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Single-particle states (I)
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Given an effective Hamiltonian Heff, the single-particle (or quasi-particle) states 
can be calculated using HF (or HFB)
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Hartree-Fock-Bogolyubov calculations with the D 1 effective interaction on spherical nuclei
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Cedex, France
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A self-consistent approach allowing the introduction of pairing into a comprehensive study of the bulk as
well as the structure properties of nuclei is presented. It is emphasized that the density-dependent effective
force used in the calculations reported here does permit the extraction of the mean field and the pairing
field in the framework of the Bogolyubov theory. First, a brief review of Hartree-Fock-Bogolyubov
formalism with density-dependent interactions is presented. Then the derivation of the effective interaction
is explained and some details concerning the nuclear matter properties are given. Finally, we report the
studies on spherical nuclei with special reference to the pairing properties. In order to demonstrate the
versatility of our approach a comprehensive study of various nuclear properties is given. In view of the
abundance of results obtained with our approach we plan to report the results on the deformed nuclei in a
future publication.

NUCLKAH STHUCTUHE Dens ity-dependent Hartree- rock-Bogolyubov
(DDHFB) approximation applied to the calculations of the structure of spher-
ical nuclei: binding energies, pairing correlations, density distributions,

magnetic form factors, and quasiparticle spectra.

I. INTRODUCTION

This paper is devoted to the description of a
self-consistent approach which takes into account
the pairing correlations between like particl'es.
Our approach is essentially based on the density-
dependent Hartree-Fock theory (DDHF) with a
phenornenological. interaction. In order to better
place the present work we refer the reader to
the other papers, ' ' where the status of the sev-
eral attempts to derive the average field in
nuclei has been reviewed in detail. See also the
review of the DDHF calculations given by Bethe. '
Let us recall the general idea governing the
DDHF theory since our approach is its direct
extension. One assumes some predetermined
parametrization of the effective force between
two nucleons and defines the total energy of the
system in the usual way, i.e., as the sum of the
total kinetic energy plus the potential energy cal-
culated with that force. In this way one obtains
an explicit functiona1. of the one- and the two-body
density matrices which reduce to an expression
in terms of the one-body density matrix when
the wave function of the system considered is de-
scribed by a Slater determinant. Then one applies
the variational principle in order to determine the
equilibrium density corresponding to the ground
state of the system which provides Hartree-Fock-
type equations and defines at the same time the
average field in the system. This procedure is
somewhat arbitrary since there is no rigorous
argument justifying the use of the variational

principle with an effective force. ' In fact, one
follows the procedure of the more fundamental
approach starting with a Brueckner Q matrix
where the average field is extracted from the
variation of the lowest-order approximation to
the energy. "There one finds a justification for
this procedure by the fact that it introduces in the
definition of the average fieM important classes
of diagrams which are seen a posteriori to play
an important role in the calculation of the satura-
tion properties. In the phenomenological DDHF
theory it is equivalent to saying that—via the
rearrangement terms occurring in the definition
of the Hartree-Fock (HF) field—this procedure
modifies the usual HF relation between the single
particle energies and the binding energy. This
modification makes it possible to adjust the global
properties (radii, binding energies) as well as to
obtain a sufficiently compressed single particle
spectrum.
Concerning the phenomenological effective

interaction, its parametrization differs according
to different authors. Some of them introduce an
explicit dependence on the density. " Others
introduce the three-body contact force of Skyrme
which is equivalent to a linear dependence on the
density in the HF calculations when spins are
saturated. All of them neglect possible energy
dependence for the sake of simplicity. Such di-
rect parametrizations have the advantage of
rendering the extensive calculation simpler. The
various applications presented by the Orsay
group with the Skyrme's force give a clear indica-
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FIG. 2. This figure exhibits the influence of pairing
correlations on the neutron density distribution of 6Sn.

All this is easily understood in terms of the
spectroscopic factor given below. Let us also
mention that the proton density is distorted in-
directly, via the pairing between the neutrons
but this effect is much smaller (see Fig. 2).
The odd-even mass differences make part of

the basic quantities considered in all the studies
concerning the pairing. The reason is that they
represent somehow the energy needed to break
a pair when picturing the pair as two particles
interacting in two time reversed orbitals. Thus
these data are considered as providing a direct
information on the pairing correlations in the
nuclei. On the other hand, under certain assump-
tions these data have a simple connection with the
theory. In fact, describing the odd nucleus as the
one QP state q';„~ 0) (~ 0) is the ground state of the
neighboring even nucleus) and neglecting all re-
arrangement effects when passing from one
nucleus to another, we recall the wel. l known re-
lation between the odd-even mass difference and
the lowest QP energy:

e =-[B(A)—2B(A —1) +B(A —2)]/2, & even.
Although such an approximation has the merit
of giving a simple check on the theory by requir-
ing only the calculation of the even nuclei, it pre-
sents also the disadvantage of providing too rough
a comparison with the experiment. Besides, in
our case, this relation needs to be corrected by
an extra term which accounts for the expl. icit
dependence on the density of the effective inter-
action we use. Thus we have chosen to calculate

the right-hand side of the equation above as fol-
lows. We perform separate HFB calculations of
the binding energies of the three adjacent nuclei.
Concerning the odd nuclei we use the blocking
version of the HFB theory described in Sec. II.
We point out that we do perform complete HFB
by blocLing the few lowest QP since we do not
know g prio which one corresponds to the ground
state. In that way we determine not only the
ground state but also the first low lying excited
states of the odd nuclei.
In Fig. 3 we have reported the HFB odd-even

mass differences along with the experimental
values and we also give in Table V for each
isotope the spin of its ground state as predicted
by the HFB calculations. First we notice that
the HFB ca,lculations reproduce the oscillating
trends which are observed experimentally as a
function of the neutron number. Concerning the
magnitude of our predictions, they are all shifted
above the experimental value by amount of the
order of 300 keV. Somehow such deviation is
desirable since one expects that the residual
interaction between the three QP states (or the
QP vibration coupling) would lower the ground
state energy of the odd nuclei which goes in the
right sense. Referring to the work of Kuo et al."
on the odd tin isotopes, we learn that such cor-
rection may be of some hundred keV representing
the order of magnitude we need precisely to
improve the comparison with the experimental
data. Of course this argument is purely quali-
tative and one sh'ould evaluate this correction with
the QP vibration coupling expressed with our
effective interaction in order to draw a definite
conclusion. This discussion reveals the inherent
difficulty met while adopting the concept of a
phenomenological effective interaction. That is,
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FIG. 3. The odd-even mass differences for the tin

isotopes calculated with the two effective interactions
D1 and Dl'.
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correlations on the neutron density distribution of 6Sn.

