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June 22, 1934 – August 6, 2024



Bjorken and Higgs
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“Bjorken process” (1976 SSI Proceedings)



On-shell philosophy

• Lagrangians are ugly

• To quantize (do loop calculations), must fix a 

gauge, introduce unphysical ghosts, check 

gauge invariance, …

• Lagrangians change under field redefinitions

• Lagrangians obscure relations between 

theories

• Working with on-shell S matrices avoids many 

of these issues
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Standard Model Lagrangian
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Symmetry magazine



Outline

• On-shell for QCD @ LHC

• On-shell to relate theories, like 

gauge theory to gravity

• On-shell to describe theories 

unambiguously

• On-shell for SMEFT
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“On-shell” philosophy

• Rather than relying solely on Feynman diagrams 

with off-shell virtual particles, 𝑝2 ≠ 𝑚2 , try to get 

all information from particles on their mass shell, 

𝑝2 = 𝑚2 

• Actually quite an old idea

 L. Dixon  On-shell visions for Higgs physics Higgs Hunting 2024 7



L. Dixon  On-shell visions for Higgs physics Higgs Hunting 2024 8

1960’s Analytic S-Matrix
No QCD, no Lagrangian or Feynman rules for strong interactions.

Bootstrap program: Reconstruct scattering amplitudes directly from 

analytic properties:  “on-shell” information
Landau; Cutkosky;

Chew, Mandelstam;

Frautschi; 

Eden, Landshoff, 

Olive, Polkinghorne;

Veneziano; 

Virasoro, Shapiro; 

… (1960s)

Analyticity fell out of favor in 1970s with the rise of QCD & Feynman rules

Resurrected for computing amplitudes in perturbative QCD 

– as alternative to Feynman diagrams!  

Perturbative information now assists analyticity

• Poles

• Branch cuts



Simple example

• Cutkosky rules or optical theorem (unitarity):

• Can recover real part nonperturbatively by 

a dispersion relation in 𝑠 = 𝑞2

• Or perturbatively by knowing 

what the relevant (one) loop 

integrals are, matching integrand to cuts (unitarity method)
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“On-shell” Methods at high orders:

Granularity vs. Fluidity
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Recycling “Fluid” Amplitudes

Tree amplitudes fall apart into simpler ones in special limits

– pole information

Trees recycled into trees

Leads to BCFW (“on-shell”)

recursion relations 

Britto, Cachazo, Feng, Witten (2005)
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Branch cut information → 

 Generalized Unitarity (One-loop Fluidity) 

Ordinary unitarity:
put 2 particles on shell,

with real momenta

Generalized unitarity:
put 3 or 4 particles on shell,

complex momenta

Trees recycled into loops!



13

NLO needs 1 loop
first quantum corrections

Challenging in QCD if many legs    

– depends on many variables 

qq → W + n gluons         

L. Dixon  On-shell visions for Higgs physics Higgs Hunting 2024

_

+ 256,264 more=



1-loop progress 

→ NLO QCD @ LHC
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G. Salam 

(2012)

2013: NLO H+3j 

in gluon fusion

[GoSam, Sherpa,

MadEvent:

Cullen et al.]



NNLO QCD @ LHC
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G. Zanderighi, CERN Courier (2017)

2 → 1 2 → 2

Additional challenge of 2 loop integrals → frontier is at lower multiplicity,     

so many results use Feynman diagrams for 2 loop virtual terms



NNLO QCD for 2 → 3

• Includes implementation of multi-loop unitarity 

method:  Caravel Abreu, Dormans, Febres Cordero, 

Ita, Kraus, Page, Pascual, Ruf, Sotnikov, 2009.11957 

• First applied to all-massless 5 parton scattering, e.g. for 

NNLO 3 jet production:

• With recent advances in 2 loop

integrals with one massive leg,

NNLO H + 2 jets in gg fusion 

on horizon
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Status of 2 loop amplitudes for
NNLO QCD for pp → 3 objects

Table from 

De Laurentis, 

2406.18374; see 

references 

therein; many 

(but not all) use 

on-shell methods
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• One bottleneck was nonplanar loop integrals, but much recent progress, 

  e.g.     Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, Zoia, 2306.15431



Lagrangians & Field Redefinitions

• Path integral for QFT:  [𝐷𝜙]𝑒𝑖  𝑑4𝑥 ℒ(𝜙)

• 𝜙 is a dummy variable

• We can redefine 𝜙 without changing the physics!

• E.g. ℒ 𝜙 =
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 +

𝜆

4!
𝜙4                      

Let 𝜙 → 𝜙 + 𝑐𝜙3 

• ℒ →
1

2
𝜕𝜇𝜙𝜕𝜇𝜙 + 3𝑐𝜙2𝜕𝜇𝜙𝜕𝜇𝜙 +

𝜆

4!
𝜙4 + 𝑐

𝜆

3!
𝜙6 + ⋯

• Looks non-renormalizable, but it is not
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Off-shell Feynman Rules

• Due to field-redefinition and gauge 

ambiguities, Feynman rules can be very 

messy, and obscure relations between 

different theories.

