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WHY?



the puzzle of Vub

inclusive determination

exclusive determination

M. Hohmann, Challenges in Semileptonic B decays

+ 
contributions from the  

processes
Vcb

https://indico.cern.ch/event/851900/contributions/4793495/attachments/2429809/4160485/barolo_2022_MHohmann.pdf


so how do we solve it?

systematically!

❖ improve inclusive methodology 
(great progress in inclusive 
decays on lattice: 2111.12774, 
2405.06152 ) 

❖ add exclusive processes (today)

https://arxiv.org/abs/2111.12774
https://arxiv.org/abs/2405.06152


Quantum Chromodynamics

ℒQCD = ∑
q

(q̄iiγμ [δij∂μ + i(Gμ
a Ta)ij] qj − mqq̄iqi) −

1
4

Gμν
a Ga

μν



how do we add exclusive processes?

¥1
L

a q(x)
Uμ(x)

         lattice QCD

Uμ(x) = eiaGa
μTa



¥1
L

a q(x)
Uμ(x)

❖  ( ) 

❖

t → i t S → iS

Z = ∫ 𝒟U𝒟q𝒟q̄e−S(q,q̄,U)

❖ discretize space time (a) 

❖ place system in a  
finite-volume box (L)



¥1
L

a q(x)
Uμ(x)

❖ Wilson-Clover fermions 

❖  

❖

a ≈ 0.11403 fm

mπ ≈ 320 MeV

❖  

❖

323 × 96

Nconfig = 1039



what can we calculate on the lattice?

❖ 1-point functions  
(vevs) 

❖ 2-point functions  
(masses, scattering amplitudes,...) 

❖ 3-point functions 
(matrix elements of all kinds,...) 

❖ 4-point functions  
(DIS, spectral decompositions, ...)

��� F[ −1 + M] = 0

R = lim
E→En

E − En

F−1 + M

δ

E

��(E)

��(E)

E q2 q2

fR(E��	�)


����� ���	����

����������������	����
���
�����	���

δl

E⋆

det F[ −1 + M] = 0

R = lim
E→En

E − En

F−1 + M

δ

E

Im(E)

Re(E)
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Lüscher analysis

Briceño-Hansen-Walker-Loud
formalism
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2-point functions: stable hadrons
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• NR I: a constant nonresonant phase A:

�
NR
1 (s) = A. (8)

• NR II: a nonresonant phase depending lin-
early on s:

�
NR
1 (s) = A+Bs, (9)

where A and B are free parameters.

• NR III: zeroth order nonresonant e↵ective-
range expansion (ERE):

�
NR
1 (s) = arccot

2a�1
1

p
s� sthres

, (10)

where a
�1
1 is the inverse scattering length and

s
thres = 4m2

⇡ is the ⇡⇡ threshold invariant
mass.

III. LATTICE PARAMETERS

A. Gauge Ensemble

The parameters of the lattice gauge-field ensemble
are given in Table I. The gluon action is a tadpole-
improved tree-level Symanzik action [41–44]. We
use the same clover-improved Wilson action [45, 46]
for the sea and valence quarks. The gauge links in
the fermion action are smeared using one level of
stout smearing [47] with staple weight ⇢ = 0.125
(the smearing smoothes out short-distance fluctua-
tions and alleviates instabilities associated with low
quark masses). The lattice scale reported in Table
I was determined from the ⌥(2S)�⌥(1S) splitting
[48, 49] calculated with NRQCD [50] at the physical
b-quark mass. The strange-quark mass is consistent
with its physical value as indicated by the ’‘⌘s” mass
[48, 51].

B. The pion mass and dispersion relation

To determine the ⇢ resonance parameters with the
Lüscher method we need to know the pion dispersion
relation. We performed a fit of the pion energies us-
ing the form (aE)2 = (am⇡)2 + c

2(ap)2 in the range
0  p

2
 3(2⇡/L)2, which yields am⇡ = 0.18295(36)

and c
2 = 1.0195(86), as shown in Fig. 1. Given that

c
2 is consistent with 1 within 2%, we use the rela-
tivistic dispersion relation (aE)2 = (am⇡)2 + (ap)2

in the subsequent analysis.