All this is easily understood in terms of the
spectroscopic factor given below. Let us also
mention that the proton density is distorted in-
directly, via the pairing between the neutrons
but this effect is much smaller (see Fig. 2).
The odd-even mass differences make part of

the basic quantities considered in all the studies
concerning the pairing. The reason is that they
represent somehow the energy needed to break
a pair when picturing the pair as two particles
interacting in two time reversed orbitals. Thus
these data are considered as providing a direct
information on the pairing correlations in the
nuclei. On the other hand, under certain assump-
tions these data have a simple connection with the
theory. In fact, describing the odd nucleus as the
one QP state q';„~ 0) (~ 0) is the ground state of the
neighboring even nucleus) and neglecting all re-
arrangement effects when passing from one
nucleus to another, we recall the wel. l known re-
lation between the odd-even mass difference and
the lowest QP energy:

e =-[B(A)—2B(A —1) +B(A —2)]/2, & even.
Although such an approximation has the merit
of giving a simple check on the theory by requir-
ing only the calculation of the even nuclei, it pre-
sents also the disadvantage of providing too rough
a comparison with the experiment. Besides, in
our case, this relation needs to be corrected by
an extra term which accounts for the expl. icit
dependence on the density of the effective inter-
action we use. Thus we have chosen to calculate

the right-hand side of the equation above as fol-
lows. We perform separate HFB calculations of
the binding energies of the three adjacent nuclei.
Concerning the odd nuclei we use the blocking
version of the HFB theory described in Sec. II.
We point out that we do perform complete HFB
by blocLing the few lowest QP since we do not
know g prio which one corresponds to the ground
state. In that way we determine not only the
ground state but also the first low lying excited
states of the odd nuclei.
In Fig. 3 we have reported the HFB odd-even

mass differences along with the experimental
values and we also give in Table V for each
isotope the spin of its ground state as predicted
by the HFB calculations. First we notice that
the HFB ca,lculations reproduce the oscillating
trends which are observed experimentally as a
function of the neutron number. Concerning the
magnitude of our predictions, they are all shifted
above the experimental value by amount of the
order of 300 keV. Somehow such deviation is
desirable since one expects that the residual
interaction between the three QP states (or the
QP vibration coupling) would lower the ground
state energy of the odd nuclei which goes in the
right sense. Referring to the work of Kuo et al."
on the odd tin isotopes, we learn that such cor-
rection may be of some hundred keV representing
the order of magnitude we need precisely to
improve the comparison with the experimental
data. Of course this argument is purely quali-
tative and one sh'ould evaluate this correction with
the QP vibration coupling expressed with our
effective interaction in order to draw a definite
conclusion. This discussion reveals the inherent
difficulty met while adopting the concept of a
phenomenological effective interaction. That is,
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Having no idea of the higher-
order corrections we have no 
idea of which accuracy one 
should request
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α
Eigenstate of Heff Second-order correction

• We actually diagonalize Heff in a basis made with 1p states plus 1p-1 phonon 
(RPA) states

• This has been generalised to 1 qp plus 1qp states-1 QRPA phonon states

=                              +                              + ... (infinite series) ...

This is the self-energy 
<latexit sha1_base64="FNeX3Gb4yH2UiCX13EDmUknOy3c=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoxWNE84BkCbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlHyw44SGAg8kixnB1knN7j0bCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSPK8E1Ur17qJcu87jKMAxnMAZBHAJNbiFOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/bvGPDg==</latexit>

!



Skyrme EDFs (even-even nuclei)
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They are local functionals depending on various densities. 

Here, proton/neutron labels are omitted for the sake of simplicity.
<latexit sha1_base64="jj04aaCFipCyh5YdbLdnwprAMW4="></latexit>

E =

Z
d3r

⇥
Ekin + ESkyrme + Epairing + ECoulomb

⇤

<latexit sha1_base64="OoTZ/hgwSG1WTLQhO4RTavFshLM=">AAACDnicbVBNS8MwGE79nPOr6tFLcAwEYbQq6kWY28XjBPcBbTfSLN3CkrYkqTDKfoEX/4oXD4p49ezNf2O69aCbD7zhyfO8L8n7+DGjUlnWt7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOj6ShNGQNBVVjHRiQRD3GWn7o3rmtx+IkDQK79U4Jh5Hg5AGFCOlpZ5ZrndTVwyjrCZOdnrwGt7AE1jLLl13gDhHPbNkVawp4CKxc1ICORo988vtRzjhJFSYISkd24qVlyKhKGZkUnQTSWKER2hAHE1DxIn00uk6E1jWSh8GkdAVKjhVf0+kiEs55r7u5EgN5byXif95TqKCKy+lYZwoEuLZQ0HCoIpglg3sU0GwYmNNEBZU/xXiIRIIK51gUYdgz6+8SFqnFfuicnZ3XqrW8jgK4BAcgWNgg0tQBbegAZoAg0fwDF7Bm/FkvBjvxsesdcnIZw7AHxifP5wwmzI=</latexit>

C⇢⇢[⇢] = A+B⇢�

<latexit sha1_base64="qCJvqXhE395KtinDAjTcxfbRINM="></latexit>

ESkyrme = C⇢⇢[⇢]⇢2 + C⇢⌧⇢⌧ + CJ2 ~J 2 + C(r⇢)2
⇣
~r⇢

⌘2
+ C⇢~r· ~J⇢~r · ~J

<latexit sha1_base64="F9DXdVSkks9GHxWe93eM9Xlmjmg="></latexit>

⇢(~r) = ⇢(~r,~r0)|~r0=~r

⌧(~r) = r ·r0⇢(~r,~r0)|~r0=~r

~J(~r) spin� orbit density

Parameters are determined by a 
fit to data (or pseudo-data).      
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• The model is self-consistent (no empirical input). We employ HSkyrme but one 
can think of using it with any Hamiltonian

H = H0 + V,

H0 =
X

jm

"ja
†
jmajm +

X

NJM

~!NJ�
†
NJM�NJM ,

V =
X

jmj0m0

X

NJM

hj||V ||j0, NJi
ĵ

ajm

h
a
†
j0 ⌦ �†

NJ

i

jm
,

• We correct for the non-orthonormality and overcompleteness of the basis by 
introducing the NORM matrix

n(j01n1J1, j
0
2n2J2) = �(j01, j

0
2)�(n1, n2)�(J1, J2)�

X

h1

(�)J1+J2+j01+j02 Ĵ1Ĵ2

⇢
j02 jh1 J1
j01 j J2

�
X(n1J1)

j02h1
X(n2J2)

j01h1

<latexit sha1_base64="yRaciA2GckI/Z2p2ALa6jZIuwFQ=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARKmhJRKoboShCV1LBXqApZTKdtEMnF2ZOhBLyEm58FTcuFHEruPNtnLZZaPWHgY//nMOZ87uR4Aos68vILSwuLa/kVwtr6xubW+b2TlOFsaSsQUMRyrZLFBM8YA3gIFg7koz4rmAtd3Q1qbfumVQ8DO5gHLGuTwYB9zgloK2eeeQI5kEJJw4lAtdSfJzhTXqNHckHQzjETl1xfIGtnlm0ytZU+C/YGRRRpnrP/HT6IY19FgAVRKmObUXQTYgETgVLC06sWEToiAxYR2NAfKa6yfSqFB9op4+9UOoXAJ66PycS4is19l3d6RMYqvnaxPyv1onBO+8mPIhiYAGdLfJigSHEk4hwn0tGQYw1ECq5/iumQyIJBR1kQYdgz5/8F5onZbtSrtyeFquXWRx5tIf2UQnZ6AxVUQ3VUQNR9ICe0At6NR6NZ+PNeJ+15oxsZhf9kvHxDU3unGU=</latexit>

