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Why do we care about spectral functions
• Spectral functions encode excitations energies and intensities 

• They connect directly to experiments (ARPES, photoemission .. ) 

• Needed in materials, impurity models (DMFT)
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• Spectral functions encode excitations energies and intensities 

• They connect directly to experiments (ARPES, photoemission .. ) 

• Needed in materials, impurity models (DMFT)

Why do we care about spectral functions

GA(t′￼, t) = ⟨ψ0 |A†(t′￼)A(t) |ψ0⟩

Compute real-time correlations for extract spectra 
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Link theory to experiments



Many-body Quantum Problem

Ĥ |ψ0⟩ = E0 |ψ0⟩Equilibrium properties

iℏ
d
dt

|ψ(t)⟩ = Ĥ |ψ(t)⟩Dynamical Response

Lattice Models Quantum Chemistry Quantum Technologies
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Static Ground State Calculation

Classical variational 
methods work well

• DMRG/Tensor networks 

• Variational Quantum 
Montecarlo (VMC)

|ψθ⟩ = ∑
x

ψθ(x) |x⟩

Quantum variational  
methods struggle

θ1

θ2

θ3

θ4

θ5

θ6

θ7

θ8

• Optimization cost ( number of shots ) 

• Sampling noise  

• Barren Plateaux
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H |ψθ⟩ = E |ψθ⟩ θtg = arg min
θ

[⟨ψθ |H |ψθ⟩]



Real time dynamics is the hard part
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Classical variational methods Quantum Hardware

|ψ0⟩ e−iĤt |ψt⟩

• Tensor network: bond dimension 
explodes with entanglement 

• t-VMC: Sampling problems large time 
dynamics

• ED, Clifford simulation, Pauli 
propagation …. 

• Brute force not variational dynamics 
native on a quantum hardware

Udt Udt Udt Udt Udt



Plan of the talk

I.  Ground states with Classical simulations  

I. Introduction to Variational Monte Carlo 

II.Recent advances: Reaching chem. Precision with 
Importance sampling 

II. Hybrid subspace algorithm 

III. Extension to impurity models 
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Looking elsewhere: improving 
variational Monte Carlo gradients by 

importance sampling 
A. Misery, L. Gravina, AS, F. Vicentini 

arXiv preprint arXiv:2507.05352

Ground states with Classical simulations



Variational Quantum Montecarlo

Computational complexity

Hyx = ∑
y

⟨y |H |x⟩

 Sparsity of Hyx

pθ(x)

E =
⟨ψθ |H |ψθ⟩

⟨ψθ |ψθ⟩
= ∑

x

|⟨x |ψθ⟩ |2

⟨ψθ |ψθ⟩
⟨ψθ |H |x⟩

⟨ψθ |x⟩

Hloc(x)
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Variational Quantum Montecarlo

Computational complexity

Hyx = ∑
y

⟨y |H |x⟩

 Sparsity of Hyx

pθ(x)

E =
⟨ψθ |H |ψθ⟩

⟨ψθ |ψθ⟩
= ∑

x

|⟨x |ψθ⟩ |2

⟨ψθ |ψθ⟩
⟨ψθ |H |x⟩

⟨ψθ |x⟩

Hloc(x)

∂θk
E = ⟨∂θk

log ψθ ΔHloc(x)⟩

θk+1 = θk − η∂θk
E

E

θ 9



Variational Quantum Montecarlo

Computational complexity

Hyx = ∑
y

⟨y |H |x⟩

 Sparsity of Hyx

pθ(x)

E =
⟨ψθ |H |ψθ⟩

⟨ψθ |ψθ⟩
= ∑

x

|⟨x |ψθ⟩ |2

⟨ψθ |ψθ⟩
⟨ψθ |H |x⟩

⟨ψθ |x⟩

Hloc(x)
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∂ψθ
⟨ψθ |H |ψθ⟩

θk+1 = θk − η∑
j

S−1
kj ∂θj

E

E

θGuaranteed convergence 



Neural Network Quantum States ( NQS ) 

|ψθ⟩ = ∑
x

(x1, . . . , xN) |x1 . . . xN⟩

θ
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Neural Network Quantum States ( NQS ) 

|ψθ⟩ = ∑
x

(x1, . . . , xN) |x1 . . . xN⟩

θ

Few Parameters

θψ Compressed

nparams ∼ 2N nparams ∼ poly(N)

Query

θ Decompress
Query

ψ( ↑ , ↓ , . . . , ↑ )

