherical shape (β ¼ 0, γ ¼ 0), and that the energy of 48Ti
has a similarly pronounced minimum at a prolate shape
with β ∼ 0.2 and γ ¼ 0. The effect of triaxiality on the low-
lying states of both nuclei and on the NME is negligible.

We compute all observable quantities with the chiral
interactions discussed above, for a range of emax and ℏω
values (see Supplemental Material [36] for details.) With
EM1.8/2.0, which produces satisfactory ground-state and
separation energies through mass A ∼ 80 [47–50], we
obtain extrapolated ground-state energies of −418.26 and
−422.27 MeV for 48Ca and 48Ti, respectively. Our calcu-
lation yields the correct ground-state ordering, but our
Qββ ¼ 5.57 MeV is somewhat larger than the experimental
Q value, 4.26 MeV.
Figure 2 shows the low-lying states of 48Ti for the

same interactions. The spectrum is clearly rotational but
slightly stretched, a result of our focus on the ground
state. Importantly, however, we reproduce the collective
BðE2∶ 2þ1 → 0þ1 Þ reasonably well in all cases. Other
ab initio calculations severely underpredict BðE2Þ’s
[19,38], which are more sensitive probes of wave functions
than are energies; our success is due to the explicit
treatment of collectivity. The inclusion of noncollective
configurations from isoscalar pairing, not shown in the
figure, slightly compresses the spectra and changes the
BðE2∶ 2þ1 → 0þ1 Þ by 5%–6%, e.g., from 101 to 96 e2 fm4

for the EM1.8/2.0 interaction.
The energies of the low-lying states are converged to

within a few percent with respect to the basis size. For
example, the 2þ excitation energies in 48Ti obtained with
EM1.8/2.0 or EM2.0/2.0 with ℏω ¼ 16 MeV change by no
more than 3% from emax ¼ 6 through emax ¼ 10 (also see
Supplemental Material [36]). Regarding the transitions, we
note first that the correction to the E2 operator from the
IMSRG flow alters the BðE2Þ values by less than 10%,
suggesting that our collective reference ensemble accounts
for quadrupole correlations that caused large corrections in
other work [38]. Thus, we do not expect them to change
significantly as the number of shells is increased (Fig. 4
supports our expectation). Surprisingly, even a drastic
change of the coefficients (cI, cF) specifying the contri-
butions of 48Ca and 48Ti to the reference ensemble from

FIG. 1. The particle-number projected potential energy surfaces
of 48Ca and 48Ti in the deformation ðβ; γÞ plane for the interaction
EM1.8/2.0 with emax ¼ 8, ℏω ¼ 16 MeV (see text). Neighboring
contour lines are separated by 1 MeV.

FIG. 2. The low-lying energy spectrum in 48Ti from the
IMSRGþ GCM calculation, with interactions and oscillator
frequencies labeled EMλ=ΛðℏωÞ. The rightmost column contains
experimental data [51].
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48Ca is spherical and 48Ti is weakly deformed.
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contributes: the proton 1g9=2-2d5=2 splitting, for instance,
becomes wider, first (N up to ∼66) by neutrons in the 1g7=2
and 2d5=2 orbits and later by neutrons in the 1h11=2. Thus, the
Z ¼ 50 gap increases gradually, leading to the highly stable
doubly-magic 132Sn. This is not the full story, however.
Figure 2(b) depicts E2 matrix elements as functions of

N, with kinks at N ¼ 66. These kinks imply that the
dynamical mechanism may change there. Figure 1(a)
shows ΔS2n ¼ −½S2nðNÞ − S2nðN − 2Þ%, which is remark-
ably constant for N=54–66 and for N ¼ 70–80, separately.
Figure 1(a) also shows their averages, including a dis-
continuity between them. Since ΔS2n corresponds to the
second derivative of the ground-state energy, this disconti-
nuity points to a second-order quantum phase transition
with control parameter N [51,52]. While Fig. 1(a) shows
experimental ΔS2n values, a similar overall trend is
obtained in the present calculation. Coming back to
Fig. 2(b), the “derivative” of E2 matrix elements as a
function ofN shows discontinuity similarly toΔS2n. This is
consistent with the change of the T-plot pattern. These
experimental and theoretical observations imply coher-
ently: until N ∼ 66, the moderate deformation phase
dominates the low-lying eigenstates, and the transition
occurs such that the pairing phase takes over with the
seniority-zero (pair-condensed) ground state and its exci-
tations. We note that the present case differs from the first-
order quantum phase transition in Zr isotopes, where a level
crossing occurs between spherical and strongly deformed
states without mixing [45]. The search for other cases of the
second-order quantum phase transition is of extreme
interest in clarifying nuclear dynamics.
Certain properties of the critical (transition) point of the

second-order phase transition are seen around N ¼ 66.
Figure 4(e) shows the T-plot of the 0þ1 state extending over

a wide area though not reaching the spherical limit. This is
consistent with a large quantum fluctuation typical for the
critical point. The T-plot circles of the 2þ1 state are
discretely displaced from those of the 0þ1 state, keeping
the 2þ1 state in the deformed phase. The angular momentum
J can thus be another control parameter. This 0þ1 –2

þ
1

difference causes a suppression of the BðE2Þ value, to
be concrete, due to more neutrons in the 3s1=2 (1h11=2) orbit
for the 0þ1 (2þ1 ) state. Since some experiments do not
show this suppression, the alternative set of TBMEs was
introduced mainly for obtaining a larger BðE2Þ value.
Figures 4(j), 4(k), 4(l) exhibit, respectively, T-plots for
110;116;122Sn obtained from this set. A notable difference
from the present set appears only for 116Sn, and the overall
structure evolution remain unchanged. A consistent feature
is seen in Fig. 2(a), where the dip is shifted only to N ¼ 64
with the alternative set. Thus, the features around the
critical point may give certain constraints on particular
TBMEs, keeping the present overall picture basically
intact.
The magnetic moment of the 2þ1 state has been measured

recently [24], providing a sensible measure of configura-
tions. The calculated g factor of 112–124Sn is, respectively,
0.13, 0.08, 0.02, -0.01, -0.04, -0.05, and -0.07 in an
agreement with these data, whereas other theoretical results
are for limited nuclei or deviate more [24].
The T-plot of 100Sn [panel (a)] is similar to the one for

132Sn [panel (h)], but the circles are spread more outwards,
i.e., stronger ground-state correlations, certainly because of
the N ¼ Z nucleus. The Gamow-Teller decay of the 100Sn
0þ1 state to the 100In 1þ1 state was measured, giving the
largest BðGTÞ value. The T-plots of these states [panels (a),
(i)] are similar to each other, suggesting a large BðGTÞ.

FIG. 4. (a)–(h) T-plots for 0þ1 and 2þ1 states of selected Sn isotopes and (i) T-plot for 1þ1 state of 100In, with the present interaction.
(j)–(l) the same as (a)–(h), with the alternative interaction.
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FIG. 3. (Color online) Potential energy surfaces (PESs) of Ni isotopes, coordinated by the usual Q0 and Q2 (or γ ). The energy relative to
the minimum is shown by contour plots. Circles on the PES represent shapes of MCSM basis vectors (see the text).

that the 0+
3 and 2+

2 states of 68Ni were reported to be strongly
deformed with β2 ∼ 0.4 in shell-model calculations in [32].

Figures 4(a) and 4(b) show occupation numbers of proton
and neutron orbits, respectively, for the 0+

1,2,3 states of 68Ni.
One sees drastic changes between the 0+

1 and 0+
3 states for

proton f7/2 and neutron g9/2, while some other orbits show also
sizable changes. Such changes are due to particle-hole excita-
tions: mainly proton excitations from f7/2 to f5/2 and p3/2,1/2,
and neutron excitations from f5/2 and p1/2 to g9/2. Once
such excitations occur, the state can be deformed towards an
ellipsoidal shape and large deformation energy is gained pre-
dominantly from the proton-neutron quadrupole interaction.
The configuration structure of the 0+

3 state seems to be beyond
the applicability of truncated shell-model calculations [35,36].

We next discuss effective single-particle energy (ESPE),
obtained from the monopole component Hm of the Hamilto-
nian (see, for instance, [4] for more details). Hm is written
in terms of the number operator nj of each orbit j (proton
or neutron is omitted). The ESPE is calculated usually for
configurations that are being filled, but we evaluate it for mixed
configurations by a functional derivative ϵj= ⟨ ∂Hm

∂nj
⟩ with the

expectation values of nj ’s for eigenstates being considered1.
These ϵj ’s are still spherical ESPEs, but are obtained with

1The contribution of identical particles in the same orbit becomes
slightly different from the one by the filling scheme, but this difference
is negligible in the present case.

⟨nj ⟩ of deformed states. From the viewpoint of the Nilsson
model, ϵj ’s correspond to Nilsson levels at the spherical limit,
but the difference from the Nilsson model is that the ϵj ’s vary
as the deformation changes, due to the orbit dependence of
the monopole component of nuclear forces. For protons, the
ESPE of f7/2 is increased by ∼2 MeV in going from 0+

1 to 0+
3

states, while ESPE of f5/2 comes down by ∼1 MeV. Let us
look into how these changes occur, based on the mechanism
presented in [4,8]: Because g9/2 and f7/2 are of j>(= l + 1/2)
type and f5/2 is of j<(= l − 1/2) type, the g9/2-f7/2 (g9/2-
f5/2) monopole interaction from the tensor force is repulsive
(attractive). More neutrons in g9/2 in the 0+

3 state result in the
raising of the proton f7/2 and the lowering of the proton f5/2.
Similarly, neutron holes in f5/2 lead to the weakening of the
attractive (repulsive) effect on the proton f7/2 (f5/2). All these
effects reduce coherently the proton f7/2-f5/2 gap (i.e., the
difference of the ESPEs of these orbits), making it ∼3 MeV
narrower in the 0+

3 state, including other minor effects.
If a relevant shell gap becomes smaller, more particle-

hole excitations occur over this gap, leading to stronger
deformation with more energy gain as mentioned above. A
stronger deformation enhances particular configurations, for
instance, more neutrons in g9/2, which reduce the proton
f7/2-f5/2 gap further. Thus, the change of the shell gap and
strong deformation are interconnected in a self-consistent way.
Figure 4(c) demonstrates this mechanism with an example
of the proton f7/2-f5/2 gap obtained for the CHF wave
function along the γ = 0◦ and 60◦ lines in Fig. 3, as a
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FIG. 1. (Color online) Energy levels for (a) yrast and (b) yrare
states of Ni isotopes with even N . Symbols are experimental data
for J π = 0+ (black triangles), 2+ (open red squares), 4+ (green filled
squares), 6+ (open blue circles), and 8+ (filled purple circles) [19–21].
Lines are the present MCSM calculations with the same color code.
(c) B(E2; 0+

1 → 2+
1 ) values from experiment [22] and by the present

calculation.

prolate. We shall come to this point later. The correspondence
between theoretical and experimental levels can be made with
rather good agreement, including levels of higher spins.

Figure 3 depicts, for selected states of 68,70,74,78Ni isotopes,
potential energy surfaces (PESs) for the present Hamiltonian
obtained by the constrained Hartree-Fock (CHF) method with
the usual constraints on the quadrupole moments Q0 and Q2.
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FIG. 2. (Color online) Energy levels of 68Ni by (a) present calcu-
lation and (b) experiment [19–21].

We can see many features; for instance, for 68Ni, there is a
spherical minimum stretched towards modest oblate region, as
well as a prolate local minimum.

The MCSM wave function is expressed by a superposition
of Slater determinants with the angular-momentum and parity
projector P [J π ],

" =
∑

i

ciP [J π ] #i . (1)

Here ci denotes an amplitude, and #i stands for the
Slater determinant consisting of one-nucleon wave functions
φ

(i)
1 ,φ

(i)
2 , . . . ,φ(i)

n with

φ
(i)
k =

∑

l

D
(i)
k,l ul, (2)

where ul is the lth single-particle state in the original model
space in the m scheme, and D implies an amplitude determined
by the MCSM process. #i is the product of the proton and
neutron sectors, with n being the number of valence protons
or neutrons.

For each #i , we take the following procedure. We calculate
its quadrupole moment matrix and diagonalize it. Three axes
are obtained with Q0 and Q2 values. We then place a circle on
the PES at the point corresponding to these Q0 and Q2 values.
The size (i.e., area) of the circle is set to be proportional to the
overlap probability between " and the normalized P [J π ] #i .
Thus, the location of the circle implies the intrinsic shape of
#i , and its size the importance of it in the eigenstate, ". Note
that the states P [J π ] #i (i = 1,2, . . . ) are not orthogonal to
each other, in general, but the distribution pattern of the circles
provides a unique and clear message on the intrinsic shape of
the shell-model eigenstate, as we shall see.

Figure 3(a) shows such circles for the ground state of 68Ni.
We see many large circles near the spherical point, Q0 = Q2 =
0. In general, there can be many points close to one another
partly because each circle represents a Slater determinant and
a two-body interaction, particularly its pairing components,
mixes different Slater determinants. Those Slater determinants
should have similar shapes so that the mixing between them
can occur. We also see notable spreading of the distribution
of circles from the spherical point. This implies the extent
of the shape fluctuation. The 0+

2 state in Fig. 3(b) shows
similar spreading but the locations are shifted to the moderately
oblate region (β2 ∼ −0.2). Although there is no clear potential
barrier between the spherical and oblate regions of the PES,
the antisymmetrization pushes the 0+

2 state away from the 0+
1

state. Figure 3(c) exhibits many circles in a profound prolate
minimum with Q0 ∼ 200 fm2 (β2 ∼ 0.4). We emphasize that
we can analyze, in this way, the intrinsic shape even for 0+

states without referring to E2 properties.
Figures 3(d) and 3(e) show the same plots for the 2+

1,2 states.
The 2+

1 state exhibits a pattern almost identical to that of the
0+

2 state, which suggests the formation of the modestly oblate
band. Such striking similarity is found also between the 0+

3
and 2+

2 states with a strong-prolate-band assignment. The band
structure can be further verified by E2 matrix elements and
is presented in Fig. 2 including 4+ and 6+ members. We note
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TABLE I. Different PGCM approximation schemes used to com-
pute the structure of calcium isotopes.