(H→NE)! = 0



49Ca
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Energies and 𝛾 transitions Spectroscopic factors of 49Ca
Results obtained with SkX

LOW-SPIN PARTICLE-CORE AND HOLE-CORE … PHYSICAL REVIEW C 103, 014320 (2021)

FIG. 8. Experimental low-spin states in the 41Ca, 47Ca, and 49Ca nuclei, compared with theoretical calculations performed with the HCM
model, using the SkX Skyrme interaction. Higher-spin levels observed in Ref. [5] are shown as dashed lines (see text for details).

γ -ray branching ratios and intensities were reported and a
number of transitions were characterized by γ -ray angular
correlations, enabling us to extract multipolarities and mixing
ratios and to assign spins and parities to the states involved in
the decays.

Portions of the level schemes below 5 MeV were com-
pared with theoretical calculations performed with the hybrid
configuration mixing model. Despite some discrepancies, the
model indicates the coexistence, at low energy, of single-
particle or single-hole states and coupled configurations with
collective and noncollective excitations of the doubly-magic
core for all the nuclei studied in this work. Moreover,
experimental results and beyond-mean-filed calculations ob-
tained in this work by the HCM model for the 47Ca and
49Ca nuclei were compared with other measurements, as well
as shell-model and ab initio calculations. Similar results are
observed, although the HCM model better reproduces the

TABLE X. Experimental and theoretical (see [8] and references
therein) C2S spectroscopic factors for the 9/2+ at 4296 keV in 49Ca.

Experiment C2S

(d, p) [72] 0.14
12C + 48Ca [8] 0.27(1)

Theory C2S

HCM 0.11
GXPF1 [8] 0.42

quenching of spectroscopic factor for the 9/2+ state in 49Ca,
pointing to the impact of long-range correlations, such as cou-
plings with phonons, upon the structure of nuclear excitations.

Overall, it appears that Ca isotopes provide a fundamental
playground for state-of-the-art theories, which, in this mass
region, tend to converge to similar results, making Ca nu-
clei a cornerstone for a comprehensive description of nuclear
structure.

This work is also an important benchmark for the hybrid
configuration mixing model, here discussed, which becomes a
powerful tool to compute the complex structure of isotopes in
heavier mass regions, such as the neutron-rich region around
the doubly-magic 132Sn nucleus [73,74]. Indeed, in these
heavy systems, shell-model calculations and ab initio methods
have severe difficulties in dealing with collective excitations
of the core, due to the diverging dimension of the model space,
thus resulting, up to now, in a limited description of complex
excitations.
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<latexit sha1_base64="qaEf1iYUobR/kuSTo+4uXYDW3fQ=">AAACHHicbVDLSgMxFM3UV62vUZdugkVoF5YZ3xuhKILLivYBnaFk0sw0NPMgyShl6Ie48VfcuFDEjQvBvzGdjqKtJwROzrmXm3uciFEhDeNTy83Mzs0v5BcLS8srq2v6+kZDhDHHpI5DFvKWgwRhNCB1SSUjrYgT5DuMNJ3++chv3hIuaBjcyEFEbB95AXUpRlJJHX3fuqaej0oXZQuqw6nXk4jz8C59fntw94efGuWOXjQqRgo4TcyMFEGGWkd/t7ohjn0SSMyQEG3TiKSdIC4pZmRYsGJBIoT7yCNtRQPkE2En6XJDuKOULnRDrm4gYar+7kiQL8TAd1Slj2RPTHoj8T+vHUv3xE5oEMWSBHg8yI0ZlCEcJQW7lBMs2UARhDlVf4W4hzjCUuVZUCGYkytPk8ZexTyqHF4dFKtnWRx5sAW2QQmY4BhUwSWogTrA4B48gmfwoj1oT9qr9jYuzWlZzyb4A+3jC/qGnss=</latexit>

⌃(E) ! ⌃(E)� ⌃(E = 0)

• This prescription has been introduced in the context of the theories beyond 
RPA for the collective excitations, when based on EDFs

• The goal is to avoid the double-counting of static correlations

• It also avoids undesired divergences (“renormalization”)

• It can be implemented with the same aim(s) when considering single-particle 
spectroscopy 

• Note: working with pairing sets a zero-energy for quasi-particles
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ISOLDE Solenoidal
Spectrometer

Summary

Lots of physics from first ISS runs – only a snapshot here

Focus has been on single-neutron adding – evolution of SP properties.

Not limited to (d,p). Accepted proposals for (d,d’), (t,p), transfer-induced fission.

TPC mode of operation being developed.
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Random Phase Approximation
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In the time-dependent case, one can solve the 
evolution equation for the density directly:

h�i = "i�i
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h(t) = h+ f(t) [h(t), ⇢(t)] = i~ ⇢̇(t)

⇢(t = 0) 6= ⇢g.s.

⇢(t = �t) = U(t = 0, t = �t)⇢(t = 0) U = e�i�t
~ ·h

From: P. Stevenson (U. Surrey)

If the equation for the density is linearized and 
solved on a basis: Random Phase 
Approximation or RPA.

G.C. et al., Computer Physics Commun. 184, 142 (2013).

In RPA the excited states are     
1p-1h superpositions     
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The state α is 1p-1h plus one phonon.

The scheme is very effective to produce 
GR widths. It also produces a downward 
shift of the GRs.
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WE HAVE A SCHEME INCLUDING 
PAIRING for all GRs



Nuclear incompressibility and the ISGMR
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Isoscalar Giant Monopole Resonance or  “breathing 
mode”: its energy should be correlated with the 
incompressibility of nuclear matter. 
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Using 250 neutron star merger simulations with microphysics, we explore for the first time the role of
nuclear incompressibility in the prompt collapse threshold for binaries with different mass ratios. We
demonstrate that observations of prompt collapse thresholds, either from binaries with two different mass
ratios or with one mass ratio but combined with the knowledge of the maximum neutron star mass or
compactness, will constrain the incompressibility at the maximum neutron star density Kmax to within tens
of percent. This otherwise inaccessible measure of Kmax can potentially reveal the presence of hyperons or
quarks inside neutron stars.

