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The Cherenkov effect: basic facts

@ When a photon travels in matter with a velocity v, such that:

n(A)

C>Ve >V, U=

where ¢ is the light velocity and n()) is the wavelenght-dependent
refractive index, then we have a coherent electromagnetic wave.

@ A characteristic, measurable, parameter is the Cherenkov angle:

cosf, = —
Vx

@ The effect is accompanied by a blue glow
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Background: the Cherenkov effect in Isotropic materials
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Background: the Cherenkov effect in Isotropic materials

o Pavel Alekseyevich Cherenkov (1904-1990): Lebedev Physical Institute
of the Russian Academy of Sciences.

@ Discovery and Validation of Cherenkov Effect: 1934-37

o Full Explanation using Maxwell’s equations: |.M. Frank and LY.
Tamm in 1937
@ Nobel Prize in 1958: Cherenkov, Frank and Tamm.

Pavel Alekseyevich 11" ja Mikhailovich Igor Yevgenyevich
Cherenkov Frank Tamm
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Background: the Cherenkov effect in Isotropic materials

Cherenkov established that:

@ Light Intensity is proportional to the electron path length in the
medium;

Light comes only from the fast electrons above a velocity threshold;

Light emission is prompt and the light is polarized;

@ The wavelength spectrum of the light produced is continuous. No
special spectral lines;

The angular distribution of the radiation, its intensity, wavelength
spectrum and its dependence on the refractive index agree with the
theory proposed by his colleagues Frank and Tamm.
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Background: the Cherenkov effect in Isotropic materials

Motivation of the present work

@ In Anisotropic crystals the Cherenkov effect depends on the angle;
@ We want to make explicit, in mathematical terms, such a dependence;

o The light velocities, Cherenkov angles, energy distribution, light
polarization can be explicitly expressed in terms of the particle path
direction with respect to the crystallographic axes;

@ We present here the basic of the model and the first results concerning
velocities and Cherenkov angles.
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The Frank and Tamm theory

@ Start from the Maxwell equations for Isotropic materials;
o Get solutions in terms of retarded potentials a, ¢;

@ Assume the electric current j is generated by the particle with charge
g and velocity vy travelling in a direction k:

j=qu.k.
Non-homogeneous wave equations (€, = 1, = ¢ = 1,0v* = n"? = ep)
0%a 0%
—2 _ s —2 _
Aa—v"mg =—pj, Ap—v a5 =—q
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Background: the Cherenkov effect in Isotropic materials

Radial Solutions

@ electron with charge g = ¢
@ constant velocity vy
@ cylindrical symmetry (1,6, 2), (z coordinate along k)
@ we set
. 5(r)
jr z;t) = ev*r—Q(S(z —u bk, a(r,z;t)=a(r,z;t)k,
e Fourier trasform A(r, z;w) of a(r, z;t)
@ We seek solutions

A(r,z;w) =U(r) exp(i:)—f)
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The propagation condition

We introduce a characteristic length R and the dimensionless| variables
p=r/R ad u(p) = U(pR)/ep to arrive at:

p?u” 4 pu' 4+ p*(m? —1)p*u = —6(p), m= — ==

@ since p>0, then without loss of generality we set p = 1 to arrive at the
relation between frequency and velocity

Ul 1 )
w(vy) = ?——Uz —2
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Background: the Cherenkov effect in Isotropic materials

Cases

e for m > 1 this a Bessel equation of 0" order: the equation is

hyperbolic and we have electromagnetic waves;

@ for m < 1 the equation is elliptic and there are no waves;

@ m = 1 is the transition condition: the equation is parabolic.

The theory is then completed by the evaluation of energy and everything is
needed to describe the phenomenon.
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Why an Anisotropic theory?

@ In anisotropic crystal the energy and velocity of the radiation depend
not only on the path length but also "on the angle...00,

@ We need to obtain the explicit dependence of these measurable
quantities on the direction of propagation of the particle;

@ Provided we known the crystal properities (refraction index,
crystallographic axis) we want to obtain 3D polar maps of velocity and
energy;

@ Their use may be manifold, for instance:

» Optimize the crystal configuration to enhance or reduce energy and
velocity of the electromagnetic shock waves;

» |dentify the propagation direction of the particles;
» Tune-up these properties by applying mechanical stress to the crystal;
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3D polar maps of this kind
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The Cherenkov effect in Anisotropic Crystals

Anisotropic crystals

Maxwell equations for anisotropic crystals

divb =0,
divKe = ¢,
curlM~ b = j +K@,
ot
db

curle = —

E )

o K symmetric and positive-definite Dielectric permittivity tensor
@ M symmetric and positive-definite Magnetic permeability tensor
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The Cherenkov effect in Anisotropic Crystals

Non-magnetizable Dielectric Crystals

We assume the crystal non-magnetizable:
M~T;

Then the inverse of the square root of the dielectric permittivity is the
Velocity tensor of the particle within the crystal:

KzV_Q;

For Cubic crystals
K=v"I,

and the same results as Isotropic materials still hold.
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The Cherenkov effect in Anisotropic Crystals

Wave equations

For the other (non-cubic) crystallographic groups we arrive at:

Generalized Lorentz invariance

Op
\Y +KV—— ;
diva 5t ;

Anisotropic wave equations
82
) o a
Aa—V (‘3152 =-j,

divKVp — HKH2 8t2 =—q
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The Cherenkov effect in Anisotropic Crystals