Label Energy minimization Collective coordinates

PGCM1 HFB (β2, γ )
PGCM2 PNVAP (β2, γ )
PGCM3 PNVAP (β2, γ , δnn )

where C = 3r2
0 A5/3

8π
, r0 = 1.2 fm, and A is the total mass number

(including core and valence space particles). Additionally,
electromagnetic transitions and moments are calculated with
the effective charge ep for protons and en for neutrons. In the
p f shell, we choose the standard values 1.5 and 0.5 for protons
and neutrons, respectively [8,9].

Pairing degrees of freedom can be explored by constraining
the expectation value of a pair creation operator with respect
to the intrinsic states. In this work, we use an operator that
couples pairs within a given orbit ă ≡ (na, la, ja, sa, ta) to a
good total angular momentum J and total isospin T [48,49],

[P̂†]JT
MJ MT

=
∑

ă

[P̂†
ă ]JT

MJ MT

= 1√
2

∑

ă

√
2 ja + 1[c†

ăc†
ă]JT

MJ MT
, (12)

where the creation operators are JT coupled according to

[c†
ăc†

b̆
]JT
MJ MT

=
√

1 − δăb̆(−1)J+T

1 + δăb̆

∑

mja mjb
mta mtb

c†
ac†

b

×
〈
jamja jbmjb

∣∣JMJ
〉〈 1

2 mta
1
2 mtb

∣∣T MT
〉
. (13)

Both isoscalar (T = 0, J = 1) pn pairing and isovector (T =
1, J = 0) pp, nn, and pn pairing can be explored with these
operators. In this work, we only study the nn-pairing channel
(T = 1, MT = 1, J = 0, MJ = 0) because only neutrons are
present in the calcium chain in the p f shell, i.e., the intrinsic
wave functions can be constrained to

δnn = 1
2 ⟨%(q)|[P̂]01

01 + [P̂†]01
01|%(q)⟩. (14)

In Table I, we summarize and label the different PGCM
schemes that are examined in the present work depending
on the type of energy minimization scheme used (HFB or
PNVAP) and the collective coordinates explored. In all cases,
particle-number (proton and neutron) and angular-momentum
(three Euler angles) projections were performed. The number
of integration points taken to discretize the integrals over
the gauge and Euler angles was large enough as to ensure
a full convergence in the nominal expectation values of the
particle-number and angular-momentum operators computed
with the GCM wave functions [Eq. (2)]. The PGCM calcu-
lations were performed using the newly developed software
TAURUS [50].
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FIG. 1. Total energy surfaces (TES) as a function of the
quadrupole degrees of freedom, (β2, γ ) calculated for the nucleus
48Ca using the following approaches: (a) HFB, (b) PNVAP, and
their corresponding particle number and angular momentum pro-
jected (PNAMP, J = 0) total energy surfaces, (c) HFB+PNAMP, and
(d) PNVAP+PNAMP. Surfaces are normalized to their respective
minimum, i.e., (a) −6.446 MeV, (b) −7.195 MeV, (c) −6.896 MeV,
and (d) −7.209 MeV. Contour lines are separated by 0.2 MeV.

III. RESULTS

A. 48Ca

In this section, we illustrate our methodology taking the
nucleus 48Ca as an example. It is noteworthy that, as it will
be demonstrated below, it represents one of the most difficult
cases for our model.

As mentioned in the previous section, the first step in our
method is the construction of a set of quasiparticle states
through a series of constrained HFB/PNVAP calculations. It
is important to point out that in a restricted valence space the
range of admissible values for the constraints is much more
limited than in a no-core implementation. Indeed, working
with a handful of particles and single-particle states, it is not
possible to build a many-body wave function that satisfies any
arbitrary values of the constraints. For example, the largest β2
value reachable in the model space is quite small compared
to the values used in traditional EDF calculations. In the
present work, the bounds of the constraints are determined
heuristically.

The total energy as a function of the quadrupole degrees
of freedom, (β2, γ ) is represented in Fig. 1. In the top panels,
the HFB [Fig. 1(a)] and PNVAP [Fig. 1(b)] total energy
surfaces (TES) are shown. As expected in this doubly magic
nucleus, in both cases the absolute minimum is located at
the spherical configuration and the energy rises quickly with
β2 and is almost independent of γ ; also we observe that
the PNVAP surface is slightly softer. At the spherical point,
the pairing collapses in the HFB calculation, which is thus
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projected-HFB calculations that generate multiple (nonor-
thogonal) number-projected quasiparticle vacua jΦZNðQÞi,
where Q ¼ fqμ;ϕg encompasses the collective coordinates
most important for spectra and the NME [43]: quadrupole
moments qμ ¼ hΦZNðQÞjr2Y2μjΦZNðQÞi and an isoscalar
(proton-neutron) pairing amplitude ϕ ¼ hΦZNðQÞjP†

0þ
P0jΦZNðQÞi. HereP†

0, defined precisely in Ref. [44], creates
a correlated isoscalar pair.We construct low-lying eigenstates
by further projecting the jΦZNðQÞi onto states with well-
defined angular momentum, jJMZNðQiÞi, and superposing
them using the GCM ansatz

jΨJMZNi ¼
X

Qi

FJZNðQiÞjJMZNðQiÞi: ð2Þ

The weights FJZNðQiÞ are determined by minimizing the
expectation value of the evolved Hamiltonian H̃, a procedure
that leads to theHill-Wheeler-Griffin equation [25]. Since our
approach involves a Hamiltonian, we do not suffer from the
spurious divergences and discontinuities that affect GCM
applications in nuclear DFT [45,46].
Results and discussion.—Figure 1 displays the

“potential energy surfaces,” i.e., the expectation values
hΦZNðQiÞjH̃jΦZNðQiÞi, for 48Ca and 48Ti. The expectation
value at each deformation ðβ; γÞ, where β≡ 4π=ð3AR2

0Þ×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 þ 2q22

p
with R0¼1.2A1=3 fm and γ ≡ arctan

ffiffiffi
2

p
q2=q0,

is an indication of the importance of the corresponding
state in our GCM wave functions. The IMSRG-evolved
Hamiltonian H̃ used to construct the surface comes from
the EM1.8/2.0 interaction, with emax ¼ 8 and ℏω ¼
16 MeV. For convenience, we use the bare rather than
the evolved quadrupole operators to define β and γ; this
convention has no effect on computed observables. The
figure shows that the energy of 48Ca is minimized for a
spherical shape (β ¼ 0, γ ¼ 0), and that the energy of 48Ti
has a similarly pronounced minimum at a prolate shape
with β ∼ 0.2 and γ ¼ 0. The effect of triaxiality on the low-
lying states of both nuclei and on the NME is negligible.

We compute all observable quantities with the chiral
interactions discussed above, for a range of emax and ℏω
values (see Supplemental Material [36] for details.) With
EM1.8/2.0, which produces satisfactory ground-state and
separation energies through mass A ∼ 80 [47–50], we
obtain extrapolated ground-state energies of −418.26 and
−422.27 MeV for 48Ca and 48Ti, respectively. Our calcu-
lation yields the correct ground-state ordering, but our
Qββ ¼ 5.57 MeV is somewhat larger than the experimental
Q value, 4.26 MeV.
Figure 2 shows the low-lying states of 48Ti for the

same interactions. The spectrum is clearly rotational but
slightly stretched, a result of our focus on the ground
state. Importantly, however, we reproduce the collective
BðE2∶ 2þ1 → 0þ1 Þ reasonably well in all cases. Other
ab initio calculations severely underpredict BðE2Þ’s
[19,38], which are more sensitive probes of wave functions
than are energies; our success is due to the explicit
treatment of collectivity. The inclusion of noncollective
configurations from isoscalar pairing, not shown in the
figure, slightly compresses the spectra and changes the
BðE2∶ 2þ1 → 0þ1 Þ by 5%–6%, e.g., from 101 to 96 e2 fm4

for the EM1.8/2.0 interaction.
The energies of the low-lying states are converged to

within a few percent with respect to the basis size. For
example, the 2þ excitation energies in 48Ti obtained with
EM1.8/2.0 or EM2.0/2.0 with ℏω ¼ 16 MeV change by no
more than 3% from emax ¼ 6 through emax ¼ 10 (also see
Supplemental Material [36]). Regarding the transitions, we
note first that the correction to the E2 operator from the
IMSRG flow alters the BðE2Þ values by less than 10%,
suggesting that our collective reference ensemble accounts
for quadrupole correlations that caused large corrections in
other work [38]. Thus, we do not expect them to change
significantly as the number of shells is increased (Fig. 4
supports our expectation). Surprisingly, even a drastic
change of the coefficients (cI, cF) specifying the contri-
butions of 48Ca and 48Ti to the reference ensemble from

FIG. 1. The particle-number projected potential energy surfaces
of 48Ca and 48Ti in the deformation ðβ; γÞ plane for the interaction
EM1.8/2.0 with emax ¼ 8, ℏω ¼ 16 MeV (see text). Neighboring
contour lines are separated by 1 MeV.

FIG. 2. The low-lying energy spectrum in 48Ti from the
IMSRGþ GCM calculation, with interactions and oscillator
frequencies labeled EMλ=ΛðℏωÞ. The rightmost column contains
experimental data [51].
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48Ca is spherical and 48Ti is weakly deformed.
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Discrete Non-orthogonal Shell Model 
DNO-SM 

Spectroscopic results.—Let’s move now to the predic-
tions of the full-fledged diagonalizations using the inter-
action PFSDG-U, starting with the results at a fixed number
of neutron excitations across the N ¼ 50 closure. For this
calculation, we do not impose any truncation in the proton
space. The structure of the 2p-2h and 4p-4h bands are very
similar for all the isotopes (except for 70Ca) and correspond
to well-deformed rotors with a nearly perfect JðJ þ 1Þ
spacing, and BðE2Þ is consistent with deformation param-
eters very close to the ones obtained in the SU(3) limit (we
use standard effective charges qπ ¼ 1.31 and qν ¼ 0.46).
For the 2p-2h yrast band of 74Cr, we have Eð2þÞ ¼
0.27 MeV and BðE2Þð2þ1 → 0þ2 Þ ¼ 360 e2 fm4, whereas
for the 4p-4h one, we get Eð2þÞ ¼ 0.17 MeV and
BðE2Þð2þ1 → 0þ2 Þ ¼ 555 e2 fm4. We have estimated the
correlation energies of the 2p-2h and 4p-4h neutron
configurations, diagonalizing a properly normalized quad-
rupole interaction in the sdg space for the neutrons and the
quasi-pf doublet for the protons. The results are displayed
in Table I. It is seen that both for the 2p-2h and 4p-4h cases,
the largest correlation energies correspond to 74Cr and 76Fe,
followed by those of 78Ni and 72Ti. Notice that removing
protons from 78Ni, the intruder configurations will benefit
from the gain in correlation energy and from the reduction

of the N ¼ 50 neutron gap; therefore, we may expect an
abrupt shape change producing an IOI.
For the full diagonalizations, we use a truncation scheme

in terms of the sum of the number of neutron excitations
across N ¼ 50 and proton excitations across Z ¼ 28 (t).
We perform full-space calculations for Ca, Ti, and Cr and
we are limited to t ¼ 8 for Ni and Fe, but the calculations
seem to be converged. For 78Ni (see Fig. 3), we predict a
doubly magic ground state at 65%, with a first 2þ excited
state at 2.88 MeV, which belongs to the (prolate) deformed
band based in the intruder 0þ, which appears at an
excitation energy of 2.65 MeV, and a second 2þ of
1p-1h nature at 3.15 MeV, connected to the ground state
with BðE2Þ ¼ 110 e2 fm4. We have plotted as well the
yrast 4þ, which belongs to the deformed band, its 6þ

member, and several states of particle-hole nature. The
BðE2Þð2þ1 → 0þ2 Þ goes up to 516 e2 fm4. The location of
the intruder band depends of the competition of the
monopole losses, whose linear part is given by the neutron
ESPEs and the correlation gains (see Table I). In 78Ni, the
balance favors the closed shell, with the intruder 2p-2h
(neutron) band below 3 MeV. Removing two protons in
76Fe, the N ¼ 50 gap is reduced and the correlation energy
increased. This produces an abrupt lowering of the intruder
configurations whose bandheads become nearly degener-
ated with the 0p-0h N ¼ 50 closure. Hence, the ground
state of 76Fe turns out to be a very complicated mixture of
np-nh configurations, including 21% of 0p-0h and 33% of
neutron 2p-2h. The yrast 2þ appears at 0.43 MeV and it is
rather of 2p-2h plus 4p-4h nature. This mismatch produces
a certain quenching of the BðE2Þ relative to the spectro-
scopic quadrupole moment of the 2þ as seen in Table II.
Most interestingly, the first excited state is another 0þ at
0.36 MeV, which is also of very mixed nature, although

0

1

2

3

4

5

6

7

8

9

10

9
7

5

5

3

3

3

1

0

10

20

30

40

50

60

γ (deg)

β

78Ni

0 0.08 0.16 0.24 0.32 0.4
0

0.08

0.16

0.24

0.32

0.4

MeV

0

1

2

3

4

5

6

7

8

9

10

9
7

5
3

3

1

1

0

10

20

30

40

50

60

γ (deg)

β

76Fe

0 0.09 0.18 0.27 0.36 0.45
0

0.09

0.18

0.27

0.36

0.45

MeV

0

1

2

3

4

5

6

7

8

9

10

9
7

5

5
3

3

1

0

10

20

30

40

50

60

γ

β

74Cr

0 0.09 0.18 0.27 0.36 0.45
0

0.09

0.18

0.27

0.36

0.45 MeV

FIG. 2. Projected Energy Surfaces for 78Ni, 76Fe, and 74Cr with
the interaction PFSDG-U.

TABLE I. Quadrupole correlation energies of the neutron
intruder configurations, relative to the N ¼ 50 closure (in MeV).

78Ni 76Fe 74Cr 72Ti 70Ca

2p-2h 5.3 6.5 7.0 5.3 2.2
4p-4h 9.3 10.9 11.3 9.1 4.8

TABLE II. Some E2 properties of the N ¼ 50 isotones.
Energies in MeV, BðE2Þ’s in e2 fm4, Q’s in e fm2.