C13

N
3
L ⇥NT 323 ⇥ 96

� 6.1

Nf 2 + 1

csw 1.2493097

amu,d �0.285

ams �0.245

Nconfig 1041

a [fm] 0.11403(77)

L [fm] 3.649(25)

am⇡ 0.18295(36)

amN 0.6165(23)

am⌘s 0.3882(19)

m⇡L 5.865(32)

TABLE I. Details of the gauge-field ensemble. NL and
NT denote the number of lattice points in the spatial and
time directions. The lattice spacing, a, was determined
using the ⌥(2S) � ⌥(1S) splitting. The ensemble was
generated with Nf = 2 + 1 flavors of sea quarks with
bare masses amu,d and ams, which lead to the given
values of am⇡, amN , and am⌘s . The ⌘s is an artifi-
cial pseudoscalar ss̄ meson that can be used to tune the
strange-quark mass [48, 51]. The uncertainties given here
are statistical only.
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º dispersion relation

FIG. 1. Pion dispersion relation. The ⇡ mass and speed
of light determined from the dispersion relation are con-
sistent with a relativistic dispersion relation with the rest
frame ⇡ energy.

IV. INTERPOLATING FIELDS AND
TWO-POINT FUNCTIONS

The Lüscher quantization condition relates the
infinite-volume ⇡⇡ scattering phase shifts to the
finite-volume energy spectrum [22]. The first step
in our calculation is therefore to determine this en-
ergy spectrum from appropriate two-point correla-
tion functions.

If there were no interactions between the two pi-

0.18295(36)
1.0195(86)

t → ∞

C ⃗P
π (t) =

|⟨0 |Oπ( ⃗P ) |π⟩ |2

2Eπ
e−Eπt



2-point functions: unstable hadrons

C ⃗P ,Λ
ij (t) = ∑

n

⟨0 |Oi( ⃗P , Λ) |n, ⃗P , Λ⟩⟨n, ⃗P , Λ |Oj( ⃗P , Λ) |0⟩

2E ⃗P ,Λ
n

e−E ⃗P ,Λ
n t

❖ use excited states! 
❖ build a matrix of correlation functions

❖ variational analysis:

C ⃗P ,Λ(t)v ⃗P ,Λ
n (t) = λ ⃗P ,Λ

n (t, t0)C
⃗P ,Λ(t0)v

⃗P ,Λ
n (t)



2-point functions: unstable hadrons

C(2)
L = C(2)

∞ − A′ 

1
F−1(E⋆) + T(E⋆)

A

for each  and : ⃗P Λ
det [F−1(E⋆) + T(E⋆)] = 0

E ⃗P ,Λ⋆
n

poles of  C(2)
L

Luscher NPB354 
Rummukainen, Gottlieb hep-lat/9503028 
Kim, Sharpe, Sachrajda hep-lat/0507006  
Leskovec, Prelovsek 1202.2145 
Briceño 1401.3312 
Briceño, Dudek, Young 1706.06223 
Woss, Wilson, Dudek 2001.08474 
[and many more] 

C(2)
L = + + …

C(2)
L = ∑

n

Rn

E⋆ − E⋆
n

+ 𝒪(reg)

https://arxiv.org/abs/hep-lat/9503028
https://arxiv.org/abs/hep-lat/0507006
https://arxiv.org/abs/1202.2145
https://arxiv.org/abs/1401.3312
https://arxiv.org/abs/1706.06223
https://arxiv.org/abs/2001.08474


scattering on the lattice

det [F−1(E⋆)+T(E⋆)]
E⋆=E⋆

n

= 0

FlM,l′ M′ 
(E⋆) =

ik
8πE [δMM′ 

δll′ 
+ i∑̄

l,m̄

(2l + 1)(2l̄ + 1)
4π(2l′ + 1)