@ Anisotropy destroys radial symmetry: we must think in terms of axial
and normal components (y , z) with respect to k:

z=x-k, y=x-2zk;

@ we assume:
j=evd(y)o(z — vit)k,

o let a,, be the Fourier transform of a; we assume:

au(y,7:w) = uly) exp(i ).

o IcAYS
°
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The Cherenkov effect in Anisotropic Crystals

Propagation condition

Propagation tensor S

Ayu(y) + Su(y) = —d(y)k,

11
o = 101 0
S =u? 0 22 0
S 1
0 0 -z

3 *

o (v1,vy,v3) are the positive eigenvalues fo V;

@ reduces to a vectorial Helmoltz equation provided S has positive
eigenvalues;
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The Cherenkov effect in Anisotropic Crystals

Scalar Helmoltz equations

With respect to the principal crystallographic directions {e; ,es,e3}:

Three scalar equations (u; =u-e;, k;i=k-e; i=1,2,3)

2
w .

*

@ Hyperbolic (waves) provided:

. v v V.
inf{m; = —=,mg == ,m3= "} >1.
U1 V2 V3
@ we have three electromagnetic waves with different sources k;
depending on the direction k of the particle.
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Cherenkov cone and angles

Ellipsoid of velocities and Cherenkov cone

o Light propagates along the principal directions of K:

T1\2 T2 \2 T3 \2 . . .

— )"+ (—=)"+(—)" =1, velocity ellipsoid
(U1t) (UQt) (vgt) ’ y €l

@ the cone is tangent to the velocity ellipsoid along an ellipse

@ this ellipse is the intersection between the velocity ellipsoid and the
polar plane (Gergonne, conical section theory, 1813):

3
;mi(:—;)kizl, mi:Z—:>1, i=1,2.3.
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The 3D Cherenkov cone

polar plane

Z2

velocity ellipsoid

v
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Cherenkov cone and angles

Cherenkov angle

@ We have a maximum and minimum light velocities for any direction k:

Vmaz = sup{[|Q — O||} = [|Qmaz — O,
Vpmin = Inf{[|Q — O} = [|Qmin — Ol|;

e and a range of Cherenkov angles:

COSGC c [(szn_o) -k 7 (Qmax_o) k]’

Umin Umax

e multiple measurements allow (provided we know the crystallographic
directions x;) to evaluate the direction k of the particle path;

@ the theory can be extended to encompass all the results of the
classical Frank and Tamm theory.
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PWO crystals

o Lead Tungstate PbWO,, Tetragonal group, class 4/m;
° vlzvgzngl, ngne_l, c=1;

e n,=2,163, n,=2,234 at A=632,8 nm;

0 v = vo = v,=0,447, v3 = v,=0.462;

@ ~-ray photon v,=0,995 at 0,5 MeV.

@ propagation conditions

Mo = % =2225>1, me=—=2153> 1.
Vo Ve
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An example: PWO crystals

@ Revolution ellipsoid around the crystallographic ¢ — axis = x3

2 2 2

s T

2SS o, =1
vO ve

@ Propagation along the ¢ — axis, k = ej

@ Polar plane:
%.’Eg =1, t=1,

Ve
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An example: PWO crystals

2D section

@ polar symmetry about x3

° v
d == _O mg - 1 5 d*
Me
polar plane

Qmaa: = Qmin

C-axis

de [ O
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An example: PWO crystals

@ Light velocity in crystal

1
v=y/d?+d? = E\/vg(m2—1)+v§ =0,449¢c, v, < v < U}
e

o Cherenkov angle (only one by polar symmetry about the c-axis):

cos 0 =%= Ve
v VZmZ 1)+ 0?2

= 0,477, 6, =61°%4.
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An example: PWO crystals

@ A similar results can be obtained for a generic directions k, e.g.:
k = sin aes + cosaes,

@ and now it is only a matter of a little algebra...

T P
2 ‘/
’U*{l‘_——"’_’_ k
Umin min -7
SO TJa
o AN caxis 2
Umaz
@z =0 | e1/ o)

polar plane
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An example: PWO crystals

By symmetry we have three velocities that can be maxima or minima:
1

(] Umax,min = (vg(cl + 02)2 + Ug(dl - dg(cl + Cg))2> 2 )

max,min
c

@ cosf = vo(e1 £ o) sina + ve(dy — da(e1 £ ¢2)) cosa,

1

20,2 2.2)2
@ Umed = (vo(cl + fs+c1fo — C1f1) + Uecg> )
° Hgne‘i = V,C1 Sin @ + vyc3sin o

The coefficients are parameterized on the angle «, for instance:

My Sin o

c1(a) =

m2 cos? o + m2 sin?

(67

o IcAYS
° °

<.
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Further developments

@ Stress induced anisotropy
» Maxwell photoelasticity

K '=K;'+M[T]

» T: Cauchy stress, M: Piezo-optic tensor;
» In Isotropic materials (K ! = v2I) the residual stress can alter the
response by induced anisotropy.
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Further developments

@ Stress induced anisotropy
» Maxwell photoelasticity

K '=K;'+M[T]

» T: Cauchy stress, M: Piezo-optic tensor;
» In Isotropic materials (K ! = v2I) the residual stress can alter the
response by induced anisotropy.
o Complete the theory with light polarization, energy evaluation, angular
distribution of the radiation, its intensity, wavelength spectrum and its
dependence on the refractive index.
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Es gibt nichts mehr praktisch als eine gute theorie
(L. Prandtl 1875-1953)

Thanks for the attention!
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