ΔE BðE2Þ↓ Qs

2þ 4þ 6þ 2þ 4þ 6þ 2þ 4þ 6þ

78Ni 2.88 3.45 4.14 32 783 1021 −39 −65 −75
76Fe 0.43 1.05 1.90 314 707 969 −45 −57 −63
74Cr 0.24 0.72 1.38 630 911 1004 −51 −66 −74
72Ti 0.41 1.02 1.78 321 506 580 −34 −45 −53
70Ca 0.91 1.80 2.56 119 194 5 −3 þ8 þ8
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now the 0p-0h components amount to 33%. The distortion
of the spectrum is due to the mixing of the spherical and the
deformed 0þ’s. Thus, the doublet of 0þ states in 76Fe
signals the rapid transition from the doubly magic ground
state of 78Ni to the fully rotational case of 74Cr, where the
collective behavior is well established, and the neutron
4p-4h intruder becomes dominant in the yrast band, with a
2þ at 0.27 MeV and Eð4þÞ=Eð2þÞ ¼ 3 (see Fig. 3).
Collectivity persists to a lesser extent in 72Ti, whose 2þ

is at 0.41 MeV. There is no experimental information for
these nuclei yet. Table II shows the calculated BðE2Þ values
and spectroscopic quadrupole moments, which correspond,
in the well-deformed case of 74Cr, to βmass ∼ 0.32 and
βcharge ∼ 0.35 in very nice agreement with the results of the
CHF PES. In Table III, we display the occupation numbers
of the neutron and proton orbits above the N ¼ 50, Z ¼ 28
doubly magic closure. It is seen that in the neutron side,
they evolve from 2.7 neutrons excited in 78Ni to a
maximum of 4.9 neutrons in 74Cr, and down to 3.3 neutrons
in 70Ca. Importantly, we verify that in all the cases, all the
excited orbits have non-negligible occupations, as expected
in a pseudo-SU(3) regime, which, however, is only fully
dominant in 74Cr. In the proton sector, the p3=2 orbit is
preferentially populated, as should happen in the quasi-
SU(3) limit, except in 78Ni, where the proton collectivity is
rather of pseudo-SU(3) type. 70Ca is the most neutron-rich

nuclei in our palette and the one for which our predictions
are less dependable because of the far-off extrapolation of
the neutron ESPEs. It has a curious structure, more vibra-
tional than superfluid, with its ground state wave function
evenly split ð24=24=21=16Þ% between the ð0=2=4=6Þp-h
configurations, and a first excited 0þ state at about 500 keV
of doubly magic, N ¼ 50, Z ¼ 20, character.
Finally, we gather in Fig. 4, the evolution of the 2þ

excitation energies for the nickel and chromium chains. The
present calculations are complemented towards N ¼ 40,
with the results obtained using the LNPS interaction and
valence space [13]. It is seen that the magic peaks in the
nickels, at N ¼ 40 and N ¼ 50, disappear completely in
the chromiums: the fingerprint of the onset of deformation
and of the entrance in the IOIs. The same is indeed true
for the iron chain. The agreement of the SM CI
description with experiment may soon extend to full chains
of isotopes from the proton to the neutron drip lines, for
instance, from 48Ni and 44Cr (N ¼ 20) in the pf shell
with the KB3G interaction, to 80Ni and 76Cr (N ¼ 52)
using PFSDG-U.
In conclusion, it looks as if nature would like to replicate

the N ¼ 40 physics at N ¼ 50. Shape coexistence in
doubly magic 78Ni turns out to be the portal to a new
IOI at N ¼ 50, which merges with the well established one
at N ¼ 40 for the isotopes with Z ≤ 26. With this new
addition, the archipelago of IOIs in the neutron rich shores
of the nuclear chart counts now five members: N ¼ 8, 20,
28, 40, and 50.

This work is partly supported byMINECO (Spain) Grant
No. FPA2014-57196 and Programme “Centros de
Excelencia Severo Ochoa” SEV-2012-0249, and by an
USIAS Fellowship of the Université de Strasbourg.

Note added.—A paper describing the heaviest nickel
isotopes with “ab initio” methods has appeared in [30]

78Ni 76Fe 74Cr 72Ti 70Ca

0

1

2

3

4

5

M
eV

0+

2+ 4+

2+

0+

0+0+2+
4+

0+2+
4+

0+
2+

4+

0+

2+

4+

4+

6+

6+
6+

6+

6+

6+
5+

7+
1+

3+

0+

FIG. 3. Theoretical spectra of the N ¼ 50 isotones with the
PFSDG-U interaction. In red the deformed intruder band of 78Ni.

TABLE III. Average number of p-h excitations and occupancies
of the neutron and proton orbits above N ¼ 50 and Z ¼ 28 for
several intruder states.

nνp−h nπp−h dν5=2 sν1=2 gν7=2 dν3=2 pπ
3=2 fπ5=2 pπ

1=2

78Ni 0þ2 2.7 2.3 1.1 0.8 0.4 0.4 0.9 1.0 0.4
76Fe 2þ1 3.0 1.4 1.2 0.8 0.6 0.4 0.8 0.4 0.2
74Cr 0þ1 4.9 1.6 1.8 1.1 1.2 0.8 1.1 0.3 0.2
72Ti 0þ1 4.8 0.9 2.2 0.7 0.6 1.3 0.7 0.1 0.1
70Ca 0þ1 3.5 0.0 1.9 0.3 0.2 1.1 0.0 0.0 0.0
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FIG. 4. 2þ energy systematics in the nickel and chromium
isotopic chains. Experimental data compared with calculations
using the LNPS [13] and PFSDG-U interactions.
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FIG. 3. Evolution of the ground-state band (top) and the γ band
(bottom) in 24Mg as cranked CHF states are added in the many-state
minimization of Fig. 2(d).

the full mesh calculation shown in Fig. 4(c1), which means
there is a redistribution of contributions in the final wave
function when one uses “redundant” basis states. Now, what
we observe in Fig. 4(c2) is the key point: the dominant CHF
configurations in the full mesh diagonalization are lying in
the same region as in the minimization. In Table IV, we report
some of the most dominant configurations in the ground state

TABLE IV. Contributions of CHF basis states [calculated from
Eqs. (24)] into the ground-state wave function in three calculations
shown in Figs. 4(a), 4(b), and 4(c), respectively.

P (J )
α (β, γ ) (%)

Fig. 4(a), Fig. 4(b), Fig. 4(c)
β γ ground state many states Full

0.499 12.0 5.62 7.43 1.16
0.540 17.74 14.35 15.58 2.97
0.540 11.85 4.71 14.64 1.30
0.414 17.74 7.28 1.44
0.351 23.63 5.25 1.23
0.414 11.85 3.88 7.54 0.66
0.414 29.52 3.39 0.61
0.477 17.74 1.38
0.477 23.63 1.29

(a) (b)

(c1) (a), (b) (c2)

(c)

FIG. 4. Structure of the ground state depicted in the potential
energy surface of ⟨Ĵz⟩ = 0. The yellow circles (defined with the
same scale) in (a), (b), and (c1) represent the contribution of CHF
basis vectors used in the ground-state minimization, the many-state
minimization and the full mesh diagonalization, respectively. In (c2)
the red circles represent the same CHF basis vectors of (c1) but using
a scaling factor of five times larger (see discussion in text).

as shown in Fig. 4. The most important configurations are
around the Hartree-Fock minimum and they appear in both
minimization calculations. In the full mesh calculation, apart
from a scaling effect due to the presence of many other states,
it is the same CHF configurations which contribute the most.
This clearly shows that our minimization method picks up the
“right” physical configurations of the most importance. This
comparison also explains the reason why the minimization
using six states gives already a good description.

We summarize now the essential points which can be
drawn from the present discussion:

(i) There can be different sets of CHF states that provide
the same description of the relative energy spectra and
transitions.

(ii) There exist specific CHF states that contribute more
significantly than others. And the minimization tells
us where to find them.

(iii) One must pay attention to the interpretation of point
(i); it is possible to replace some set of basis states
with another, although it could be at the price of
taking into account more basis states than necessary.

(iv) It is more advantageous to perform the minimization
than the full mesh diagonalization since basis states
are interdependent in the sense of point (iii). In cases
where such calculation is feasible like in the present
one, the full mesh diagonalization should expose the
limit one obtains in the minimization. By the way, it is
worth noting here that in a calculation from the Monte
Carlo shell model of Ref. [51] employing a stochastic
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contributes: the proton 1g9=2-2d5=2 splitting, for instance,
becomes wider, first (N up to ∼66) by neutrons in the 1g7=2
and 2d5=2 orbits and later by neutrons in the 1h11=2. Thus, the
Z ¼ 50 gap increases gradually, leading to the highly stable
doubly-magic 132Sn. This is not the full story, however.
Figure 2(b) depicts E2 matrix elements as functions of

N, with kinks at N ¼ 66. These kinks imply that the
dynamical mechanism may change there. Figure 1(a)
shows ΔS2n ¼ −½S2nðNÞ − S2nðN − 2Þ%, which is remark-
ably constant for N=54–66 and for N ¼ 70–80, separately.
Figure 1(a) also shows their averages, including a dis-
continuity between them. Since ΔS2n corresponds to the
second derivative of the ground-state energy, this disconti-
nuity points to a second-order quantum phase transition
with control parameter N [51,52]. While Fig. 1(a) shows
experimental ΔS2n values, a similar overall trend is
obtained in the present calculation. Coming back to
Fig. 2(b), the “derivative” of E2 matrix elements as a
function ofN shows discontinuity similarly toΔS2n. This is
consistent with the change of the T-plot pattern. These
experimental and theoretical observations imply coher-
ently: until N ∼ 66, the moderate deformation phase
dominates the low-lying eigenstates, and the transition
occurs such that the pairing phase takes over with the
seniority-zero (pair-condensed) ground state and its exci-
tations. We note that the present case differs from the first-
order quantum phase transition in Zr isotopes, where a level
crossing occurs between spherical and strongly deformed
states without mixing [45]. The search for other cases of the
second-order quantum phase transition is of extreme
interest in clarifying nuclear dynamics.
Certain properties of the critical (transition) point of the

second-order phase transition are seen around N ¼ 66.
Figure 4(e) shows the T-plot of the 0þ1 state extending over

a wide area though not reaching the spherical limit. This is
consistent with a large quantum fluctuation typical for the
critical point. The T-plot circles of the 2þ1 state are
discretely displaced from those of the 0þ1 state, keeping
the 2þ1 state in the deformed phase. The angular momentum
J can thus be another control parameter. This 0þ1 –2

þ
1

difference causes a suppression of the BðE2Þ value, to
be concrete, due to more neutrons in the 3s1=2 (1h11=2) orbit
for the 0þ1 (2þ1 ) state. Since some experiments do not
show this suppression, the alternative set of TBMEs was
introduced mainly for obtaining a larger BðE2Þ value.
Figures 4(j), 4(k), 4(l) exhibit, respectively, T-plots for
110;116;122Sn obtained from this set. A notable difference
from the present set appears only for 116Sn, and the overall
structure evolution remain unchanged. A consistent feature
is seen in Fig. 2(a), where the dip is shifted only to N ¼ 64
with the alternative set. Thus, the features around the
critical point may give certain constraints on particular
TBMEs, keeping the present overall picture basically
intact.
The magnetic moment of the 2þ1 state has been measured

recently [24], providing a sensible measure of configura-
tions. The calculated g factor of 112–124Sn is, respectively,
0.13, 0.08, 0.02, -0.01, -0.04, -0.05, and -0.07 in an
agreement with these data, whereas other theoretical results
are for limited nuclei or deviate more [24].
The T-plot of 100Sn [panel (a)] is similar to the one for

132Sn [panel (h)], but the circles are spread more outwards,
i.e., stronger ground-state correlations, certainly because of
the N ¼ Z nucleus. The Gamow-Teller decay of the 100Sn
0þ1 state to the 100In 1þ1 state was measured, giving the
largest BðGTÞ value. The T-plots of these states [panels (a),
(i)] are similar to each other, suggesting a large BðGTÞ.

FIG. 4. (a)–(h) T-plots for 0þ1 and 2þ1 states of selected Sn isotopes and (i) T-plot for 1þ1 state of 100In, with the present interaction.
(j)–(l) the same as (a)–(h), with the alternative interaction.
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FIG. 3. (Color online) Potential energy surfaces (PESs) of Ni isotopes, coordinated by the usual Q0 and Q2 (or γ ). The energy relative to
the minimum is shown by contour plots. Circles on the PES represent shapes of MCSM basis vectors (see the text).

that the 0+
3 and 2+

2 states of 68Ni were reported to be strongly
deformed with β2 ∼ 0.4 in shell-model calculations in [32].

Figures 4(a) and 4(b) show occupation numbers of proton
and neutron orbits, respectively, for the 0+

1,2,3 states of 68Ni.
One sees drastic changes between the 0+

1 and 0+
3 states for

proton f7/2 and neutron g9/2, while some other orbits show also
sizable changes. Such changes are due to particle-hole excita-
tions: mainly proton excitations from f7/2 to f5/2 and p3/2,1/2,
and neutron excitations from f5/2 and p1/2 to g9/2. Once
such excitations occur, the state can be deformed towards an
ellipsoidal shape and large deformation energy is gained pre-
dominantly from the proton-neutron quadrupole interaction.
The configuration structure of the 0+

3 state seems to be beyond
the applicability of truncated shell-model calculations [35,36].

We next discuss effective single-particle energy (ESPE),
obtained from the monopole component Hm of the Hamilto-
nian (see, for instance, [4] for more details). Hm is written
in terms of the number operator nj of each orbit j (proton
or neutron is omitted). The ESPE is calculated usually for
configurations that are being filled, but we evaluate it for mixed
configurations by a functional derivative ϵj= ⟨ ∂Hm

∂nj
⟩ with the

expectation values of nj ’s for eigenstates being considered1.
These ϵj ’s are still spherical ESPEs, but are obtained with

1The contribution of identical particles in the same orbit becomes
slightly different from the one by the filling scheme, but this difference
is negligible in the present case.