DOI: 10.1103/PhysRevLett.129.032701

Introduction.—The equationof state (EOS) of neutron star
(NS) matter is one of the most fundamental, yet elusive,
relations in physics [1,2]. It lays at the interface between
several disciplines, including nuclear physics, high-
energy astrophysics, heavy-ion collisions, multimessenger
astronomy, and gravitational wave (GW) physics. Our
knowledge of NS matter properties is still partial, mostly
due to the difficulties in studying strongly interacting bulk
matter in the low-energy limit typical of nuclear interactions
[3]. Even the appropriate degrees of freedom are uncertain:
while nucleons are the relevant species around the nuclear
saturation density, n0 ¼ 0.16 fm−3, it is still unclear if
hyperons [4,5] or a phase transition to quark matter [6–8]
can appear at densities n≳ 2n0 in NS interiors.
NS EOS models are experimentally constrained by the

masses of ordinary nuclei, as well as by the energy per
baryon and its derivatives with respect to baryon density nb
around n0 and close to isospin symmetry, i.e., for symmetry
parameter δ≡ ðnn − npÞ=nb ≈ 0, with nn;p being the den-
sity of neutrons and protons. If P is the matter pressure, the
nuclear incompressibility of cold nuclear matter at fixed
composition is defined as

Kðnb; δÞ≡ 9
∂P
∂nb

!!!!
T¼0;δ¼const

: ð1Þ

It describes the response of matter to compression and
its value can be currently measured only for symmetric

matter at saturation density Ksat, although with some
controversy [9–13]. While isoscalar giant monopole reso-
nance experiments for closed-shell nuclei provided
Ksat ¼ ð240$ 20Þ MeV, studies based on open-shell
nuclei reported quite different values in the range 250–
315 MeV [12] or even values around 200 MeV [13].
Nevertheless, Ksat is unconstrained at densities and com-
positions relevant for NSs (far from n ≈ n0 and δ ≈ 0). In
particular, according to the solutions of the Tolman-
Oppenheimer-Volkoff (TOV) equation, the NS central
density increases monotonically with the NS mass and at
the stability limit, corresponding to mass and radius (MTOV

max ,
RTOV
max ), can reach nTOVmax ∼ 4–7n0, depending on the EOS.

Moreover, for nb ≳ n0, β-equilibrated matter is very neutron
rich, δeq ∼ 1.
In addition to nuclear constraints, astrophysical

NS properties provide useful insights on the EOS.
Constraints derived from the observation of massive,
isolated NSs [14–20], from GW signals [21,22], and
multimessenger observations of binary neutron star
(BNS) mergers [23–28], or by their combination [29,30],
are very informative about the high-density regime. A key
phenomenon in this respect is the prompt collapse (PC) to
black hole (BH) of the merger remnant, since this behavior
can influence both the GW and electromagnetic (EM)
signals produced by BNS mergers [31–36]. The PC
behavior of equal mass BNSs was extensively explored
in Refs. [37–43]. It was shown, for example, that the

PHYSICAL REVIEW LETTERS 129, 032701 (2022)
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How correlated are EISGMR and K∞?
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EGMR

K∞

Only self-consistent DFT calculations that 
treat uniform matter and the response 
of finite nuclei on equal footing allow 
extracting K∞

J.P. Blaizot, Phys. Rep. 64, 171 (1980)

EGMR

K∞

There are different sources of model 
dependence in this procedure.

One key point is that different EDFs 
have different assumptions for the 
density dependence.

GC et al., Phys. Rev. C70 (2004) 
024307.

Energy Density Functionals (EDFs)

• Sensitivity to the choice of the nucleus??
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From the ISGMR measured in 208Pb one 
extracts:

However, in even-even 112-124Sn, the 
ISGMR centroid energy is overestimated 
by about 1 MeV by the same models, 
which reproduce the ISGMR energy well 
in 208Pb. 

Pairing can partly explain the problem but 
with some remaining ambiguity.

𝐾! = 240 ± 20	MeV

66 U. Garg, G. Colò / Progress in Particle and Nuclear Physics 101 (2018) 55–95

Fig. 9. (a) Inelastic ↵-scattering spectra for 208Pb for (0 ± 2)� . A two-peak + polynomial-background fit to the data is shown superimposed with the peaks
corresponding to the HEOR and the ISGDR indicated. (b) The ‘‘difference spectrum’’. A fit using peak parameters identical to those in (a) is also shown; note
that the fit corresponds to no HEOR strength.
Source: Figure from Ref. [37].

Fig. 10. (Color online) RPA calculations of the monopole strength in 208Pb, performed by using the nonrelativistic Skyrme-type functional SAMi [42], the
Gogny-type functional DM1 [43], and the relativistic functional DDME2 [44]. The vertical lines show the peak energy obtained in the experiments performed
at TAMU (13.9 MeV) and RCNP (13.7 MeV).

U. Garg, GC, PPNP 101 (2018) 55

Why is Tin so soft?
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In our work, we have been able, for 
the first time, to analyse in a 
systematic manner the consistency 
between ISGMR energies in different 
nuclei.

We have used many Skyrme EDFs.

With the inclusion of QPVC effects, a 
big improvement is achieved.

Within QPVC, the ISGMR energy in 
208Pb is consistent with 120Sn.

Z.Z. Li, Y.F. Niu, GC, Phys. 
Rev. Lett. 131, 082501 (2023)



ISGMR in Sn isotopes
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• Exp. data from D. Patel et al., Phys. Lett. B726, 178 (2013)

• QPVC reproduces the experimental data quite well.

• The best description is obtained with the Skyrme EDF SV-K226. 
Klüpfel, Reinhard, et al., PRC 79, 034310 (2009)



3

FIG. 2. (a) Photoabsorption cross sections of 58Ni derived
from the spectrum at a scattering angle of 0.40→ using the
virtual photon method (blue circles). The red curve shows
a QRPA calculation including qPVC [38] with the KDE033
interaction [39] normalized to the data. (b) Electric dipole
polarizability ωD derived from the photoabsorption cross sec-
tions. The blue and red bands band show the present data
and the contribution at excitation energies > 20 MeV based
on the theoretical estimate explained in the text with their
uncertainties, respectively.

photoabsorption cross sections by

ωD =
⊋c
2ε2

∫
ϑω

E2
x

dEx. (1)

The experimental result for the energy region 6 → 20
MeV is plotted as blue curve in Fig. 2(b) and amounts
to ωD = 2.57(28) fm3. The uncertainty band considers
the systematic errors of the experimental cross sections
(cf. Ref. [33]) and the MDA (as described in Ref. [35]).
Statistical uncertainties are negligible.

Photoabsorption data from the (ϖ, xn) reaction are
available for excitation energies up to 33 MeV [42], but
in contrast to heavy nuclei the unknown (ϖ, p) channel
is expected to be significant. Thus, ωD contributions at
energies Ex > 20 MeV were estimated with a theory-
aided procedure using energy density functionals. Previ-
ous analyses of this type [17, 31] were based on the folding
of QRPA calculations with interactions reproducing the
IVGDR centroid with a Lorentzian fitted to the experi-
mental data. Here, we go beyond and include quasipar-
ticle vibration coupling (qPVC) which has recently been
shown to permit not only a reproduction of the width of
the ISGMR [38, 43], but also resolve the discrepancies
between 208Pb and lighter nuclei in theoretical attempts
to extract the compressibility from the energy centroid
of the ISGMR [44].