• Case in point:  Double copy / KLT relations 

between 

– non-abelian Yang-Mills theory (at heart of SM) 

– Einstein’s theory of gravity
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Gravity = [Yang-Mills]2
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Hayden Lee talk



Similar relations for any tree amplitudes!

L. Dixon  On-shell visions for Higgs physics Higgs Hunting 2024 21

Kawai, Lewellen, Tye (1985)

n-point amplitudes in gravity n-point (color-ordered) amplitudes 

in Yang-Mills theory

Mandelstam invariants 𝑠𝑖𝑗 = (𝑝𝑖 + 𝑝𝑗  )2

• Originally found by relating closed & open string theory amplitudes

• Now have alternate field-theory interpretations:

• double-copy                          Bern, Carrasco, Johansson (2008,2010)

• CHY formalism                          Cachazo, He, Yuan (2013)



From LHC to LIGO

• Gravitationally interacting particles can also be 

massive → black-holes

• Can use on-shell (quantum) methods, originally 

developed for QCD @ LHC, to compute classical 

black-hole (or neutron star) scattering

• Extract higher perturbative orders (in 𝐺𝑁𝑚1𝑚2) in 

gravitational interaction during binary inspiral 

(bound orbit) for more accurate LIGO waveforms
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Black hole scattering vs. inspiral
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• Related by “analytic continuation around 𝑟 = ∞”

• Accomplish with effective Hamiltonian, e.g.  Cheung, Rothstein, Solon, 1808.02489

• Or more directly in terms of trajectories         Kälin, Porto, 1910.03008, 1911.09130



Classical restrictions 

compatible with on-shell methods

3PM = 𝐺𝑁
3 = 2 loop computation (𝑆1 = 𝑆2 = 0)                                               

Bern, Cheung, Roiban, Shen, Solon, 1901.04424, 1908.01493
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• More recently, 𝐺𝑁
4 = 3 loops Bern, Parra-Martinez, Roiban, Ruf, Shen, Solon, Zeng (2021)

• Also many results including black hole spins 𝑆1,2 

• In progress: 𝐺𝑁
5 = 4 loops 
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Back to Higgs

• Studying Higgs properties includes determining (or 

bounding) coefficients of local higher-dimension 

operators in e.g. Standard Model Effective Field Theory 

(SMEFT) 

• Need independent basis of operators, taking into 

account field redefinitions and total derivatives

• Use classical field equations of motion to eliminate 

redundancies 

• E.g. at dim. 6  Buchmueller, Wyler (1986); Jenkins, Manohar, 

0907.4763; Grzadkoswki, Iskrzynski, Misiak, Rosiek, 1008.4884;…

• In on-shell approach, associate independent operators 

with independent on-shell amplitudes, which are 

independent polynomials in momentum invariants
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Scalar field example

• Q: How many independent local operators for a color- 

and flavor-less single scalar field 𝜙?

• A: Start at 4-points, count number of Bose symmetric 

polynomials in 𝑠, 𝑡, 𝑢 after imposing 𝑠 + 𝑡 + 𝑢 = 0

• Dimension 4:       1        𝜙4

• Dimension 6: −       (no 𝜙2(𝜕𝜙)2 for single scalar)

• Dimension 8:  𝜎2 ≡ 𝑠2 + 𝑡2 + 𝑢2

• Dimension 10:  𝜎3 ≡ 𝑠3 + 𝑡3 + 𝑢3

• By a theorem about symmetric polynomials, the ring is generated 

by 𝜎2 and 𝜎3, so the number at dimension 4 + 2𝑁 is 𝑑𝑁 with the 

generating function:

 𝑑 𝑡 =  σ𝑛=0
∞ 𝑑𝑁𝑡𝑁 =

1

1−𝑡2 1−𝑡3 = 1 + 𝑡2 + 𝑡3 + 𝑡4 + 𝑡5 + 2𝑡6 + ⋯
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SMEFT On-Shell

• For massless spinning particles, 

use polynomials in              

spinor inner products < 𝑖𝑗 >, [𝑖𝑗]  
that transform appropriately 

under Lorentz transformations.