⟨nj ⟩ of deformed states. From the viewpoint of the Nilsson
model, ϵj ’s correspond to Nilsson levels at the spherical limit,
but the difference from the Nilsson model is that the ϵj ’s vary
as the deformation changes, due to the orbit dependence of
the monopole component of nuclear forces. For protons, the
ESPE of f7/2 is increased by ∼2 MeV in going from 0+

1 to 0+
3

states, while ESPE of f5/2 comes down by ∼1 MeV. Let us
look into how these changes occur, based on the mechanism
presented in [4,8]: Because g9/2 and f7/2 are of j>(= l + 1/2)
type and f5/2 is of j<(= l − 1/2) type, the g9/2-f7/2 (g9/2-
f5/2) monopole interaction from the tensor force is repulsive
(attractive). More neutrons in g9/2 in the 0+

3 state result in the
raising of the proton f7/2 and the lowering of the proton f5/2.
Similarly, neutron holes in f5/2 lead to the weakening of the
attractive (repulsive) effect on the proton f7/2 (f5/2). All these
effects reduce coherently the proton f7/2-f5/2 gap (i.e., the
difference of the ESPEs of these orbits), making it ∼3 MeV
narrower in the 0+

3 state, including other minor effects.
If a relevant shell gap becomes smaller, more particle-

hole excitations occur over this gap, leading to stronger
deformation with more energy gain as mentioned above. A
stronger deformation enhances particular configurations, for
instance, more neutrons in g9/2, which reduce the proton
f7/2-f5/2 gap further. Thus, the change of the shell gap and
strong deformation are interconnected in a self-consistent way.
Figure 4(c) demonstrates this mechanism with an example
of the proton f7/2-f5/2 gap obtained for the CHF wave
function along the γ = 0◦ and 60◦ lines in Fig. 3, as a
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FIG. 1. (Color online) Energy levels for (a) yrast and (b) yrare
states of Ni isotopes with even N . Symbols are experimental data
for J π = 0+ (black triangles), 2+ (open red squares), 4+ (green filled
squares), 6+ (open blue circles), and 8+ (filled purple circles) [19–21].
Lines are the present MCSM calculations with the same color code.
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1 ) values from experiment [22] and by the present

calculation.

prolate. We shall come to this point later. The correspondence
between theoretical and experimental levels can be made with
rather good agreement, including levels of higher spins.

Figure 3 depicts, for selected states of 68,70,74,78Ni isotopes,
potential energy surfaces (PESs) for the present Hamiltonian
obtained by the constrained Hartree-Fock (CHF) method with
the usual constraints on the quadrupole moments Q0 and Q2.

 0

 1

 2

 3

 4

 5

E
x 

(M
eV

)

0+

0+

2+

4+

6+8+

0+2+

4+

6+

5-4-

3-

5-6-

7-

0+

0+

0+

2+

2+4+
(4+)
6+8+

5- (4-)
(3-) (5-)(6-)
7-

spherical
shape

oblate
shape

prolate
shape

negative
parity

positive
parity

negative
parity

(a) calc. (b) exp.

FIG. 2. (Color online) Energy levels of 68Ni by (a) present calcu-
lation and (b) experiment [19–21].

We can see many features; for instance, for 68Ni, there is a
spherical minimum stretched towards modest oblate region, as
well as a prolate local minimum.

The MCSM wave function is expressed by a superposition
of Slater determinants with the angular-momentum and parity
projector P [J π ],

" =
∑

i

ciP [J π ] #i . (1)

Here ci denotes an amplitude, and #i stands for the
Slater determinant consisting of one-nucleon wave functions
φ

(i)
1 ,φ

(i)
2 , . . . ,φ(i)

n with

φ
(i)
k =

∑

l

D
(i)
k,l ul, (2)

where ul is the lth single-particle state in the original model
space in the m scheme, and D implies an amplitude determined
by the MCSM process. #i is the product of the proton and
neutron sectors, with n being the number of valence protons
or neutrons.

For each #i , we take the following procedure. We calculate
its quadrupole moment matrix and diagonalize it. Three axes
are obtained with Q0 and Q2 values. We then place a circle on
the PES at the point corresponding to these Q0 and Q2 values.
The size (i.e., area) of the circle is set to be proportional to the
overlap probability between " and the normalized P [J π ] #i .
Thus, the location of the circle implies the intrinsic shape of
#i , and its size the importance of it in the eigenstate, ". Note
that the states P [J π ] #i (i = 1,2, . . . ) are not orthogonal to
each other, in general, but the distribution pattern of the circles
provides a unique and clear message on the intrinsic shape of
the shell-model eigenstate, as we shall see.

Figure 3(a) shows such circles for the ground state of 68Ni.
We see many large circles near the spherical point, Q0 = Q2 =
0. In general, there can be many points close to one another
partly because each circle represents a Slater determinant and
a two-body interaction, particularly its pairing components,
mixes different Slater determinants. Those Slater determinants
should have similar shapes so that the mixing between them
can occur. We also see notable spreading of the distribution
of circles from the spherical point. This implies the extent
of the shape fluctuation. The 0+

2 state in Fig. 3(b) shows
similar spreading but the locations are shifted to the moderately
oblate region (β2 ∼ −0.2). Although there is no clear potential
barrier between the spherical and oblate regions of the PES,
the antisymmetrization pushes the 0+

2 state away from the 0+
1

state. Figure 3(c) exhibits many circles in a profound prolate
minimum with Q0 ∼ 200 fm2 (β2 ∼ 0.4). We emphasize that
we can analyze, in this way, the intrinsic shape even for 0+

states without referring to E2 properties.
Figures 3(d) and 3(e) show the same plots for the 2+

1,2 states.
The 2+

1 state exhibits a pattern almost identical to that of the
0+

2 state, which suggests the formation of the modestly oblate
band. Such striking similarity is found also between the 0+

3
and 2+

2 states with a strong-prolate-band assignment. The band
structure can be further verified by E2 matrix elements and
is presented in Fig. 2 including 4+ and 6+ members. We note
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TABLE I. Different PGCM approximation schemes used to com-
pute the structure of calcium isotopes.

Label Energy minimization Collective coordinates

PGCM1 HFB (β2, γ )
PGCM2 PNVAP (β2, γ )
PGCM3 PNVAP (β2, γ , δnn )

where C = 3r2
0 A5/3

8π
, r0 = 1.2 fm, and A is the total mass number

(including core and valence space particles). Additionally,
electromagnetic transitions and moments are calculated with
the effective charge ep for protons and en for neutrons. In the
p f shell, we choose the standard values 1.5 and 0.5 for protons
and neutrons, respectively [8,9].

Pairing degrees of freedom can be explored by constraining
the expectation value of a pair creation operator with respect
to the intrinsic states. In this work, we use an operator that
couples pairs within a given orbit ă ≡ (na, la, ja, sa, ta) to a
good total angular momentum J and total isospin T [48,49],

[P̂†]JT
MJ MT

=
∑

ă

[P̂†
ă ]JT

MJ MT

= 1√
2

∑

ă

√
2 ja + 1[c†

ăc†
ă]JT

MJ MT
, (12)

where the creation operators are JT coupled according to

[c†
ăc†

b̆
]JT
MJ MT

=
√

1 − δăb̆(−1)J+T

1 + δăb̆

∑

mja mjb
mta mtb

c†
ac†

b

×
〈
jamja jbmjb

∣∣JMJ
〉〈 1

2 mta
1
2 mtb

∣∣T MT
〉
. (13)

Both isoscalar (T = 0, J = 1) pn pairing and isovector (T =
1, J = 0) pp, nn, and pn pairing can be explored with these
operators. In this work, we only study the nn-pairing channel
(T = 1, MT = 1, J = 0, MJ = 0) because only neutrons are
present in the calcium chain in the p f shell, i.e., the intrinsic
wave functions can be constrained to

δnn = 1
2 ⟨%(q)|[P̂]01

01 + [P̂†]01
01|%(q)⟩. (14)

In Table I, we summarize and label the different PGCM
schemes that are examined in the present work depending
on the type of energy minimization scheme used (HFB or
PNVAP) and the collective coordinates explored. In all cases,
particle-number (proton and neutron) and angular-momentum
(three Euler angles) projections were performed. The number
of integration points taken to discretize the integrals over
the gauge and Euler angles was large enough as to ensure
a full convergence in the nominal expectation values of the
particle-number and angular-momentum operators computed
with the GCM wave functions [Eq. (2)]. The PGCM calcu-
lations were performed using the newly developed software
TAURUS [50].
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FIG. 1. Total energy surfaces (TES) as a function of the
quadrupole degrees of freedom, (β2, γ ) calculated for the nucleus
48Ca using the following approaches: (a) HFB, (b) PNVAP, and
their corresponding particle number and angular momentum pro-
jected (PNAMP, J = 0) total energy surfaces, (c) HFB+PNAMP, and
(d) PNVAP+PNAMP. Surfaces are normalized to their respective
minimum, i.e., (a) −6.446 MeV, (b) −7.195 MeV, (c) −6.896 MeV,
and (d) −7.209 MeV. Contour lines are separated by 0.2 MeV.

III. RESULTS

A. 48Ca

In this section, we illustrate our methodology taking the
nucleus 48Ca as an example. It is noteworthy that, as it will
be demonstrated below, it represents one of the most difficult
cases for our model.

As mentioned in the previous section, the first step in our
method is the construction of a set of quasiparticle states
through a series of constrained HFB/PNVAP calculations. It
is important to point out that in a restricted valence space the
range of admissible values for the constraints is much more
limited than in a no-core implementation. Indeed, working
with a handful of particles and single-particle states, it is not
possible to build a many-body wave function that satisfies any
arbitrary values of the constraints. For example, the largest β2
value reachable in the model space is quite small compared
to the values used in traditional EDF calculations. In the
present work, the bounds of the constraints are determined
heuristically.

The total energy as a function of the quadrupole degrees
of freedom, (β2, γ ) is represented in Fig. 1. In the top panels,
the HFB [Fig. 1(a)] and PNVAP [Fig. 1(b)] total energy
surfaces (TES) are shown. As expected in this doubly magic
nucleus, in both cases the absolute minimum is located at
the spherical configuration and the energy rises quickly with
β2 and is almost independent of γ ; also we observe that
the PNVAP surface is slightly softer. At the spherical point,
the pairing collapses in the HFB calculation, which is thus
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projected-HFB calculations that generate multiple (nonor-
thogonal) number-projected quasiparticle vacua jΦZNðQÞi,
where Q ¼ fqμ;ϕg encompasses the collective coordinates
most important for spectra and the NME [43]: quadrupole
moments qμ ¼ hΦZNðQÞjr2Y2μjΦZNðQÞi and an isoscalar
(proton-neutron) pairing amplitude ϕ ¼ hΦZNðQÞjP†

0þ
P0jΦZNðQÞi. HereP†

0, defined precisely in Ref. [44], creates
a correlated isoscalar pair.We construct low-lying eigenstates
by further projecting the jΦZNðQÞi onto states with well-
defined angular momentum, jJMZNðQiÞi, and superposing
them using the GCM ansatz

jΨJMZNi ¼
X

Qi

FJZNðQiÞjJMZNðQiÞi: ð2Þ

The weights FJZNðQiÞ are determined by minimizing the
expectation value of the evolved Hamiltonian H̃, a procedure
that leads to theHill-Wheeler-Griffin equation [25]. Since our
approach involves a Hamiltonian, we do not suffer from the
spurious divergences and discontinuities that affect GCM
applications in nuclear DFT [45,46].
Results and discussion.—Figure 1 displays the

“potential energy surfaces,” i.e., the expectation values
hΦZNðQiÞjH̃jΦZNðQiÞi, for 48Ca and 48Ti. The expectation
value at each deformation ðβ; γÞ, where β≡ 4π=ð3AR2

0Þ×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 þ 2q22

p
with R0¼1.2A1=3 fm and γ ≡ arctan

ffiffiffi
2

p
q2=q0,

is an indication of the importance of the corresponding
state in our GCM wave functions. The IMSRG-evolved
Hamiltonian H̃ used to construct the surface comes from
the EM1.8/2.0 interaction, with emax ¼ 8 and ℏω ¼
16 MeV. For convenience, we use the bare rather than
the evolved quadrupole operators to define β and γ; this
convention has no effect on computed observables. The
figure shows that the energy of 48Ca is minimized for a
spherical shape (β ¼ 0, γ ¼ 0), and that the energy of 48Ti
has a similarly pronounced minimum at a prolate shape
with β ∼ 0.2 and γ ¼ 0. The effect of triaxiality on the low-
lying states of both nuclei and on the NME is negligible.

We compute all observable quantities with the chiral
interactions discussed above, for a range of emax and ℏω
values (see Supplemental Material [36] for details.) With
EM1.8/2.0, which produces satisfactory ground-state and
separation energies through mass A ∼ 80 [47–50], we
obtain extrapolated ground-state energies of −418.26 and
−422.27 MeV for 48Ca and 48Ti, respectively. Our calcu-
lation yields the correct ground-state ordering, but our
Qββ ¼ 5.57 MeV is somewhat larger than the experimental
Q value, 4.26 MeV.
Figure 2 shows the low-lying states of 48Ti for the

same interactions. The spectrum is clearly rotational but
slightly stretched, a result of our focus on the ground
state. Importantly, however, we reproduce the collective
BðE2∶ 2þ1 → 0þ1 Þ reasonably well in all cases. Other
ab initio calculations severely underpredict BðE2Þ’s
[19,38], which are more sensitive probes of wave functions
than are energies; our success is due to the explicit
treatment of collectivity. The inclusion of noncollective
configurations from isoscalar pairing, not shown in the
figure, slightly compresses the spectra and changes the
BðE2∶ 2þ1 → 0þ1 Þ by 5%–6%, e.g., from 101 to 96 e2 fm4

for the EM1.8/2.0 interaction.
The energies of the low-lying states are converged to

within a few percent with respect to the basis size. For
example, the 2þ excitation energies in 48Ti obtained with
EM1.8/2.0 or EM2.0/2.0 with ℏω ¼ 16 MeV change by no
more than 3% from emax ¼ 6 through emax ¼ 10 (also see
Supplemental Material [36]). Regarding the transitions, we
note first that the correction to the E2 operator from the
IMSRG flow alters the BðE2Þ values by less than 10%,
suggesting that our collective reference ensemble accounts
for quadrupole correlations that caused large corrections in
other work [38]. Thus, we do not expect them to change
significantly as the number of shells is increased (Fig. 4
supports our expectation). Surprisingly, even a drastic
change of the coefficients (cI, cF) specifying the contri-
butions of 48Ca and 48Ti to the reference ensemble from

FIG. 1. The particle-number projected potential energy surfaces
of 48Ca and 48Ti in the deformation ðβ; γÞ plane for the interaction
EM1.8/2.0 with emax ¼ 8, ℏω ¼ 16 MeV (see text). Neighboring
contour lines are separated by 1 MeV.