FIG. 3. Photoabsorption cross sections of 58Ni from the
present work compared with QRPA calculations including
qPVC [38], based on the KDE033 (solid red line) [39], SV-
bas (dashed orange line) [45], and SLy5 (short-dashed green
line) [46] interactions. The inset shows the high-energy flanks
normalized to each other at 20 MeV.

QRPA calculations including qPVC with the approach
described in Ref. [38] are shown in Fig. 3 for Skyrme
forces KDE033 [39], SV-bas [45], and SLy5 [46]. The
photoabsorption cross sections predicted with KDE033
(solid red line) provide a very good desription of the cen-
troid and width of the IVGDR, but the total strength
is somewhat underestimated. Calculations with SV-bas
(dashed orange line) give a similar width and reproduce
the maximum cross section, but the centroid energy is
about 1 MeV too low. Finally, the SLy5 result (short-
dashed green line) shows a much stronger fragmentation
and an even lower energy centroid. Since all calculations
require an adjustment to the data, the absolute values of
the di!erent models for the high-energy (> 20 MeV) con-
tribution to the polarizability becomes very dependent on
the assumptions made in the normalization procedure.

For a quantitative estimate of the high-energy contri-
bution to the polarizability, we choose a normalization
to the results obtained with the KDE033 interaction. As
illustrated in Fig. 2(a), it provides a very good descrip-
tion of the IVGDR after adjusting the absolute height.
The corresponding contribution to the polarizability for
excitation energies > 20 MeV is displayed in Fig. 2(b) as
red curve. The polarizability is integrated up to 50 MeV,
where saturation is reached.

The model dependence due to the choice of specific
interactions is estimated from the variation of the three
calculations after normalization to each other at 20 MeV.
As demonstrated in the inset of Fig. 3, then the theoreti-
cally predicted high-energy tails become similar in shape
and magnitude. The similar energy dependence might

Other applications of QPVC
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Comparison with very recent 
data from (p,p’) measured at 
RCNP, Osaka.

Exp. data from I. Brandherm et 
al.

Theory reproduces very well 
the dipole polarizabilty and 
can be used to estimate the 
high-energy dipole tail. 
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• Quasi-particle states: particle-vibration coupling 
on top of EDFs

• The same model applied to collective states

• How to improve EDFs (short)
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Bayesian inference of a Skyrme EDF
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Basic BE, radii

+ 𝛼D
+ E(GRs)

+ CREX only

+ PREX only

all observables

7

FIG. 2. Marginalized posterior distributions of parameters for the seven inferences.

TABLE III. Means µ and standard deviations ω of the marginalized posterior distributions for all the seven inferences.
B.E.

+!ESO +ωD +GR
+APV +APV +APV (208Pb

Rch (48Ca only) (208Pb only) and 48Ca)

ε0
µ 0.162 0.161 0.160 0.161 0.161 0.162 0.161
ϑ 0.005 0.005 0.004 0.004 0.004 0.004 0.004

E0

µ →15.96 →15.97 →15.93 →15.93 →15.91 →15.96 →15.94
ϑ 0.10 0.11 0.10 0.11 0.10 0.11 0.10

K0

µ 223 226 229 219 218 220 219
ϑ 22 22 21 10 10 10 10

J
µ 30.5 31.3 29.2 29.0 28.6 30.1 29.4
ϑ 3.1 3.4 1.8 1.8 1.5 1.9 1.6

L
µ 28.4 36.1 15.8 11.8 8.2 22.2 16.1
ϑ 33.1 35.8 17.2 16.5 14.4 16.9 14.7

G0

µ 130 125 122 124 124 127 125
ϑ 15 14 14 10 10 11 10

G1

µ 8 16 10 14 13 12 9
ϑ 38 35 35 35 34 36 36

W0

µ 130 123 125 127 127 128 129
ϑ 17 15 15 14 14 15 15

m→
0
/m

µ 0.88 0.93 0.93 0.92 0.92 0.91 0.91
ϑ 0.12 0.11 0.11 0.08 0.08 0.08 0.08

m→
1
/m

µ 0.76 0.77 0.77 0.71 0.71 0.71 0.71
ϑ 0.08 0.08 0.08 0.02 0.02 0.02 0.02

both spherical and deformed was used in the analysis.
The optimal value found for J in the case of the the UN-
EDF0 functional (30.54 ± 3.06 MeV) is compatible with
ours, while L was poorly constrained. In [59], the full
AME2003 mass table was analyzed with the finite-range
droplet model (FRDM), obtaining an error of ω = 0.57
MeV on the masses and the optimal values J = 32.5±0.5
MeV and L = 70 ± 15 MeV. These values are compati-
ble with those obtained in our !ESO inference, but are
determined with a much smaller error, showing that in-

cluding more binding energies and charge radii may be
helpful in future Bayesian analysis.

Our picture changes drastically when we add the nu-
clear polarizability εD in the pool of observables: now J
and L are well constrained. In the literature, the corre-
lation between L, J and εD is amply documented. For
example, in [60] the authors have found a strong correla-
tion between the slope L and the product εDJ . Further-
more, in [61], the authors expanded their work by adding
the experimental data of 68Ni and 120Sn εD as well, and

+ ΔEso

• Results are in line with other types of analysis, except for a tendency 
towards low J and L

• Tension associated with APV(208Pb)
• Still not possible at the level beyond EDF (e.g. including QPVC)



Ab initio-based EDFs
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Local Density Approximation (LDA):

Starting from ab initio EoS, we fix the (bulk) 
density dependence of the EDF. No gradient 
terms.

Work in progress on ab initio GA (gradient 
approximation) EDFs.

GC et al., QNP24 conference proceedings 

Nuclear Density Functional Theory (DFT): perspectives and ab initio-based functionals Gianluca Colò

Figure 1: Left: EoS in PNM with 𝐿 = 66 neutrons (top) and SNM (bottom) with 𝑀 = 132 nucleons (circles).
Calculations have been performed using the ωNNLOgo (394) interaction and the ADC(3)-D method. Dashed
lines denote fits (see the main text). Right: di!erence between the predicted energies per nucleon (top) and
charge radii (bottom) with experimental values.

Figure 2: Same as Fig. 1, but using the LDA and GA EDFs based on the AV4→+UIX𝐿 EoS. Predictions based
on employing 𝑀 = 76 or 𝑀 = 132 for SNM are compared.