• Define primary amplitude 

building blocks that are then 

combined with                             

𝑆𝑈(3) × 𝑆𝑈(2) × 𝑈(1) group 

invariants

• At dim. 6, recover Warsaw basis
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Ma, Shiu, Xiao, 1902.06752



Bottom-up EFT On-Shell

• For amplitudes in Higgs (massive) phase, use little-group 

covariant massive spinor formalism                                       
Arkani-Hamed, Huang, Huang, 1709.04891

• Rederive properties of Higgs couplings from on-shell 

perspective, without SM Lagrangian and Higgs mechanism:
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Aoude, Machado, 1905.11433; Durieux, Kitahara, Shadmi, Weiss, 1909.10551



EFT hunting goes on shell

• Formulation of EFT analyses directly in terms of 

observable quantities
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2301.11349

• [On-shell] vision:   “EFT Hunting 20nn”

• In addition to “Higgs Hunting 20nn” of course!



In Conclusion:

Bj’s vision in 1985, reminiscing on a 

decade since November 1974 revolution

I think that what is in our future is a new adventure in confusion. 

For a long time the evidence that can be uncovered about the 

nature of the Higgs sector is likely to be small compared to the 

number of hypotheses bandied about upon what it really is - too 

small for decisive conclusions. We will be forced back into the 

mode I remember so vividly in the 1960s - one with a great 

variety of hypotheses, a great variety of approaches, a great 

uncertainty as to which approach is going to win and which one 

isn't, and a great uncertainty as to which energy scale is going to 

provide the key to the solution. It may be as surprising as in 1974, 

when 3 GeV in the center of mass for e+e− was sufficient…
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Two symposia at SLAC (and on Zoom)

• Friday, November 8, 2024:  

“Symposium on the 50th Anniversary of the November 

Revolution (Jpsi50)”

https://indico.slac.stanford.edu/event/9040/

• Saturday, November 9, 2024:

“Remembering Bj: a Symposium in Honor of James Bjorken”

https://indico.slac.stanford.edu/event/9148/
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https://indico.slac.stanford.edu/event/9040/
https://indico.slac.stanford.edu/event/9148/


Extra slides
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3-point amplitudes:  Gravity = YM2 

Completely dictated by symmetries!

• Only nonzero gauge-theory helicity amplitude (helicity ±1): 

𝒜3
YM 1−, 2−, 3+ = 𝑔𝑠

< 12 >3

< 23 >< 31 >
 𝑓𝑎1𝑎2𝑎3

• For experts: < 𝑎𝑏 > are inner products of Weyl spinors,                                                                          

would be 𝑠𝑎𝑏  if momenta were real

L. Dixon  On-shell visions for Higgs physics Higgs Hunting 2024 34

color

factor

• Only nonzero gravity helicity amplitude (helicity ±2) is: 

ℳ3
grav

1−−, 2−−, 3++ =
𝜅

2
 

<12>3

<23><31>
    ∝ 𝒜3

YM 2

  

2

gauge coupling



KLT relations
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𝐴𝑛
open

 ~  𝑑𝑥𝑎 𝑓(𝑥𝑏,𝑘𝑏) ℳ𝑛
𝑐𝑙𝑜𝑠𝑒𝑑  ~  𝑑𝑧𝑎𝑑 ҧ𝑧𝑎 |𝑓(𝑧𝑏,𝑘𝑏)|2 

1-dimensional string sweeps out a 2-dimensional world-sheet 

 open → with boundary (disk)       closed → no boundary (sphere)

…

Kawai, Lewellen, Tye (1985)

deform integral contours, take low energy limit, 

ignore couplings and color factors



Spin and tidal effects also computable

within similar framework
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Cheung, Solon, 2006.06665
operator(s) encoding

multipole moments of

neutron star

analogous to 𝐻𝐹𝜇𝜈𝐹𝜇𝜈 + ⋯

operator(s) encoding

couplings of gluons to 

Higgs boson at LHC

Bern, Luna, Roiban, Shen, Zeng, 2005.03071



Spinless black hole example

• Scattering depends on both relative velocity 𝑣 and strength of 

potential 𝐺𝑁𝑀1𝑀2/𝑟 ≡ 𝐺/(
𝑟

𝑟𝑆𝑐ℎ𝑤
)   (deviation from Minkowski metric)

• In bound state, locked together by virial theorem: 

• Kinetic energy ~ potential energy

                       𝑣2 ~ 𝐺

• Common parameter controls perturbative post-Newtonian 

approximation relevant for inspiral accuracy

• But in scattering one can compute separate orders in 𝑣2 (or 𝑝2) and 𝐺 

• Powers of 𝐺 alone referred to as post-Minkowskian
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Double expansion of spinless conservative Hamiltonian

 1 + 𝑣2 + 𝑣4 + 𝑣6 + 𝑣8 + 𝑣10 + 𝑣12 + ⋯  𝐺

                              ( 1 + 𝑣2 + 𝑣4 + 𝑣6  +  𝑣8 + 𝑣10 + ⋯ ) 𝐺2

 1 + 𝑣2 + 𝑣4  + 𝑣6  +  𝑣8 + ⋯  𝐺3

 1 +  𝑣2 +  𝑣4 +  𝑣6 + ⋯  𝐺4 

 1 +  𝑣2 +  𝑣4 + ⋯  𝐺5

 