FIG. 2. The low-lying energy spectrum in 48Ti from the
IMSRGþ GCM calculation, with interactions and oscillator
frequencies labeled EMλ=ΛðℏωÞ. The rightmost column contains
experimental data [51].
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Spectroscopic results.—Let’s move now to the predic-
tions of the full-fledged diagonalizations using the inter-
action PFSDG-U, starting with the results at a fixed number
of neutron excitations across the N ¼ 50 closure. For this
calculation, we do not impose any truncation in the proton
space. The structure of the 2p-2h and 4p-4h bands are very
similar for all the isotopes (except for 70Ca) and correspond
to well-deformed rotors with a nearly perfect JðJ þ 1Þ
spacing, and BðE2Þ is consistent with deformation param-
eters very close to the ones obtained in the SU(3) limit (we
use standard effective charges qπ ¼ 1.31 and qν ¼ 0.46).
For the 2p-2h yrast band of 74Cr, we have Eð2þÞ ¼
0.27 MeV and BðE2Þð2þ1 → 0þ2 Þ ¼ 360 e2 fm4, whereas
for the 4p-4h one, we get Eð2þÞ ¼ 0.17 MeV and
BðE2Þð2þ1 → 0þ2 Þ ¼ 555 e2 fm4. We have estimated the
correlation energies of the 2p-2h and 4p-4h neutron
configurations, diagonalizing a properly normalized quad-
rupole interaction in the sdg space for the neutrons and the
quasi-pf doublet for the protons. The results are displayed
in Table I. It is seen that both for the 2p-2h and 4p-4h cases,
the largest correlation energies correspond to 74Cr and 76Fe,
followed by those of 78Ni and 72Ti. Notice that removing
protons from 78Ni, the intruder configurations will benefit
from the gain in correlation energy and from the reduction

of the N ¼ 50 neutron gap; therefore, we may expect an
abrupt shape change producing an IOI.
For the full diagonalizations, we use a truncation scheme

in terms of the sum of the number of neutron excitations
across N ¼ 50 and proton excitations across Z ¼ 28 (t).
We perform full-space calculations for Ca, Ti, and Cr and
we are limited to t ¼ 8 for Ni and Fe, but the calculations
seem to be converged. For 78Ni (see Fig. 3), we predict a
doubly magic ground state at 65%, with a first 2þ excited
state at 2.88 MeV, which belongs to the (prolate) deformed
band based in the intruder 0þ, which appears at an
excitation energy of 2.65 MeV, and a second 2þ of
1p-1h nature at 3.15 MeV, connected to the ground state
with BðE2Þ ¼ 110 e2 fm4. We have plotted as well the
yrast 4þ, which belongs to the deformed band, its 6þ

member, and several states of particle-hole nature. The
BðE2Þð2þ1 → 0þ2 Þ goes up to 516 e2 fm4. The location of
the intruder band depends of the competition of the
monopole losses, whose linear part is given by the neutron
ESPEs and the correlation gains (see Table I). In 78Ni, the
balance favors the closed shell, with the intruder 2p-2h
(neutron) band below 3 MeV. Removing two protons in
76Fe, the N ¼ 50 gap is reduced and the correlation energy
increased. This produces an abrupt lowering of the intruder
configurations whose bandheads become nearly degener-
ated with the 0p-0h N ¼ 50 closure. Hence, the ground
state of 76Fe turns out to be a very complicated mixture of
np-nh configurations, including 21% of 0p-0h and 33% of
neutron 2p-2h. The yrast 2þ appears at 0.43 MeV and it is
rather of 2p-2h plus 4p-4h nature. This mismatch produces
a certain quenching of the BðE2Þ relative to the spectro-
scopic quadrupole moment of the 2þ as seen in Table II.
Most interestingly, the first excited state is another 0þ at
0.36 MeV, which is also of very mixed nature, although
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FIG. 2. Projected Energy Surfaces for 78Ni, 76Fe, and 74Cr with
the interaction PFSDG-U.

TABLE I. Quadrupole correlation energies of the neutron
intruder configurations, relative to the N ¼ 50 closure (in MeV).

78Ni 76Fe 74Cr 72Ti 70Ca

2p-2h 5.3 6.5 7.0 5.3 2.2
4p-4h 9.3 10.9 11.3 9.1 4.8

TABLE II. Some E2 properties of the N ¼ 50 isotones.
Energies in MeV, BðE2Þ’s in e2 fm4, Q’s in e fm2.

ΔE BðE2Þ↓ Qs

2þ 4þ 6þ 2þ 4þ 6þ 2þ 4þ 6þ

78Ni 2.88 3.45 4.14 32 783 1021 −39 −65 −75
76Fe 0.43 1.05 1.90 314 707 969 −45 −57 −63
74Cr 0.24 0.72 1.38 630 911 1004 −51 −66 −74
72Ti 0.41 1.02 1.78 321 506 580 −34 −45 −53
70Ca 0.91 1.80 2.56 119 194 5 −3 þ8 þ8

PRL 117, 272501 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

30 DECEMBER 2016

272501-3

now the 0p-0h components amount to 33%. The distortion
of the spectrum is due to the mixing of the spherical and the
deformed 0þ’s. Thus, the doublet of 0þ states in 76Fe
signals the rapid transition from the doubly magic ground
state of 78Ni to the fully rotational case of 74Cr, where the
collective behavior is well established, and the neutron
4p-4h intruder becomes dominant in the yrast band, with a
2þ at 0.27 MeV and Eð4þÞ=Eð2þÞ ¼ 3 (see Fig. 3).
Collectivity persists to a lesser extent in 72Ti, whose 2þ

is at 0.41 MeV. There is no experimental information for
these nuclei yet. Table II shows the calculated BðE2Þ values
and spectroscopic quadrupole moments, which correspond,
in the well-deformed case of 74Cr, to βmass ∼ 0.32 and
βcharge ∼ 0.35 in very nice agreement with the results of the
CHF PES. In Table III, we display the occupation numbers
of the neutron and proton orbits above the N ¼ 50, Z ¼ 28
doubly magic closure. It is seen that in the neutron side,
they evolve from 2.7 neutrons excited in 78Ni to a
maximum of 4.9 neutrons in 74Cr, and down to 3.3 neutrons
in 70Ca. Importantly, we verify that in all the cases, all the
excited orbits have non-negligible occupations, as expected
in a pseudo-SU(3) regime, which, however, is only fully
dominant in 74Cr. In the proton sector, the p3=2 orbit is
preferentially populated, as should happen in the quasi-
SU(3) limit, except in 78Ni, where the proton collectivity is
rather of pseudo-SU(3) type. 70Ca is the most neutron-rich

nuclei in our palette and the one for which our predictions
are less dependable because of the far-off extrapolation of
the neutron ESPEs. It has a curious structure, more vibra-
tional than superfluid, with its ground state wave function
evenly split ð24=24=21=16Þ% between the ð0=2=4=6Þp-h
configurations, and a first excited 0þ state at about 500 keV
of doubly magic, N ¼ 50, Z ¼ 20, character.
Finally, we gather in Fig. 4, the evolution of the 2þ

excitation energies for the nickel and chromium chains. The
present calculations are complemented towards N ¼ 40,
with the results obtained using the LNPS interaction and
valence space [13]. It is seen that the magic peaks in the
nickels, at N ¼ 40 and N ¼ 50, disappear completely in
the chromiums: the fingerprint of the onset of deformation
and of the entrance in the IOIs. The same is indeed true
for the iron chain. The agreement of the SM CI
description with experiment may soon extend to full chains
of isotopes from the proton to the neutron drip lines, for
instance, from 48Ni and 44Cr (N ¼ 20) in the pf shell
with the KB3G interaction, to 80Ni and 76Cr (N ¼ 52)
using PFSDG-U.
In conclusion, it looks as if nature would like to replicate

the N ¼ 40 physics at N ¼ 50. Shape coexistence in
doubly magic 78Ni turns out to be the portal to a new
IOI at N ¼ 50, which merges with the well established one
at N ¼ 40 for the isotopes with Z ≤ 26. With this new
addition, the archipelago of IOIs in the neutron rich shores
of the nuclear chart counts now five members: N ¼ 8, 20,
28, 40, and 50.

This work is partly supported byMINECO (Spain) Grant
No. FPA2014-57196 and Programme “Centros de
Excelencia Severo Ochoa” SEV-2012-0249, and by an
USIAS Fellowship of the Université de Strasbourg.

Note added.—A paper describing the heaviest nickel
isotopes with “ab initio” methods has appeared in [30]
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FIG. 3. Theoretical spectra of the N ¼ 50 isotones with the
PFSDG-U interaction. In red the deformed intruder band of 78Ni.

TABLE III. Average number of p-h excitations and occupancies
of the neutron and proton orbits above N ¼ 50 and Z ¼ 28 for
several intruder states.

nνp−h nπp−h dν5=2 sν1=2 gν7=2 dν3=2 pπ
3=2 fπ5=2 pπ

1=2

78Ni 0þ2 2.7 2.3 1.1 0.8 0.4 0.4 0.9 1.0 0.4
76Fe 2þ1 3.0 1.4 1.2 0.8 0.6 0.4 0.8 0.4 0.2
74Cr 0þ1 4.9 1.6 1.8 1.1 1.2 0.8 1.1 0.3 0.2
72Ti 0þ1 4.8 0.9 2.2 0.7 0.6 1.3 0.7 0.1 0.1
70Ca 0þ1 3.5 0.0 1.9 0.3 0.2 1.1 0.0 0.0 0.0
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FIG. 4. 2þ energy systematics in the nickel and chromium
isotopic chains. Experimental data compared with calculations
using the LNPS [13] and PFSDG-U interactions.
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FIG. 3. Evolution of the ground-state band (top) and the γ band
(bottom) in 24Mg as cranked CHF states are added in the many-state
minimization of Fig. 2(d).

the full mesh calculation shown in Fig. 4(c1), which means
there is a redistribution of contributions in the final wave
function when one uses “redundant” basis states. Now, what
we observe in Fig. 4(c2) is the key point: the dominant CHF
configurations in the full mesh diagonalization are lying in
the same region as in the minimization. In Table IV, we report
some of the most dominant configurations in the ground state

TABLE IV. Contributions of CHF basis states [calculated from
Eqs. (24)] into the ground-state wave function in three calculations
shown in Figs. 4(a), 4(b), and 4(c), respectively.

P (J )
α (β, γ ) (%)

Fig. 4(a), Fig. 4(b), Fig. 4(c)
β γ ground state many states Full

0.499 12.0 5.62 7.43 1.16
0.540 17.74 14.35 15.58 2.97
0.540 11.85 4.71 14.64 1.30
0.414 17.74 7.28 1.44
0.351 23.63 5.25 1.23
0.414 11.85 3.88 7.54 0.66
0.414 29.52 3.39 0.61
0.477 17.74 1.38
0.477 23.63 1.29

(a) (b)

(c1) (a), (b) (c2)

(c)

FIG. 4. Structure of the ground state depicted in the potential
energy surface of ⟨Ĵz⟩ = 0. The yellow circles (defined with the
same scale) in (a), (b), and (c1) represent the contribution of CHF
basis vectors used in the ground-state minimization, the many-state
minimization and the full mesh diagonalization, respectively. In (c2)
the red circles represent the same CHF basis vectors of (c1) but using
a scaling factor of five times larger (see discussion in text).

as shown in Fig. 4. The most important configurations are
around the Hartree-Fock minimum and they appear in both
minimization calculations. In the full mesh calculation, apart
from a scaling effect due to the presence of many other states,
it is the same CHF configurations which contribute the most.
This clearly shows that our minimization method picks up the
“right” physical configurations of the most importance. This
comparison also explains the reason why the minimization
using six states gives already a good description.

We summarize now the essential points which can be
drawn from the present discussion:

(i) There can be different sets of CHF states that provide
the same description of the relative energy spectra and
transitions.

(ii) There exist specific CHF states that contribute more
significantly than others. And the minimization tells
us where to find them.

(iii) One must pay attention to the interpretation of point
(i); it is possible to replace some set of basis states
with another, although it could be at the price of
taking into account more basis states than necessary.

(iv) It is more advantageous to perform the minimization
than the full mesh diagonalization since basis states
are interdependent in the sense of point (iii). In cases
where such calculation is feasible like in the present
one, the full mesh diagonalization should expose the
limit one obtains in the minimization. By the way, it is
worth noting here that in a calculation from the Monte
Carlo shell model of Ref. [51] employing a stochastic
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transitions.

(ii) There exist specific CHF states that contribute more
significantly than others. And the minimization tells
us where to find them.

(iii) One must pay attention to the interpretation of point
(i); it is possible to replace some set of basis states
with another, although it could be at the price of
taking into account more basis states than necessary.

(iv) It is more advantageous to perform the minimization
than the full mesh diagonalization since basis states
are interdependent in the sense of point (iii). In cases
where such calculation is feasible like in the present
one, the full mesh diagonalization should expose the
limit one obtains in the minimization. By the way, it is
worth noting here that in a calculation from the Monte
Carlo shell model of Ref. [51] employing a stochastic
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Abstract We present the numerical code TAURUSvap that
solves the variation after particle-number projection equa-
tions for real general Bogoliubov quasiparticle states repre-
sented in a spherical harmonic oscillator basis. The model
space considered is invariant under spatial and isospin rota-
tions but no specific set of orbits is assumed such that the code
can carry out both valence-space and no-core calculations.
In addition, no number parity is assumed for the Bogoli-
ubov quasiparticle states such that the code can be used to
describe even-even, odd-even and odd-odd nuclei. The vari-
ational procedure can be performed under several simultane-
ous constraints on the expectation values of a variety of oper-
ators such as the multipole deformations, the pairing field or
the components of the angular momentum. To demonstrate
the potential and versatility of the code, we perform several
example calculations using an empirical shell-model inter-
action as well as a chiral interaction. The ability to perform
advanced variational Bogoliubov calculations offered by this
code will, we hope, be beneficial to the shell model and ab
initio communities.

Program summary

Program title: TAURUSvap
License: GNU General Public License version 3 or later
Programming language: Fortran 2008
DOI: https://doi.org/10.5281/zenodo.4381279
Repository: github.com/project-taurus/taurus_vap

a e-mail: benjamin.bally@uam.es (corresponding author)
b e-mail: adrian.sanchezf@estudiante.uam.es
c e-mail: tomas.rodriguez@uam.es

Nature of problem: The generation of variationally opti-
mized Bogoliubov quasiparticle states is the starting point
of various many-body methods. Nevertheless, no sophisti-
cated and publicly available numerical code exists that can
handle general Hamiltonians as constructed for example in
state-of-the-art effective field theories.
Solution method: We propose an efficient numerical code
that can perform the variation after particle-number projec-
tion of real general Bogoliubov quasiparticle states in the
spherical harmonic oscillator basis. The code offers several
degrees of parallelization and make use of fast mathematical
routines from the BLAS and LAPACK libraries.
Additional comments: The codeTAURUSvap is the first of a
numerical suite that permits state-of-the-art symmetry pro-
jected calculations and that will be published in full in the
future.