To determine the optimal parameters of the GA EDF, we minimize a least-squares cost function
that accounts for the di!erence between the DFT calculations of inhomogeneous matter [16] and
the AFDMC results. We aim at reproducing relative energies rather than absolute energies and
define the cost function as

𝑁2 (C) =
∑
𝑀

(
𝑂𝑃(𝑄𝑀 ,C) ↑ 𝑂𝑃𝑀

𝑅𝑀

)2
. (5)

Here, 𝑂𝑃𝑀 denotes the di!erence between perturbed energies and the unperturbed energy in the ab

initio data; 𝑄𝑀 = (𝐿𝑀 , 𝑆𝑀 , 𝑇0,𝑀 , 𝑈𝑀 , 𝑉𝑁,𝑀), where 𝐿𝑀 , 𝑆𝑀 are the neutron and proton numbers, 𝑇0,𝑀 the
unperturbed densities, and 𝑈𝑀 , 𝑉𝑁,𝑀 the momenta and strengths of the external potential, respectively;
C =

(
𝑊ω𝑂,𝑊↓𝑃

)
; and 𝑂𝑃(𝑄𝑀 ,C) refers to the prediction of the EDF with parameters C. A uniform

error 𝑅𝑀 = 100 keV is chosen to account for AFDMC systematic uncertainties. 𝑁2(C) is optimized
using the Migrad algorithm of Minuit [23].

AFDMC energies (solid markers) and the predictions of the best GA EDF (empty markers) are
reported for 𝑇0 = 0.16 fm↑3 in the left panel of Fig. 3. Fits to the energies are performed with Eq. (4)
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• Not only DFT is the only theory for heavy nuclei, but also the only theory for 
highly excited states

• The dynamical correlations associated with the quasiparticle-vibration 
coupling (QPVC) approach have been introduced on top of DFT and 
shown to be essential for solving the problem of the nuclear 
incompressibility

• Our method also allows studying the fragmentation of the single-particle 
strength and its evolution

• We are currently working on new EDFs, either based on ab initio or on 
Bayesian inference from experimental data
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The Kohn-Sham scheme
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We assume that the density can be expressed in terms of single-particle 
orbitals, and that the kinetic energy has the simple form:

T =
X
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We have said that the energy must be minimized, but we add a constraint 
associated with the fact that we want orbitals that form an orthonormal set 
(Lagrange multiplier):
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The variation of this quantity, (𝛿/𝛿ϕ*)... = 0 produces a Schrödinger-like equation:
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“DFT is an exactification of Hartree-
Fock”  (W. Kohn).



Simple interpretation
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• RPA or QRPA based on EDFs includes only 1p-1h 
excitations.

 (GC et al., Comp. Phys. Comm. 184, 142, 2013; N. Paar 
et al., Rep. Prog. Phys. 70, 691, 2007)

• One would like to aim at calculations in which many 
nucleons are excited. But SM calculations can be 
performed only in light nuclei. 

 (S.E. Koonin et al., Phys. Rep. 278, 1, 1997; E. Caurier et 
al., Rev. Mod. Phys. 77, 427, 2005)

• QPVC stays somehow in between. 2p-2h excitations 
are included, and the ring diagrams are summed in 
the intermediate states.



Some detail + the subtraction scheme  

Fifth Gogny conference, 10-13 December 2024 28

All QRPA calculations are performed in a 
model space which is large enough so 
that the EWSR is satisfied.

We calculate natural-parity phonons with 
0+, 1-, 2+ ... 5- and select those having 
energy less than 30 MeV and strength 
larger than 2% of the total strength.

The convergence of the results with 
respect to the choice of the model 
space has been carefully assessed.
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⌃(E) ! ⌃(E)� ⌃(E = 0)Subtraction:



ISGMR in 48Ca and 208Pb
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FIG. 1. (Color online) ISGMR strength functions in even-even 112-124Sn, 48Ca, and 208Pb isotopes, calculated either by (Q)RPA using a
smoothing with Lorentzian having a width of 1 MeV (dash dot [black] line), or (Q)RPA+(Q)PVC (solid [blue] line). The SV-K226 Skyrme
force is used. The experimental data are given by green crosses [6, 13, 37].

momentum cuto↵ jmax = 15/2 are set for Ca isotopes, while
larger cuto↵s Ecut = 100 MeV, jmax = 21/2 are used for Sn
and Pb isotopes. On top of QRPA, we have included the cou-
pling with phonons having J⇡ = 0+, 1�, 2+, 3�, 4+, 5�, with
energy less than 30 MeV and exhausting a fraction of non-
energy-weighted (isoscalar or isovector) sum rule larger than
2%. The subtraction procedure is adopted, as described in
[40].

The sum rules, or k-th moments of the strength function
S (E) are defined as mk =

R 1
0 S (E)EkdE. In our case, S (E) is

with respect to the operator F̂00 =
PA

i=1 r2
i . The fulfillment of

the energy-weighted sum rule (EWSR) m1 (%), and inverse
energy-weighted sum rule (IEWSR) m�1 (fm4/MeV), calcu-
lated by QRPA+QPVC, have been checked. Taking 120Sn
with the SV-K226 Skyrme set as an example, the EWSR is
given as 215185.4 fm4MeV from the expectation value of the
double-commutator on the nuclear ground state. In a fully
self-consistent PVC approach, m1 should be fulfilled in the
case without subtraction [41]. Up to 100 MeV, m1 is indeed
exhausted at 98.7%. With the subtraction procedure, m1 is ex-
hausted by 106.8%, while m�1 is 818.45 fm4/MeV, which is
nearly equal to the one in QRPA (820.71 fm4/MeV) as dis-
cussed in [30].

There are many choices of characteristic energy for GRs,
such as the centroid energy m1/m0, the constrained energyp

m1/m�1, and the scaling energy
p

m3/m1. In the follow-
ing, we will use the constrained energy

p
m1/m�1 for our dis-

cussion since m�1 is unchanged in the case of QPVC with
subtraction. Our conclusions would remain the same if we
were to choose another definition for the ISGMR energy. The
ISGMR energies are calculated in the energy interval 10–
30 MeV for Ca, and 5–25 MeV for Sn and Pb, because the
strength is negligible outside these intervals.

In Fig. 1, we show the strength functions of the ISGMR, ob-
tained either in the framework of (Q)RPA by using a smooth-
ing with Lorentzian having a width of 1 MeV (dash dot [black]
line), or within (Q)RPA+(Q)PVC (solid [blue] line), using the
SV-K226 Skyrme force, in the even-even 112-124Sn, 48Ca, and
208Pb nuclei. We compare the results with the experimental
ones ([green] crosses) [6, 13, 37]. In general, with the inclu-
sion of (Q)PVC e↵ects, the results are significantly improved
with respect to (Q)RPA, so we can achieve a good description
of data both in the light 48Ca isotope, medium-heavy Sn iso-
topes, and heavy 208Pb. In 112�124Sn, QRPA gives one small
peak and one higher peak while the experimental strength dis-
plays a broad single peak. The ISGMR energies are higher
than the experimental ones, as pointed out in previous pa-
pers [15, 17]. With the inclusion of QPVC e↵ects, widths
are comparable with the experimental ones (cf. also [42]).
Moreover, within the self-consistent QRPA+QPVC model,
the downward shifts of energies by 0.7–0.8 MeV (with re-
spect to QRPA) make the ISGMR energies in agreement with
data, along the whole Sn isotopic chain. In the case of 48Ca,
the strength function has two main peaks in the RPA calcu-

• Exp. data from T. Li et al., Phys. Rev. Lett. 99, 162503 (2007) and S.D. 