⟨lM, l̄m̄l | l′ M′ ⟩⟨l0,l̄0 | l′ 0⟩
(4π)2

γLkl̄+1 ( 2π
L )

l̄−2

Z
l̄m̄

(k2)]

the Lüscher Zeta functionClebsch-Gordan coefficients

convention from Briceño, Dudek, Young 1706.06223

https://arxiv.org/abs/1706.06223


scattering in the infinite volume

det [F−1(E⋆)+T(E⋆)]
E⋆=E⋆

n

= 0

TlM,l′ M′ 
(E⋆) = δll′ 

δMM′ 

16πE⋆

ik
1

cot δl(E⋆) − i
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 from lattice QCDρ

T(E⋆) ∝
1

cot δ − i

0

180
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135

45

δ[
∘ ]

aE
0.42 0.48 0.54 0.60⋆

1704.05439

discrete data points: 
•  lattice QCD 
•  
• 15 data points

⃗P , Λ, n

shaded region 
• Breit-Wigner for  
• mass and decay width

ρ

mπ ≈ 320 MeV
L ≈ 3.6 fm
a ≈ 0.11 fm

https://arxiv.org/abs/1704.05439


3-point functions: stable hadrons

A

lim
Δt→∞

C3 = Zπ⟨π |V |B⟩ZB
e−Eπ(Δt−tJ)e−EBtJ

2Eπ2EB

tJ /aΔt tJ /a tJ /a tJ /a

⟨π
| V

| B
⟩

⟨π |V |B⟩ = ∑
i

Ki fi(q2)



3-point functions: unstable hadrons

R = lim
E→En

E − En

F−1 + T

|E ⃗P ,Λ⋆
n ⟩L ∼ R |p1p2(E⋆ = E ⃗P ,Λ⋆

n )⟩∞

C(3)
L = C(3)

∞ − A′ RA

normalization of finite-volume states

C(3)
L = + + …

Lellouch, Luscher hep-lat/0003023 
Lin, Sachrajda, Testa hep-lat/0104006 
… 
Briceno, Hansen, Walker-Loud 1406.5965 
Briceno, Hansen 1502.04314 
Briceno, Dudek, LL 2105.02017

the “Lellouch-Lüscher” factor

residue of pole!

1.1

2.1

1.4

3.7

residues of poles!
E ⃗P ,Λ⋆

n

https://arxiv.org/abs/hep-lat/0003023
https://arxiv.org/abs/hep-lat/0104006
https://arxiv.org/abs/1406.5965
https://arxiv.org/abs/1502.04314
https://arxiv.org/abs/2105.02017


3-point functions

C3,i = ⟨ Oi( ⃗P , Λ) Γ OB( ⃗pB) ⟩

AA

tJ /a tJ /aΔt Δt

ūΓu

ūγ5u

ūγ5u⃗P ⃗pB

⃗pB

⃗p(′ )
1

⃗p(′ )
2

ūΓb
ūΓb



thres.

φ1φ1

Di Dia

l l
φφ

Di Dia

l l φ2φ2

EΛ⋆
n EB

matrix elements

⟨n |Γ |B⟩

basis of operators 
+ 

variational analysis

O1 = ūΓΛu
O2 = ūγtΓΛu
O3 = π( ⃗p1)π( ⃗p2)

Λ

O4 = π( ⃗p′ 1)π( ⃗p′ 2)
Λ

⃗p(′ )
1 + ⃗p(′ )

2 = ⃗P

E ⃗P ,Λ⋆
n



state projection

Cn
3 = un

i C3,i

C3,i = ∑
n∈[ππ]

Zn
i ⟨n |Γ |B⟩ZB

e−En(Δt−t)e−EBt

2En2EB

un
i Zm

i = 2En eEnt0 δnm

⟨n
| Γ

| B
⟩

2 4 6
tJ/a

0.14
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0.18

0.20

2 4 6 8
tJ/a

2 4 6 8 10
tJ/a

Jµ = Jµ
A, ~P = 2º

L (0, 0, 1), § = A2, r = 1, n = 1, ~pB = 2º
L (0, 0, 0), µ = 3, sign = 1.0Γ



non-physical 
kinematics

2mπ mB − mℓ − mν

q2 < (mB − E⋆)2

aE⋆

aE⋆



det F[ −1 + M] = 0

R = lim
E→En

E − En

F−1 + M

δ

E

Im(E)