1 Introduction

Variational methods constitute a cornerstone of quantum
many-body methods in general and nuclear theory in partic-
ular. Their fundamental principle is to build the best possible
approximations to the Hamiltonian eigenstates by determin-
ing the states that yield the lowest expectation values for the
Hamiltonian within a predetermined set of trial wave func-
tions. There are sophisticated variational techniques that look
for a quasi-exact representation of the Hamiltonian eigen-
states, such as the Variational Monte Carlo methods [1],
but their high computational cost limits their application to
the lightest nuclei. In order to be able to address heavier
nuclei, and in a systematic fashion, it is necessary to con-
sider far more approximate variational ansätze. Many vari-
ational schemes in nuclear physics explore the manifold of
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Abstract We present the numerical codesTAURUSpav and
TAURUSmix that, combined, perform the configuration mix-
ing of symmetry-projected real general Bogoliubov quasi-
particle states represented in a spherical harmonic oscillator
basis. The model space considered is invariant under spatial
and isospin rotations but no specific set of orbits is assumed
such that the codes can carry out both valence-space and no-
core calculations. In addition, no number parity is assumed
for the Bogoliubov quasiparticle states such that the codes
can be used to describe even-even, odd-even and odd-odd
nuclei. To demonstrate the potential of the codes, we per-
form an example no-core calculation of 24Mg using a modern
microscopic interaction.

PROGRAMS SUMMARY

Program title: (1) TAURUSpav
(2) TAURUSmix

License: GNU General Public License version 3 or later

Programming language: Fortran 2008

DOI: (1) https://doi.org/10.5281/zenodo.10420261
(2) https://doi.org/10.5281/zenodo.10419912

Repository:
(1) https://github.com/project-taurus/taurus_pav
(2) https://github.com/project-taurus/taurus_mix

Nature of problem: The configuration mixing of symmetry-
projected Bogoliubov quasiparticle states, in the

a e-mail: benjamin.bally@cea.fr (corresponding author)
b e-mail: tomasrro@ucm.es

spirit of the Projected Generator Coordinate Method,
is a variational beyond-mean-field method that is
well suited to tackle strong collective correlations
in atomic nuclei. Nevertheless, no sophisticated and
publicly available numerical code exists that can han-
dle general Hamiltonians as constructed, for example,
in state-of-the-art effective field theories.

Solution method: We propose two numerical codes that,
combined, can be used to perform the configuration
mixing of parity, particle-number and total-angular-
momentum projected real general Bogoliubov quasi-
particle states represented in a spherical harmonic
oscillator basis. The codes offer several degrees of
parallelization and make use of fast mathematical
routines from the BLAS and LAPACK libraries.

Additional comments: The codes TAURUSpav and
TAURUSmix are part of the numerical suiteTAURUS
that permits advanced symmetry-projected varia-
tional calculations.

1 Introduction

The mean-field approximation is a simple, yet powerful, con-
cept that has been used for decades to investigate the struc-
ture of atomic nuclei [1,2]. In particular, this approximation
reaches its full potency when one allows the mean field to
break one or several symmetries of the nuclear Hamiltonian,
as such a breaking permits to incorporate important effects
of many-body correlations within a simple one-body picture.
A notable example of symmetry-breaking mean-field theory
is the unrestricted Hartree-Fock-Bogoliubov (HFB) method
[1,2] within which one searches for the trial state yielding
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can be used to describe even-even, odd-even and odd-odd
nuclei. To demonstrate the potential of the codes, we per-
form an example no-core calculation of 24Mg using a modern
microscopic interaction.
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spirit of the Projected Generator Coordinate Method,
is a variational beyond-mean-field method that is
well suited to tackle strong collective correlations
in atomic nuclei. Nevertheless, no sophisticated and
publicly available numerical code exists that can han-
dle general Hamiltonians as constructed, for example,
in state-of-the-art effective field theories.

Solution method: We propose two numerical codes that,
combined, can be used to perform the configuration
mixing of parity, particle-number and total-angular-
momentum projected real general Bogoliubov quasi-
particle states represented in a spherical harmonic
oscillator basis. The codes offer several degrees of
parallelization and make use of fast mathematical
routines from the BLAS and LAPACK libraries.

Additional comments: The codes TAURUSpav and
TAURUSmix are part of the numerical suiteTAURUS
that permits advanced symmetry-projected varia-
tional calculations.

1 Introduction

The mean-field approximation is a simple, yet powerful, con-
cept that has been used for decades to investigate the struc-
ture of atomic nuclei [1,2]. In particular, this approximation
reaches its full potency when one allows the mean field to
break one or several symmetries of the nuclear Hamiltonian,
as such a breaking permits to incorporate important effects
of many-body correlations within a simple one-body picture.
A notable example of symmetry-breaking mean-field theory
is the unrestricted Hartree-Fock-Bogoliubov (HFB) method
[1,2] within which one searches for the trial state yielding
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non-negligible correlations are still missing. As we will show,
most of those correlations can be accounted for by simultane-
ously restoring the rotational invariance and mixing different
quasiparticle states within the PGCM formalism discussed
in Sec. II. Moreover, this framework permits the calculation
of excited states and electromagnetic properties (transition
probabilities and moments).

One of the critical aspects of the method is the selection of
the generator coordinates and the natural choices dictated by
the nuclear interaction are the quadrupole and pairing degrees
of freedom [29]. As an example, we analyze the HFB/VAPNP
energy as a function of the quadrupole deformation param-
eters, (β2, γ ), and the VAPNP energy as a function of the
quadrupole and pairing parameters, (β2, δ

JpTp

MJp MTp
), for the nu-

cleus 24Ne. These total energy surfaces (TES) are obtained
by solving the HFB/VAPNP equations with constraints (see
Sec. II).

We observe in Fig. 10 that the minima of the TES are found
at axial prolate deformations in this isotope both for HFB
and VAPNP solutions, and the surfaces are softer along the
γ degree of freedom than in the β2 direction. We also note
that the increase of pairing correlations, from HFB to VAPNP
pn-no and VAPNP pn-yes, tends to decrease the deforma-
tion. Consistently with the unconstrained results, the VAPNP
pn-yes method provides the solution with the lowest energy.
Concerning the dependence of the energy on both quadrupole
and pairing, we present in Fig. 11 the TES calculated with
the VAPNP method exploring explicitly the isoscalar (Jp =
1, Tp = 0) and isovector (Jp = 0, Tp = 1) pairing degrees of
freedom. We point out that increasing the value of δ in a given
channel produces an increase of the corresponding pairing
energy, e.g., δJp=0;Tp=1

MJp=0;MTp=−1 measures the amount of pp-pairing
energy in the intrinsic wave function [7,37]. We obtain in all
cases two minima (prolate and oblate) in the TES, the prolate
minimum being the absolute one. This is consistent with the
triaxial TES discussed above where the oblate minimum is the
point with the lowest energy at γ = 60◦ in Fig. 10. The TES
along the pairing content, both isoscalar and isovector, are
rather soft in the δ direction around the minima. Additionally,
these minima are found at values with δ ̸= 0, showing the
ability of the VAPNP method to include any kind of pairing in
the intrinsic wave function.

The softness of the TES shown in Figs. 10 and 11 suggests
that the configuration mixing may play an important role in
the final results. Therefore, the next step is the calculation of
the spectrum of the nucleus 24Ne within the PGCM frame-
work using the different sets of intrinsic wave functions that
define the TES discussed above. The results are represented in
Fig. 12 where we observe a general good agreement between
the variational approaches and the exact results. Ground state
energies are 1% above the exact energy at most, and the best
approximations correspond to the PGCM calculations that
explore both deformation and pairing explicitly with intrinsic
wave functions generated through a VAPNP minimization.
We see in Fig. 12(a) that the inclusion of intrinsic states
with pn mixing compresses the spectrum compared to the
two other approaches where the intrinsic states are direct
products of separate protons’ and neutrons’ wave functions

(a)

(b)

(c)

[MeV]

[MeV]

[MeV]

FIG. 10. Total energy surfaces as a function of the triaxial defor-
mations (β2, γ ) calculated for 24Ne within the following approaches:
(a) HFB pn-no, (b) VAPNP pn-no, and (c) VAPNP pn-yes. Contour
lines are separated by intervals of 0.25 MeV and the scale of the color
code is different for each plot.

(HFB and VAPNP pn-no). Nevertheless, we notice that the
configuration mixing of HFB states produces good results
despite the larger differences found in unconstrained calcula-
tions. Concerning the PGCM with deformation and pairing,
we observe in Fig. 12(b) rather similar results for most of
the energies, specially if we compare the results with pn
pairing (δMTp=0) and the results with pp/nn pairing (δMTp=±1)
among themselves. These similarities are also observed in
the evaluation of the electric quadrupole transition proba-
bilities and moments shown in Table I. We have used the
standard effective charges, i.e., 1.5 and 0.5 for protons and
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FIG. 11. VAPNP total energy surfaces for 24Ne as a func-
tion of the quadrupole deformation, β2, and (a) isoscalar pairing,
δ

Jp=1;Tp=0
MJp =0;MTp =0, (b) isovector pn pairing, δ

Jp=0;Tp=1
MJp =0;MTp =0, (c) nn pairing,

δ
Jp=0;Tp=1
MJp =0;MTp =+1, and (d) pp pairing, δ

Jp=0;Tp=1
MJp =0;MTp =−1. Contour lines are

separated by intervals of 0.25 MeV and the scale of the color code is
the same in all the plots.

neutrons, respectively. The PGCM approaches are in a very
good agreement with the exact values. For example, all of
them are able to reproduce the large [small] B(E2, 2+

1 → 0+
1 )

[B(E2, 2+
2 → 0+

1 )] value, and the sign and magnitudes of the
spectroscopic quadrupole moments. Here, the states with a
negative spectroscopic moment would be dominated by the
prolate configurations shown in the TES above.

2. Systematic PGCM calculations

The results shown above for 24Ne suggest that any PGCM
used to compute the spectrum of this nucleus gives a very
good agreement with the full diagonalization of the Hamil-
tonian. Of course, the degrees of freedom are very limited
in this valence space and we expect larger differences be-
tween the different PGCM approximations in larger valence
spaces or in no-core calculations. Nevertheless, we want to
analyze the performance of the method in a more global
calculation. Therefore, we compute the energies and electro-
magnetic properties of the whole sd shell with three PGCM
methods whose intrinsic wave functions are obtained either
with the HFB or the VAPNP approach using (β2, γ ) as the
generating coordinates (PGCM(β2,γ )). Since we are particu-
larly interested in the role played by pn mixing, these methods
differ in the inclusion or exclusion of the pn mixing in
the intrinsic states. Hence, HFB-PGCM and VAPNP-PGCM
pn-no calculations do not include pn mixing while VAPNP-
PGCM pn-yes method includes such intrinsic-symmetry
breaking.

We analyze first the ground state energies obtained after
solving the corresponding HWG equations. The results are

FIG. 12. PGCM and exact energies of the yrast states for 24Ne
calculated with the USD interaction. (a) PGCM exploring triaxial
(β2, γ ) deformations, and (b) PGCM exploring deformation and
pairing (β2, δ

JpTp
MJp MTp

) degrees of freedom.

shown in Figs. 13 and 14. We observe a significant gain in
correlation energy with respect to the unconstrained results
due to the angular-momentum projection and configuration

TABLE I. Electric quadrupole transition probabilities [B(E2)
in e2 fm4] and moments [Q(Jπ ) in e fm2] calculated with different
PGCM approximations and with full diagonalization for 24Ne.

Approx. 2+
1 → 0+

1 2+
2 → 0+

1 2+
1 2+

2 4+
1

(β2, γ )HFB pn-no 53.3 1.0 −5.4 +6.5 −17.2

(β2, γ )VAPNP pn-no 54.1 2.1 −3.8 +4.8 −16.8

(β2, γ )VAPNP pn-yes 54.9 2.3 −4.2 +5.1 −16.6

(β2, δ
01
00 ) 53.7 2.4 −3.7 +2.4 −15.3

(β2, δ
10
00 ) 53.4 1.9 −4.1 +3.6 −14.5

(β2, δ
10
−10 ) 52.9 1.4 −3.8 +5.3 −15.4

(β2, δ
10
+10 ) 54.5 2.0 −5.1 +4.0 −15.5

Exact 52.3 0.6 −3.6 +5.5 −15.4

054306-10

pairing fluctuations

isoscalar pn isovector pn

nn pp

VARIATIONAL APPROXIMATIONS TO EXACT SOLUTIONS … PHYSICAL REVIEW C 104, 054306 (2021)

non-negligible correlations are still missing. As we will show,
most of those correlations can be accounted for by simultane-
ously restoring the rotational invariance and mixing different
quasiparticle states within the PGCM formalism discussed
in Sec. II. Moreover, this framework permits the calculation
of excited states and electromagnetic properties (transition
probabilities and moments).

One of the critical aspects of the method is the selection of
the generator coordinates and the natural choices dictated by
the nuclear interaction are the quadrupole and pairing degrees
of freedom [29]. As an example, we analyze the HFB/VAPNP
energy as a function of the quadrupole deformation param-
eters, (β2, γ ), and the VAPNP energy as a function of the
quadrupole and pairing parameters, (β2, δ

JpTp

MJp MTp
), for the nu-

cleus 24Ne. These total energy surfaces (TES) are obtained
by solving the HFB/VAPNP equations with constraints (see
Sec. II).

We observe in Fig. 10 that the minima of the TES are found
at axial prolate deformations in this isotope both for HFB
and VAPNP solutions, and the surfaces are softer along the
γ degree of freedom than in the β2 direction. We also note
that the increase of pairing correlations, from HFB to VAPNP
pn-no and VAPNP pn-yes, tends to decrease the deforma-
tion. Consistently with the unconstrained results, the VAPNP
pn-yes method provides the solution with the lowest energy.
Concerning the dependence of the energy on both quadrupole
and pairing, we present in Fig. 11 the TES calculated with
the VAPNP method exploring explicitly the isoscalar (Jp =
1, Tp = 0) and isovector (Jp = 0, Tp = 1) pairing degrees of
freedom. We point out that increasing the value of δ in a given
channel produces an increase of the corresponding pairing
energy, e.g., δJp=0;Tp=1

MJp=0;MTp=−1 measures the amount of pp-pairing
energy in the intrinsic wave function [7,37]. We obtain in all
cases two minima (prolate and oblate) in the TES, the prolate
minimum being the absolute one. This is consistent with the
triaxial TES discussed above where the oblate minimum is the
point with the lowest energy at γ = 60◦ in Fig. 10. The TES
along the pairing content, both isoscalar and isovector, are
rather soft in the δ direction around the minima. Additionally,
these minima are found at values with δ ̸= 0, showing the
ability of the VAPNP method to include any kind of pairing in
the intrinsic wave function.