Olorunfunmi, Phys. Rev. C 105, 054319 (2022).

• In these two cases there is no pairing.



The energy shift from QRPA to QPVC
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In general, the coupling with the 
vibrations shifts the mean energies 
downward.
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�Ec = Ec(QRPA)� Ec(QPVC)
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Ec =
p

m1/m�1

For monopole, the shift is not large 
(less than 1 MeV).

Still, the shift in 208Pb is smaller 
than for Sn and Ca isotopes.



The mechanism behind the energy shift
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⌃(E) ⇡
Z

dE0 V 2

E � E0 + i✏
1

E � E0 + i✏
! 1

E � E0 � i⇡�(E � E0)

The real part of the self-energy produces 
the energy shift

E = QPVC energy of the GMR
E’ = energy of the doorway states

<latexit sha1_base64="9Tk3r3b6Q0l9sxLiSYX1yn1YZ1M=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEFCUVr7GChbFI9CE1UeW4TmvVsYPtIFVRvoCFX2FhACFWZjb+BrfNAC1HutLROffq3nvChFGlXffbKq2srq1vlDcrW9s7u3v2/kFbiVRi0sKCCdkNkSKMctLSVDPSTSRBcchIJxxfT/3OA5GKCn6nJwkJYjTkNKIYaSP17Vrdh5kvY3jvJE4OfaFpTBT0CjUZCS543rerruPOAJeJV5AqKNDs21/+QOA0JlxjhpTqeW6igwxJTTEjecVPFUkQHqMh6RnKkVkaZLN3clgzygBGQpriGs7U3xMZipWaxKHpjJEeqUVvKv7n9VIdXQYZ5UmqCcfzRVHKoBZwmg0cUEmwZhNDEJbU3ArxCEmEtUmwYkLwFl9eJu264507Z7en1cZVEUcZHIFjcAI8cAEa4AY0QQtg8AiewSt4s56sF+vd+pi3lqxi5hD8gfX5A3FRmyQ=</latexit>

2 q.p.⌦ 1 phonon

Doorway state energy Doorway state energy

The QPVC energy is not very different in 
the two nuclei, but doorway state energies 
are higher in Sn than in Pb
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120Sn 208Pb

The pairing gap Δ makes the relative energy position of the ISGMR and of 
the doorway states different!



More applications of QPVC: β-decay

Fifth Gogny conference, 10-13 December 2024 33
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When the RPA “puzzle” of very large half-lives has become apparent, different solutions have been164
proposed. One possibility is to invoke an attractive T = 0 pairing force. This is active when the usual165
T = 1 pairing is non-vanishing, as we discuss in the next Section, and cannot play a role in the nuclei166
that we have discussed so far if they are magic, i.e. they have closed shells. We will come back to the167
role of pairing in the next section. Other authors have emphasized the role of the tensor force in �-decay168
(Minato and Bai (2013)). The tensor force affects strongly both single-particle states (in particular, their169
spin-orbit splittings) and collective spin-flip excitations, as is natural; it is natural that also has an effects on170
�-decay. However, we still do not have a reliable, universal parametrization for the tensor force. A narrow171
interval for the tensor force parameters has been suggested in (Bai et al. (2011)), and new results on the M1172
excitations seem to question this conclusion (Sun et al. (2024)).173

In summary, our results hint that PVC effects are genuine many-body effects that should be included in174
�-decay EDF-based calculations. One can aim at improving the EDFs themselves, either with better fitting175
procedure or also by including tensor terms; but this should be done in addition to, not as an alternative176
to, including many-body effects. This is also the conclusion of the recent work of (Liu et al. (2024)) that177
we shall also comment more in what follows. Last but not least, our conclusion is supported by the SRPA178
calculations of �-decay half-lives that have been reported in (Yang et al. (2023)).179

5 ISOSCALAR PAIRING

While the usual neutron-neutron or proton-proton, T = 1, pairing is rather well-known and gives rise to180
obervable phenomena that can be associated to the superfluid character of part of the nucleons in a nucleus,181
the proton-neutron pairing, and in particular its isoscalar T = 0 component, is still elusive [cf. (Sagawa182
et al. (2016)) for a recent review]. There is no evidence, to date, of a proton-neutron superfluid. However,183
the T = 0 pairing interaction has S = 1 character in the L = 0 channel, and can be active, or even strong,184

With the inclusion of PVC, the RPA peak at 1.5 MeV is
moved even slightly below the experimental ground-state
energy. This state then gives a very large contribution
to 1=T1=2 because of the increased phase-space factor,
although its strength is not changed much by PVC
[Fig. 2(e)], and the half-life is smaller than in experiment.
In the case of 34Si, in RPA one finds three peaks located
atE ¼ −0.86; 3.1, and 4.2MeV. The first one lies below the
experimental ground state and determines the value of
1=T1=2 [Fig. 2(i)]. This peak carries a very small value of
the strength, and therefore the experimental lifetime is
largely overestimated. With inclusion of the PVC, the
strength becomes fragmented [Fig. 2(g)]. One can identify
five peaks at E ¼ −2.2; 1.0; 1.7; 2.6, and 3.1 MeV, contrib-
uting respectively 15%,49%,24%,3%, and 9% of the total
value of 1=T1=2, which becomes much larger than that
in RPA, substantially improving the agreement with the
experimental lifetime. For the nucleus 78Ni, the small
strength at E ¼ 5.6 MeV gives almost all the contribution
to 1=T1=2 in the RPA model [Fig. 2(l)], which under-
estimates the experimental value. With PVC, the state at
E ¼ 5.6 MeV keeps its strength but is shifted to 4.0 MeV
[Fig. 2(j)] so that its contribution to 1=T1=2 becomes about
3.4 times larger [Fig. 2(l)]. The strength distribution above
this peak contributes 22% of the total 1=T1=2.
The resulting calculated lifetimes for these four nuclei

are compared with experiment in Fig. 3. The RPA results
generally markedly overestimate the half-lives for all
nuclei. An exception is represented by the interaction