Re(E)

E q2 q2

fR(Epole)

Lüscher analysis

Briceño-Hansen-Walker-Loud
formalism

Im(E)

Re(E)

II )⋆

⋆ππ

ρ

transition amplitude

f (i)(E⋆, q2) = Fi(E⋆, q2)
T(E⋆)

k

÷
Im(q2)

Re(q2) q2
MAX

B⋆

Bπ

Boyd, Grinstein, Lebed hep-ph/9412324 
Bourrely, Caprini, Lellouch 0807.2722 
Alexandrou, LL, Meinel et al. 1807.08357 = ∑

i

Kμ
i (P, pB, ϵ) f (i)(q2, s)⟨ππ, E⋆, ϵ |Γμ |B, pB⟩∞

⟨n |V |B⟩L = ⟨ππ, E⋆ |V |B, pB⟩∞Rn
“Lellouch-Lüscher” 

factor

pole

thr.

physical

https://arxiv.org/abs/hep-ph/9412324
https://arxiv.org/abs/0807.2722
https://arxiv.org/abs/1807.08357


transition amplitude - Vector Current

Kμ
V(P, pB, ϵ) =

2i
mB + E⋆

εμναβϵν(P, m)PαpBβ

FV(q2, s) =
a(V)

0 + a(V)
1 z(q2)

1 − q2

m2
B⋆

T(E⋆) =
E⋆Γ

m2
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ρππ
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f (V)(E⋆, q2) = FV(E⋆, q2)
T(E⋆)

k



aE⋆ (aq)2

χ2

dof
=

72.1
64 − 2

= 1.16



the observable part

❖ example! 
(similar to 2311.00864) 

❖ only vector form factor shown 

❖ differential branching fraction

V(q2, E⋆2)
|T(E⋆) |
16πE⋆

aE⋆
(aq)2d2Γ

dE⋆2dq2
V,ℓ=1

=
G2

F Vub
2

(4π)5

2
3

λ3/2(m2
B, E⋆2, q2)q2

m3
BE⋆(mB + E⋆)2

T(E⋆)
2

V(q2, E⋆2)
2

http://arxiv.org/abs/2311.00864


as a resonance?
❖  as a pole of  scattering 

 
 
 

❖ reduce  dependence into a resonance 
("narrow width approx.") 

❖ differential branching fraction  
(going to the B rest frame and simplifying)

ρ ππ
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1
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Vector Current - resonant form factor
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transition amplitude - Axial Current
Kμ

A0
(P, pB, ϵ) = 2E⋆ ϵ(P, m) ⋅ q

qμ

q2

Kμ
A1
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A0(q2, E⋆2)
|T(E⋆) |
16πE⋆

A1(q2, E⋆2)
|T(E⋆) |
16πE⋆
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|T(E⋆) |
16πE⋆

χ2
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=
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= 0.59



0 1 2 3 4 5 6 7

(aq)2

0

1

2

3

4

A
R 0
(q

2 )
Re

£
AR

0 (q2)
§

Im
£
AR

0 (q2)
§



0 1 2 3 4 5 6 7

(aq)2

0.0

0.2

0.4

0.6

0.8

A
R 1
(q

2 )
Re

£
AR

1 (q2)
§

Im
£
AR

1 (q2)
§



0 1 2 3 4 5 6 7

(aq)2

0.0

0.1

0.2

0.3

0.4

0.5

0.6

A
R 12

(q
2 )

Re
£
AR

12(q
2)

§

Im
£
AR

12(q
2)

§



Summary

❖ first steps on  
the first process 

❖ exciting opportunities ahead 

❖ a "new" approach to flavor 
physics

rare B

CPV
D  

semileptonic