The softness of the TES shown in Figs. 10 and 11 suggests
that the configuration mixing may play an important role in
the final results. Therefore, the next step is the calculation of
the spectrum of the nucleus 24Ne within the PGCM frame-
work using the different sets of intrinsic wave functions that
define the TES discussed above. The results are represented in
Fig. 12 where we observe a general good agreement between
the variational approaches and the exact results. Ground state
energies are 1% above the exact energy at most, and the best
approximations correspond to the PGCM calculations that
explore both deformation and pairing explicitly with intrinsic
wave functions generated through a VAPNP minimization.
We see in Fig. 12(a) that the inclusion of intrinsic states
with pn mixing compresses the spectrum compared to the
two other approaches where the intrinsic states are direct
products of separate protons’ and neutrons’ wave functions

(a)

(b)
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FIG. 10. Total energy surfaces as a function of the triaxial defor-
mations (β2, γ ) calculated for 24Ne within the following approaches:
(a) HFB pn-no, (b) VAPNP pn-no, and (c) VAPNP pn-yes. Contour
lines are separated by intervals of 0.25 MeV and the scale of the color
code is different for each plot.

(HFB and VAPNP pn-no). Nevertheless, we notice that the
configuration mixing of HFB states produces good results
despite the larger differences found in unconstrained calcula-
tions. Concerning the PGCM with deformation and pairing,
we observe in Fig. 12(b) rather similar results for most of
the energies, specially if we compare the results with pn
pairing (δMTp=0) and the results with pp/nn pairing (δMTp=±1)
among themselves. These similarities are also observed in
the evaluation of the electric quadrupole transition proba-
bilities and moments shown in Table I. We have used the
standard effective charges, i.e., 1.5 and 0.5 for protons and
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FIG. 11. VAPNP total energy surfaces for 24Ne as a func-
tion of the quadrupole deformation, β2, and (a) isoscalar pairing,
δ

Jp=1;Tp=0
MJp =0;MTp =0, (b) isovector pn pairing, δ

Jp=0;Tp=1
MJp =0;MTp =0, (c) nn pairing,

δ
Jp=0;Tp=1
MJp =0;MTp =+1, and (d) pp pairing, δ

Jp=0;Tp=1
MJp =0;MTp =−1. Contour lines are

separated by intervals of 0.25 MeV and the scale of the color code is
the same in all the plots.

neutrons, respectively. The PGCM approaches are in a very
good agreement with the exact values. For example, all of
them are able to reproduce the large [small] B(E2, 2+
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[B(E2, 2+
2 → 0+

1 )] value, and the sign and magnitudes of the
spectroscopic quadrupole moments. Here, the states with a
negative spectroscopic moment would be dominated by the
prolate configurations shown in the TES above.

2. Systematic PGCM calculations

The results shown above for 24Ne suggest that any PGCM
used to compute the spectrum of this nucleus gives a very
good agreement with the full diagonalization of the Hamil-
tonian. Of course, the degrees of freedom are very limited
in this valence space and we expect larger differences be-
tween the different PGCM approximations in larger valence
spaces or in no-core calculations. Nevertheless, we want to
analyze the performance of the method in a more global
calculation. Therefore, we compute the energies and electro-
magnetic properties of the whole sd shell with three PGCM
methods whose intrinsic wave functions are obtained either
with the HFB or the VAPNP approach using (β2, γ ) as the
generating coordinates (PGCM(β2,γ )). Since we are particu-
larly interested in the role played by pn mixing, these methods
differ in the inclusion or exclusion of the pn mixing in
the intrinsic states. Hence, HFB-PGCM and VAPNP-PGCM
pn-no calculations do not include pn mixing while VAPNP-
PGCM pn-yes method includes such intrinsic-symmetry
breaking.

We analyze first the ground state energies obtained after
solving the corresponding HWG equations. The results are

FIG. 12. PGCM and exact energies of the yrast states for 24Ne
calculated with the USD interaction. (a) PGCM exploring triaxial
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correlation energy with respect to the unconstrained results
due to the angular-momentum projection and configuration

TABLE I. Electric quadrupole transition probabilities [B(E2)
in e2 fm4] and moments [Q(Jπ ) in e fm2] calculated with different
PGCM approximations and with full diagonalization for 24Ne.

Approx. 2+
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2 4+
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non-negligible correlations are still missing. As we will show,
most of those correlations can be accounted for by simultane-
ously restoring the rotational invariance and mixing different
quasiparticle states within the PGCM formalism discussed
in Sec. II. Moreover, this framework permits the calculation
of excited states and electromagnetic properties (transition
probabilities and moments).

One of the critical aspects of the method is the selection of
the generator coordinates and the natural choices dictated by
the nuclear interaction are the quadrupole and pairing degrees
of freedom [29]. As an example, we analyze the HFB/VAPNP
energy as a function of the quadrupole deformation param-
eters, (β2, γ ), and the VAPNP energy as a function of the
quadrupole and pairing parameters, (β2, δ

JpTp

MJp MTp
), for the nu-

cleus 24Ne. These total energy surfaces (TES) are obtained
by solving the HFB/VAPNP equations with constraints (see
Sec. II).

We observe in Fig. 10 that the minima of the TES are found
at axial prolate deformations in this isotope both for HFB
and VAPNP solutions, and the surfaces are softer along the
γ degree of freedom than in the β2 direction. We also note
that the increase of pairing correlations, from HFB to VAPNP
pn-no and VAPNP pn-yes, tends to decrease the deforma-
tion. Consistently with the unconstrained results, the VAPNP
pn-yes method provides the solution with the lowest energy.
Concerning the dependence of the energy on both quadrupole
and pairing, we present in Fig. 11 the TES calculated with
the VAPNP method exploring explicitly the isoscalar (Jp =
1, Tp = 0) and isovector (Jp = 0, Tp = 1) pairing degrees of
freedom. We point out that increasing the value of δ in a given
channel produces an increase of the corresponding pairing
energy, e.g., δJp=0;Tp=1

MJp=0;MTp=−1 measures the amount of pp-pairing
energy in the intrinsic wave function [7,37]. We obtain in all
cases two minima (prolate and oblate) in the TES, the prolate
minimum being the absolute one. This is consistent with the
triaxial TES discussed above where the oblate minimum is the
point with the lowest energy at γ = 60◦ in Fig. 10. The TES
along the pairing content, both isoscalar and isovector, are
rather soft in the δ direction around the minima. Additionally,
these minima are found at values with δ ̸= 0, showing the
ability of the VAPNP method to include any kind of pairing in
the intrinsic wave function.

The softness of the TES shown in Figs. 10 and 11 suggests
that the configuration mixing may play an important role in
the final results. Therefore, the next step is the calculation of
the spectrum of the nucleus 24Ne within the PGCM frame-
work using the different sets of intrinsic wave functions that
define the TES discussed above. The results are represented in
Fig. 12 where we observe a general good agreement between
the variational approaches and the exact results. Ground state
energies are 1% above the exact energy at most, and the best
approximations correspond to the PGCM calculations that
explore both deformation and pairing explicitly with intrinsic
wave functions generated through a VAPNP minimization.
We see in Fig. 12(a) that the inclusion of intrinsic states
with pn mixing compresses the spectrum compared to the
two other approaches where the intrinsic states are direct
products of separate protons’ and neutrons’ wave functions
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FIG. 10. Total energy surfaces as a function of the triaxial defor-
mations (β2, γ ) calculated for 24Ne within the following approaches:
(a) HFB pn-no, (b) VAPNP pn-no, and (c) VAPNP pn-yes. Contour
lines are separated by intervals of 0.25 MeV and the scale of the color
code is different for each plot.

(HFB and VAPNP pn-no). Nevertheless, we notice that the
configuration mixing of HFB states produces good results
despite the larger differences found in unconstrained calcula-
tions. Concerning the PGCM with deformation and pairing,
we observe in Fig. 12(b) rather similar results for most of
the energies, specially if we compare the results with pn
pairing (δMTp=0) and the results with pp/nn pairing (δMTp=±1)
among themselves. These similarities are also observed in
the evaluation of the electric quadrupole transition proba-
bilities and moments shown in Table I. We have used the
standard effective charges, i.e., 1.5 and 0.5 for protons and
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neutrons, respectively. The PGCM approaches are in a very
good agreement with the exact values. For example, all of
them are able to reproduce the large [small] B(E2, 2+

1 → 0+
1 )

[B(E2, 2+
2 → 0+

1 )] value, and the sign and magnitudes of the
spectroscopic quadrupole moments. Here, the states with a
negative spectroscopic moment would be dominated by the
prolate configurations shown in the TES above.

2. Systematic PGCM calculations

The results shown above for 24Ne suggest that any PGCM
used to compute the spectrum of this nucleus gives a very
good agreement with the full diagonalization of the Hamil-
tonian. Of course, the degrees of freedom are very limited
in this valence space and we expect larger differences be-
tween the different PGCM approximations in larger valence
spaces or in no-core calculations. Nevertheless, we want to
analyze the performance of the method in a more global
calculation. Therefore, we compute the energies and electro-
magnetic properties of the whole sd shell with three PGCM
methods whose intrinsic wave functions are obtained either
with the HFB or the VAPNP approach using (β2, γ ) as the
generating coordinates (PGCM(β2,γ )). Since we are particu-
larly interested in the role played by pn mixing, these methods
differ in the inclusion or exclusion of the pn mixing in
the intrinsic states. Hence, HFB-PGCM and VAPNP-PGCM
pn-no calculations do not include pn mixing while VAPNP-
PGCM pn-yes method includes such intrinsic-symmetry
breaking.

We analyze first the ground state energies obtained after
solving the corresponding HWG equations. The results are

FIG. 12. PGCM and exact energies of the yrast states for 24Ne
calculated with the USD interaction. (a) PGCM exploring triaxial
(β2, γ ) deformations, and (b) PGCM exploring deformation and
pairing (β2, δ

JpTp
MJp MTp

) degrees of freedom.

shown in Figs. 13 and 14. We observe a significant gain in
correlation energy with respect to the unconstrained results
due to the angular-momentum projection and configuration

TABLE I. Electric quadrupole transition probabilities [B(E2)
in e2 fm4] and moments [Q(Jπ ) in e fm2] calculated with different
PGCM approximations and with full diagonalization for 24Ne.

Approx. 2+
1 → 0+

1 2+
2 → 0+

1 2+
1 2+

2 4+
1

(β2, γ )HFB pn-no 53.3 1.0 −5.4 +6.5 −17.2

(β2, γ )VAPNP pn-no 54.1 2.1 −3.8 +4.8 −16.8

(β2, γ )VAPNP pn-yes 54.9 2.3 −4.2 +5.1 −16.6

(β2, δ
01
00 ) 53.7 2.4 −3.7 +2.4 −15.3

(β2, δ
10
00 ) 53.4 1.9 −4.1 +3.6 −14.5

(β2, δ
10
−10 ) 52.9 1.4 −3.8 +5.3 −15.4

(β2, δ
10
+10 ) 54.5 2.0 −5.1 +4.0 −15.5

Exact 52.3 0.6 −3.6 +5.5 −15.4
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non-negligible correlations are still missing. As we will show,
most of those correlations can be accounted for by simultane-
ously restoring the rotational invariance and mixing different
quasiparticle states within the PGCM formalism discussed
in Sec. II. Moreover, this framework permits the calculation
of excited states and electromagnetic properties (transition
probabilities and moments).

One of the critical aspects of the method is the selection of
the generator coordinates and the natural choices dictated by
the nuclear interaction are the quadrupole and pairing degrees
of freedom [29]. As an example, we analyze the HFB/VAPNP
energy as a function of the quadrupole deformation param-
eters, (β2, γ ), and the VAPNP energy as a function of the
quadrupole and pairing parameters, (β2, δ

JpTp

MJp MTp
), for the nu-

cleus 24Ne. These total energy surfaces (TES) are obtained
by solving the HFB/VAPNP equations with constraints (see
Sec. II).

We observe in Fig. 10 that the minima of the TES are found
at axial prolate deformations in this isotope both for HFB
and VAPNP solutions, and the surfaces are softer along the
γ degree of freedom than in the β2 direction. We also note
that the increase of pairing correlations, from HFB to VAPNP
pn-no and VAPNP pn-yes, tends to decrease the deforma-
tion. Consistently with the unconstrained results, the VAPNP
pn-yes method provides the solution with the lowest energy.
Concerning the dependence of the energy on both quadrupole
and pairing, we present in Fig. 11 the TES calculated with
the VAPNP method exploring explicitly the isoscalar (Jp =
1, Tp = 0) and isovector (Jp = 0, Tp = 1) pairing degrees of
freedom. We point out that increasing the value of δ in a given
channel produces an increase of the corresponding pairing
energy, e.g., δJp=0;Tp=1

MJp=0;MTp=−1 measures the amount of pp-pairing
energy in the intrinsic wave function [7,37]. We obtain in all
cases two minima (prolate and oblate) in the TES, the prolate
minimum being the absolute one. This is consistent with the
triaxial TES discussed above where the oblate minimum is the
point with the lowest energy at γ = 60◦ in Fig. 10. The TES
along the pairing content, both isoscalar and isovector, are
rather soft in the δ direction around the minima. Additionally,
these minima are found at values with δ ̸= 0, showing the
ability of the VAPNP method to include any kind of pairing in
the intrinsic wave function.

The softness of the TES shown in Figs. 10 and 11 suggests
that the configuration mixing may play an important role in
the final results. Therefore, the next step is the calculation of
the spectrum of the nucleus 24Ne within the PGCM frame-
work using the different sets of intrinsic wave functions that
define the TES discussed above. The results are represented in
Fig. 12 where we observe a general good agreement between
the variational approaches and the exact results. Ground state
energies are 1% above the exact energy at most, and the best
approximations correspond to the PGCM calculations that
explore both deformation and pairing explicitly with intrinsic
wave functions generated through a VAPNP minimization.
We see in Fig. 12(a) that the inclusion of intrinsic states
with pn mixing compresses the spectrum compared to the
two other approaches where the intrinsic states are direct
products of separate protons’ and neutrons’ wave functions

(a)

(b)

(c)

[MeV]

[MeV]

[MeV]

FIG. 10. Total energy surfaces as a function of the triaxial defor-
mations (β2, γ ) calculated for 24Ne within the following approaches:
(a) HFB pn-no, (b) VAPNP pn-no, and (c) VAPNP pn-yes. Contour
lines are separated by intervals of 0.25 MeV and the scale of the color
code is different for each plot.