Skx, in which case one obtains a good agreement with
data at the RPA level; this is associated with the fact that
the properties of 132Sn, 68Ni, and 34Si as well as the single-
particle levels of 132Sn and 34Si have been used to fit the
parameters of this force [43]. The effect of the PVC
decreases the values of T1=2 by large factors compared
to RPA, substantially improving the agreement with exper-
imental data, except for Skx and (partially) for SLy5. With
the inclusion of the PVC effect, the interactions SkM* and
SIII give the best agreement with data. More in detail, in the
case of SkM*, the lifetime is still large in 132Sn and small in
68Ni, in keeping with the errors in the position of the lowest
1þ state (cf. Fig. 2). Theory agrees, instead, very well with
data in the case of 34Si and 78Ni.
In conclusion, we have shown that, starting fromRPA, the

coupling between particles and vibrations causes a signifi-
cant downward shift in the GT strength function of these
four nuclei 132Sn, 68Ni, 34Si, and 78Ni (treated asmagic). The
β-decay half-life is more sensitive to the position of the 1þ

states rather than to the strength, which is not much changed
in going from RPA to RPAþ PVC. This is due to the strong
increase of the decay phase space factor as the energy
decreases. As a consequence, the lifetime is reduced in the
case of RPAþ PVC, and the agreement between theory and
experiment is in general substantially improved. In particu-
lar, the interaction SkM* that had been previously shown
to perform well in magic nuclei as far as the line shape of
the GT resonance is concerned [35] leads to overall good
agreement with β-decay data.
We can expect that including the effect of PVC will also

be helpful in the case of other weak interaction processes,
such as electron capture. PVC is expected to help with the
overestimation of the threshold energy [46]. The study of
open-shell nuclei by including pairing correlations is
envisaged. Then the model can be employed to predict
the half-lives of r-process bottleneck nuclei with N ¼ 82,
which play an important role for the duration of the r
process and, hence, can help to understand the origin of
heavy elements in the universe.
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FIG. 3 (color online). The β-decay half-lives of 132Sn, 68Ni,
34Si, and 78Ni, calculated by RPA and RPAþ PVC approaches,
respectively, in comparison with experimental values [45]. The
arrows denote half-lives longer than 106 s.
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Figure 3. �-decay half-lives in the case of 132Sn, 68Ni, 34Si, and 78Ni. The RPA and RPA+PVC results are
compared with the experimental half-lives, taken from http://www.nndc.bnl.gov. [Figure taken
from (Niu et al. (2015))].

Frontiers 7

Y. F. Niu et al., Phys. Rev. Lett. 114, 142501
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Energy conservation dictates that the decay is possible when the decay Q-value, Q� , is positive. In the56
case of the decay to the ground-state of the daughter nucleus, the energies carried away by the electron and57
(anti)-neutrino are equal to Q� . If the nucleus decays over an excited state at energy E, the energies carried58
away by the leptons are smaller, and clearly E cannot exceed Q� (in the usual jargon, it lies in the �-decay59
window or Q� window). This explains the integration limits in Eq. (4). There is a further important point,60
though. The phase space factor f is written in Eq. (4) as a function of ! = Q� +mec

2 � E, which is the61
electron kinetic endpoint and is easy to determine experimentally; this function is62

f(!) =

Z !

mec2
dEe peEe (! � Ee)

2
F (Z + 1, Ee), (5)

with the electron energy, momentum and Fermi function denoted as Ee, pE and F , respectively. These63
facts have two important consequences. If, in a theoretical calculation, there is no strength, or very little64
strength, below Q� , then the decay half-life is infinite or largely overestimated. But also the position of65
the final states within the Q� window is very important. If the states have lower energies E, f(!) grows66
significantly and the half-life is, consequently, very sensitive to the values of the final states energies. This67
explains why �-decay is a challenge for nuclear structure models: it calls for high accuracy in calculations68
of the low-lying spectra of the daughter nucleus, because of the “magnifying lens” effect of the phase space69
factor.70

From s.p. to collective 

Energy

Unperturbed 
GT strength

Energy 

GTR 
(QRPA)

<latexit sha1_base64="q6oPnkjoPW8R1Z2jIp/Cajw8ngI=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48t2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5n/udJ9BGxOoRpwn4ERspEQrO0Eqd5qAfALJBueJW3QXoOvFyUiE5GoPyV38Y8zQChVwyY3qem6CfMY2CS5iV+qmBhPEJG0HPUsUiMH62OHdGL6wypGGsbSmkC/X3RMYiY6ZRYDsjhmOz6s3F/7xeiuGtnwmVpAiKLxeFqaQY0/nvdCg0cJRTSxjXwt5K+ZhpxtEmVLIheKsvr5P2VdWrVWvN60r9Lo+jSM7IObkkHrkhdfJAGqRFOJmQZ/JK3pzEeXHenY9la8HJZ07JHzifPx/hj3M=</latexit>

Q�

Energy 

GTR 
(QRPA+QPVC)

<latexit sha1_base64="q6oPnkjoPW8R1Z2jIp/Cajw8ngI=">AAAB7nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseiF48t2A9oQ9lsJ+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5n/udJ9BGxOoRpwn4ERspEQrO0Eqd5qAfALJBueJW3QXoOvFyUiE5GoPyV38Y8zQChVwyY3qem6CfMY2CS5iV+qmBhPEJG0HPUsUiMH62OHdGL6wypGGsbSmkC/X3RMYiY6ZRYDsjhmOz6s3F/7xeiuGtnwmVpAiKLxeFqaQY0/nvdCg0cJRTSxjXwt5K+ZhpxtEmVLIheKsvr5P2VdWrVWvN60r9Lo+jSM7IObkkHrkhdfJAGqRFOJmQZ/JK3pzEeXHenY9la8HJZ07JHzifPx/hj3M=</latexit>

Q�

Spreading/fragmentation 

Figure 1. (Left panel) Schematic view of the neutron and proton levels, with the possible GT transitions
between occupied neutron levels and unoccupied proton levels, for 132Sn. The figure is inspired by Fig.
8 of (Rubio et al. (2020)). (Right panel) Schematic view of the different approximations to calculate the
B(GT ) distributions. The different GT transitions between occupied and unoccupied levels merge, to a
large extent into the collective GTR (the residual interaction is repulsive in this case, and the GTR lies at
higher energy than the average of the s.p. transitions). QRPA plus QPVC produces a downward shift of the
strength and a significant fragmentation: this increases the likelihood to find a realistic amount of strength
within the Q� window.

In Fig. 1, in the left panel, we show possible GT transitions in the nucleus that we have picked up as an71
example for our general discussion, namely 132Sn. There are many single-particle transitions but, as is72
well known, most of their GT strength will be absorbed by the collective Gamow-Teller resonance (GTR)73
at higher energy, 16.3 MeV in the daughter nucleus 132Sb (in other words, outside the Q� window that74
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While QRPA collects the simple two-
quasiparticle excitation in a main peak, it does 
not account for spread and fragmentation of the 
strength. QPVC remedies to this shortcoming. 

In the case of β-decay, this is particularly 
important because of the phase-space factor.



Towards the gradient approximation
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Nuclei are finite systems and the dependence of the EDF on ∇ᵨ, 𝜏 and 
J is mandatory. These quantities vanish in uniform matter. 

How can ab initio inform us about this dependence?

Uniform matter perturbed by a 
(weak) periodic potential
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