 1 +  𝑣2 + ⋯  𝐺6
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4PM

5PM

6PM

5PN0PN

1687

1PN

1938

4PN

2014

3PN

2001

2PN

1972

-1985

2019

1PM
1956

2PM
1960

3PM
2019

2019-2020

almost

Many contributed to these advances, for 3-4PN notably T. Damour and collaborators

2020, 2010.13672

~2021



4PM new state of art for PM
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elliptic integrals
non-local “tail” still missing

Bern, Parra-Martinez, Roiban, Ruf, Shen, Solon, Zeng, 2101.07254



First contributions of “amplitudes” to LIGO physics

 1 + 𝑣2 + 𝑣4 + 𝑣6 + 𝑣8 + 𝑣10 + 𝑣12 + ⋯  𝐺

                              ( 1 + 𝑣2 + 𝑣4 + 𝑣6  +  𝑣8 + 𝑣10 + ⋯ ) 𝐺2

 1 + 𝑣2 + 𝑣4  + 𝑣6  +  𝑣8 + ⋯  𝐺3

 1 +  𝑣2 +  𝑣4 +  𝑣6 + ⋯  𝐺4 

 1 +  𝑣2 +  𝑣4 + ⋯  𝐺5

 

 1 +  𝑣2 + ⋯  𝐺6
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4PM

5PM

6PM

5PN0PN

1687

1PN

1938

4PN

2014

3PN

2001

2PN

1972

-1985

2019

1PM
1956

2PM
1960

3PM
2019

2019-2020

almost

Z. Bern et al., 1901.04404

2020, 2010.13672, Blümlein, Maier, 

                              Marquard, Schäfer

              non-potential terms still to do

2021 Z. Bern et al., 2101.07254, 2112.10750

Bini, Damour, Geralico, 1909.02375



Typical LIGO Event
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nonlinearities small,

perturbatively

calculable

numerical relativity

quasi-normal 

          modes

NS-NS mergers @ LIGO/VIRGO/...

or BH’s @ LISA

→ many, many cycles 

    in perturbative regime

→ phase of orbit can be measured

     very precisely



Loops contain classical pieces

• Especially if particles move slowly, lots of time for 

multiple exchanges of virtual gravitons, to build up 

smooth classical trajectory.
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+

+

…



Effective one-body approach
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Buonanno, Damour, 9811091

Buonanno, Satyaprakash, 1410.7832

Inspired by properties of

bound states in QFT.  

Interpolates information

from various sources,

including PN and PM

expansions, test particle

limit 𝑚1 ≪  𝑚2, and 

numerical relativity results.

Provides accurate

gravitational wave templates

very close in, faster than NR,

allowing many combinations 

of initial masses and spins.



4PM (still missing non-local tail)

now competes with previous 4PN EOB! 
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4PM “raw”

4PM

informs

EOB



N3LO revolution too!
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• Work in progress to make N3LO more differential (i.e. implement 

actual experimental cuts)

• Enabling the next steps in the N3LO revolution
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Blackhat: Berger, Bern, LD, Diana, Febres Cordero, Forde, Gleisberg, Höche, Ita,             

Kosower, Maître, Ozeren, 0803.4180, 0808.0941, 0907.1984, 1004.1659, 1009.2338…  

+ Sherpa   →   NLO  W,Z + 3,4,5 jets       pure QCD 4 jets

CutTools:                                     Ossola, Papadopolous, Pittau, 0711.3596

NLO WWW, WWZ, ...  Binoth+OPP, 0804.0350

NLO ttbb, tt + 2 jets,…             
              Bevilacqua, Czakon, Papadopoulos, Pittau, Worek, 0907.4723; 1002.4009

MadLoop:           Hirschi, Frederix, Frixione, Garzelli, Maltoni, Pittau 1103.0621

HELAC-NLO: Bevilacqua et al, 1110.1499

_   _    _

SAMURAI → GoSAM:   Mastrolia, Ossola, Reiter, Tramontano, 1006.0710,…

Many Automated Programs for One-Loop QCD

NGluon:                                        Badger, Biedermann, Uwer, 1011.2900,…

Rocket:                                                               Giele, Zanderighi, 0805.2152

                                            Ellis, Giele, Kunszt, Melnikov, Zanderighi, 0810.2762

NLO W + 3 jets Ellis, Melnikov, Zanderighi, 0901.4101, 0906.1445

W+W± + 2 jets         Melia, Melnikov, Rontsch, Zanderighi, 1007.5313, 1104.2327

OpenLoops:                             Cascioli, Maierhofer, Pozzorini, 1111.5206,...
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