(HFB and VAPNP pn-no). Nevertheless, we notice that the
configuration mixing of HFB states produces good results
despite the larger differences found in unconstrained calcula-
tions. Concerning the PGCM with deformation and pairing,
we observe in Fig. 12(b) rather similar results for most of
the energies, specially if we compare the results with pn
pairing (δMTp=0) and the results with pp/nn pairing (δMTp=±1)
among themselves. These similarities are also observed in
the evaluation of the electric quadrupole transition proba-
bilities and moments shown in Table I. We have used the
standard effective charges, i.e., 1.5 and 0.5 for protons and
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Global performance of the PGCM method in the sd-shell
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FIG. 13. (color online) Energy di�erence with respect to the
exact solution PGCM calculations using (�2, �) as generating
coordinates for even-even and even-odd nuclei in the sd-shell
and the USD interaction. Three di�erent sets of Bogoliubov
states are used: general pn-no seeds (black circles) and general
pn-yes seeds (black filled boxes) with VAPNP minimization,
and general pn-yes seeds (red bullets) with HFB minimiza-
tion.

agreement with the exact values is similar for even-even,

even-odd and odd-odd isotopes. We also see that even-

odd staggering are more suppressed by performing the

configuration mixing, except for the S isotopes within the

HFB-PGCM implementation. The di�erences between

the PGCM calculations are smaller than those found in

the unconstrained calculations, although, in certain nu-

clei, such di�erences could be rather large (e.g.,
32,34

S).

But they indicate that including both the VAPNP corre-

lations and the pn-mixing in the intrinsic states can help

to better reproduce the ground-state energies. Addition-

ally, it is interesting to note that both VAPNP-PGCM

approaches perform similarly well regarding the descrip-

tion of the ground state energies of the N = Z nuclei.

However, the HFB-PGCM method shows good results

for
20

Ne and
24

Mg but large di�erences for
28

Si,
32

S and
36

Ar. The origin of these deviations is the presence (ab-

FIG. 14. (color online)Same as Fig. 13 but for odd-odd iso-
topes. The HFB result only contains general pn-no seeds.
The magenta crosses show the result for VAPNP-PGCM re-
sults including MTp = 0 pairing degrees of freedom apart from

(�2, �) (see text for details).

sence) of pn-pairing in the set of intrinsic wave functions

for
20

Ne and
24

Mg (
28

Si,
32

S and
36

Ar).

A more global and quantitative way of evaluating the

ability of the present PGCM methods to reproduce the

exact ground state energies is to compute the root-mean-

square deviation (RMSD) between the approximate and

exact ground-state energies. Such a quantity is displayed

in the third column of Table II, separately for e-e, e-o

and o-o nuclei and for the HFB-PGCM and VAPNP-

PGCM (pn-yes and pn-no) calculations. In particular,

we see that the best approach is VAPNP-PGCM with

pn-mixing, then the VAPNP-PGCM without pn-mixing,

and, finally the HFB-PGCM. The largest RMSD ob-

tained for the di�erent approaches are 637, 945 and 1375

keV, respectively, that indicates a very good approxima-

tion to the exact results, specially for the VAPNP-PGCM

pn-yes case. Additionally, the deviations in the ground

state energies are similar for e-e, e-o and o-o nuclei for

the VAPNP-PGCM approaches and the performance of

Figura 4.13: Diferencia en la enerǵıa del estado fundamental PGCM con respecto la
exacta usando (�2, �) como coordenadas generadoras para los núcleos par-par y par-
impar en la capa sd con la interacción USD. Se han utilizado tres tipos de estados
HFB: general pn-no (ćırculos negros), general pn-yes (cuadrados rellenos negros)
ambos con PNVAP y general pn-yes con HFB (puntos rojos).

Se puede percibir, además, que el comportamiento de staggering par-impar se

atenúa significativamente, a excepción de la cadena isotópica del S en el caso HFB-

PGCM. Las diferencias entre los diferentes esquemas PGCM son más pequeñas que

- We compare different choices of PGCM 
depending on the type of intrinsic wave function

- Best approach to the exact ground state energy 
is provided by the PNVAP minimization that 
allows proton-neutron mixing 

- Largest difference are obtained in mid-shell nuclei

- Angular momentum of the g.s. of e-o systems is 
well-reproduced with PNVAP pn-mixing

Ground state energies e-e / e-o
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FIG. 13. (color online) Energy di�erence with respect to the
exact solution PGCM calculations using (�2, �) as generating
coordinates for even-even and even-odd nuclei in the sd-shell
and the USD interaction. Three di�erent sets of Bogoliubov
states are used: general pn-no seeds (black circles) and general
pn-yes seeds (black filled boxes) with VAPNP minimization,
and general pn-yes seeds (red bullets) with HFB minimiza-
tion.
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odd staggering are more suppressed by performing the

configuration mixing, except for the S isotopes within the

HFB-PGCM implementation. The di�erences between

the PGCM calculations are smaller than those found in

the unconstrained calculations, although, in certain nu-

clei, such di�erences could be rather large (e.g.,
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S).

But they indicate that including both the VAPNP corre-

lations and the pn-mixing in the intrinsic states can help

to better reproduce the ground-state energies. Addition-

ally, it is interesting to note that both VAPNP-PGCM

approaches perform similarly well regarding the descrip-

tion of the ground state energies of the N = Z nuclei.

However, the HFB-PGCM method shows good results

for
20

Ne and
24

Mg but large di�erences for
28

Si,
32

S and
36

Ar. The origin of these deviations is the presence (ab-

FIG. 14. (color online)Same as Fig. 13 but for odd-odd iso-
topes. The HFB result only contains general pn-no seeds.
The magenta crosses show the result for VAPNP-PGCM re-
sults including MTp = 0 pairing degrees of freedom apart from

(�2, �) (see text for details).
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for
20

Ne and
24

Mg (
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S and
36

Ar).

A more global and quantitative way of evaluating the

ability of the present PGCM methods to reproduce the

exact ground state energies is to compute the root-mean-

square deviation (RMSD) between the approximate and

exact ground-state energies. Such a quantity is displayed

in the third column of Table II, separately for e-e, e-o

and o-o nuclei and for the HFB-PGCM and VAPNP-

PGCM (pn-yes and pn-no) calculations. In particular,

we see that the best approach is VAPNP-PGCM with

pn-mixing, then the VAPNP-PGCM without pn-mixing,

and, finally the HFB-PGCM. The largest RMSD ob-

tained for the di�erent approaches are 637, 945 and 1375

keV, respectively, that indicates a very good approxima-

tion to the exact results, specially for the VAPNP-PGCM

pn-yes case. Additionally, the deviations in the ground

state energies are similar for e-e, e-o and o-o nuclei for

the VAPNP-PGCM approaches and the performance of

Figura 4.13: Diferencia en la enerǵıa del estado fundamental PGCM con respecto la
exacta usando (�2, �) como coordenadas generadoras para los núcleos par-par y par-
impar en la capa sd con la interacción USD. Se han utilizado tres tipos de estados
HFB: general pn-no (ćırculos negros), general pn-yes (cuadrados rellenos negros)
ambos con PNVAP y general pn-yes con HFB (puntos rojos).

Se puede percibir, además, que el comportamiento de staggering par-impar se

atenúa significativamente, a excepción de la cadena isotópica del S en el caso HFB-

PGCM. Las diferencias entre los diferentes esquemas PGCM son más pequeñas que
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FIG. 15. (color online) 0+
2 (top panel), 2+

1 (middle panel) and 4+
1 (bottom panel) excitation energies for the even-even isotopes

in the sd-shell nuclei calculated exactly (black diamonds) and using VAPNP-PGCM with pn-mixing (red dots), VAPNP-PGCM
without pn-mixing (blue squares), and HFB-PGCM (green pentagons) techniques.

FIG. 16. (color online) First (top panel), second (middle panel) and third (bottom panel) excitation energies for the even-
odd isotopes in the sd-shell nuclei calculated exactly (black diamonds) and using VAPNP-PGCM with pn-mixing (red dots),
VAPNP-PGCM without pn-mixing (blue squares) and HFB-PGCM (green pentagons) techniques.

cited states in the o-o nuclei, shown in Table II, we see

that the performance of the PGCM method without pn-

mixing is again worse than the PGCM with pn-mixing.

Lastly, we look at the description of the electromagnetic

properties and take the Ne isotopic chain as an illustra-

tive example. In Fig. 18, we show the B(E2, 2
+
1 ! 0

+
1 )

and B(M1, 3
+
1 ! 2

+
1 ) for the even isotopes and the

B(E2, J
+
1st exc ! J

+
g.s.) and µ(J

+
g.s.) for the odd ones.

These quantities are calculated with the usual e�ective

charges (1.5 and 0.5 for protons and neutrons, respec-

tively) and bare nucleon g-factors. Similarly to the ex-

citation energies discussed above, the agreement of the

PGCM approaches with the exact values is very good,

especially for the odd isotopes. We do not find large

di�erences between the results obtained including or not

the pn-mixing, except for the B(M1) where the VAPNP-

PGCM with pn-mixing is better and the HFB-PGCM

is not able to give good results due to a poor descrip-

14
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Figura 4.16: Enerǵıas del primer (paneles superiores), segundo (paneles intermedios) y tercer (paneles inferiores)
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- Oxygen isotopes: no protons in the sd-shell, only neutrons contribute (no pn channel)

21O

22O

23O

24O

25O

26O

[MeV]PNVAP energy surfaces

Beta-decay properties
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- Fluorine isotopes
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 Benchmark of the PGCM method against exact results.

V. Vijayan et al., in preparation 

Beta-decay properties

mother nuclei daughter nuclei
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B(GT)SM* B(GT)PGCM B.R.
21O (5/2+) → 21F

(3/2+)1 0.040 0.042 34 %
(5/2+)2 0.151 0.151 29 %

22O (0+) → 22F
(1+)2 1.423 1.417 82 %
(1+)3 0.790 0.867 15 %

23O (1/2+) → 23F
(1/2+)1 0.287 0.249 55 %
(3/2+)1 0.267 0.250 20 %

24O (0+) → 24F
(1+)1 1.515 1.517 83 %
(1+)2 1.094 1.093 10 %

25O (3/2+) → 25F
(5/2+)1 0.638 0.648 75 %

26O (0+) → 26F
(1+)1 1.758 1.746 83 %
(1+)4 0.822 0.648 6 %

 Benchmark of the PGCM method against exact results.

V. Vijayan et al., in preparation 

*B. H. Wildenthal, M. S. Curtis, B. A. Brown, PRC 28, 1343 (1983)

Beta-decay properties
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B(GT) distributions

22O → 22F 24O → 24F 26O → 26F

 Benchmark of the PGCM method against exact results.
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*B. H. Wildenthal, M. S. Curtis, B. A. Brown, PRC 28, 1343 (1983)
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Magnetic transitions

Apéndice B

Probabilidades de transición

electromagnéticas

Las probabilidades de transición EM vienen dadas por[2]:

B(E�, Ji ! Jf ) =
1

2Ji + 1
| hJf ||Q̂�µ||Jii |2 (B.1)

B(M�, Ji ! Jff) =
1

2Ji + 1
| hJf ||M̂�µ||Jii |2 (B.2)

donde no estamos considerando las distintas bandas �, pues vamos a desarrollar las ex-

presiones para estados proyectados a buen momento angular. Para hallar los elementos

de matriz reducidos emplearemos el teorema de Wigner-Eckart con los solapes de dichos

operadores, cuyas expresiones son:

Q̂�µ = r�Y�µ (B.3)

M̂�µ =

✓
gs~s+

2

�+ 1
gl~l

◆
~rr�Y�µ (B.4)

siendo gl -conocido como factor g orbital- 1 para protones y 0 para neutrones y gs -o factor

giromagnético g de esṕın-cuyos valores son[81]:

gps = 5.586 (B.5a)

gns = �3.826 (B.5b)

Además, el operador multipolar magnético se deja en función del magnetón nuclear µN y

el multipolar eléctrico en función de la carga eléctrica del electrón en valor absoluto. Como
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electromagnéticas

Las probabilidades de transición EM vienen dadas por[2]:

B(E�, Ji ! Jf ) =
1

2Ji + 1
| hJf ||Q̂�µ||Jii |2 (B.1)

B(M�, Ji ! Jff) =
1

2Ji + 1
| hJf ||M̂�µ||Jii |2 (B.2)

donde no estamos considerando las distintas bandas �, pues vamos a desarrollar las ex-

presiones para estados proyectados a buen momento angular. Para hallar los elementos

de matriz reducidos emplearemos el teorema de Wigner-Eckart con los solapes de dichos

operadores, cuyas expresiones son:

Q̂�µ = r�Y�µ (B.3)

M̂�µ =

✓
gs~s+

2

�+ 1
gl~l

◆
~rr�Y�µ (B.4)

siendo gl -conocido como factor g orbital- 1 para protones y 0 para neutrones y gs -o factor

giromagnético g de esṕın-cuyos valores son[81]:

gps = 5.586 (B.5a)

gns = �3.826 (B.5b)

Además, el operador multipolar magnético se deja en función del magnetón nuclear µN y

el multipolar eléctrico en función de la carga eléctrica del electrón en valor absoluto. Como
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Particle-number-projected energy surfaces

- Small pn-pairing configurations are favored in this case

- Pairing is less favored with increasing cranking

B(M1) strength functions in e-e nuclei
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We can interpret the exact SM results in 
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Summary and Outlook

• PGCM / ISM are complementary methods to provide a reliable description of nuclear 
structure observables. 

• PGCM is a very flexible method to approach exact solutions. 

• ISM states can be studied in terms of intrinsic shapes in the valence space. 

• Extend the calculations to many-shell (no-core) PGCM with realistic interactions. 

• Interpret ISM states in terms of collective variables (shapes) 

• Include explicitly quasiparticle excitations into the PGCM wave functions (single-particle 
excitations).

SUMMARY

OUTLOOK
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