ψ( ↑ , ↓ , . . . , ↓ )

ψ( ↑ , ↑ , . . . , ↑ )
ψ( ↓ , ↓ , . . . , ↑ )

ψ( ↓ , ↓ , . . . , ↓ )
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Why sampling from the Born probability fails
The gradient of the loss  

lives in low-probability regions

|ψ(x) |2

x

∂θk
E(x)

|11110000⟩

|11101000⟩

|11100100⟩

|00001111⟩

…

Molecular  
peaked on a few determinants 

|ψ(x) |2
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Importance Sampling 

qα(x) ∝ |ψ(x) |

Goal Sample where gradient matters

|ψ(x) |2

∂θk
E(x)

x

|ψ(x) |α

Gradient direction k

 broader distribution  
(Over dispersed sampling)
α < 2
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Optimal sampling distribution
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ℒIS =
1
Np

Np

∑
k=1

SNRqα
[∂θk

E]

α′￼ = α + η∂αℒIS

Optimize the Signal to Noise ratio of the gradient  improved variance less samples⟶

q ⃗α = f(x; ⃗α )



Over dispersed Sampling

OLi Li

Importance sampling  
chemical accuracy 

Sampled 
from Born 

distribution
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qα = |ψ(x) |α



Neural Network Sampling (preliminary)
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q ⃗α(x) = NN(x; ⃗α )

N2 CH4 Li2O



Classically Prepared, Quantumly Evolved: 
Hybrid Algorithm for Molecular Spectra 

AS, S. Barison, F. Vicentini 
arXiv preprint arXiv:2510.24911

Hybrid subspace algorithm



Classical techniques Quantum Hardware

Variational  
Ground State 😎 🥺

Variational  
Dynamics 🥺 🥺

Brute Force  
Dynamics 🥺 😎

Hybrid subspace algorithm
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Back to Spectroscopy
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GA(t) = ⟨ψ0 | ̂A†(t) ̂A |ψ0⟩

Let us suppose to have a  representation with VMC|ψA⟩ = A |ψ0⟩

… Dynamics is still a problem GA(t) = eiE0t⟨A†A⟩0⟨ψA | Û(t) |ψA⟩



Back to Spectroscopy
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GA(t) = eiE0t⟨A†A⟩0𝔼y∼|ψA(y)|2[∑
x

ψ*A (x)
ψ*A (y)

⟨x | Û(t) |y⟩]
1. Sample  from  

2. Evolve it on a quantum computer and measure it 

3. Use the measured basis  to project the propagator 

|y⟩ |ψA(y) |2

𝒮y Û(t)

Û(t) ⟶ P𝒮y
Û(t)P𝒮y

≈ exp(−iP𝒮y
ĤP𝒮y

)



When the hybrid subspace algorithm work
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Ground state  
classically tractable

Quantum dynamics  
stays confined in U |x⟩

Subspace effective 
dimension tractable with ED

Hilbert space fragmentation

# ⟨x |ψ(t ≪ T)⟩ ≈ # ⟨x |ψ(T)⟩

ℋ

|x⟩

E0 = ⟨x |H |x⟩

Probability of jumping to  
highly excited states is suppressed



Effective thermalization in a subspace
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ℋ ℋ ℋ

t = 0 t = t* ≪ T t = T

Small time quantum hardware Large time to  
resolve small gaps

Subspace evolution extrapolates  
to large times



Hybrid Quantum Classical Algorithm
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QPU friendly
• No ground state preparation 
• Shallow quantum circuits



Result: accurate spectra 
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Result: accurate spectra 
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Result: accurate spectra 
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Tensor Network dynamics
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• TN algorithm simulates the 
quantum computer 
behavior 

Subspace reduction  

⋃
x

𝒮x ≈
1

256
dimℋ



N. Moumique, AS, M. Ferrero, F. Vicentini, T. Ayral

 Extension to impurity models 



Anderson Impurity Problem
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classical ground state + quantum dynamics + subspace evolution 
Same idea

Embedded impurity problem



Anderson Impurity Problem
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Natural Orbital (NO) basis 

Filled orbitals

Empty orbitals

⃗c̃ = M ⃗c

classical ground state + quantum dynamics + subspace evolution 
Same idea

M†⟨ψ | ⃗c ⃗c† |ψ⟩M = diag( ⃗η)



Anderson Impurity Problem
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NO basis perturbed state c†
impurity |ψ0⟩



Summary

• Improved VMC with importance sampling from trained 
importance sampling distribution 

• Introduced a Hybrid method to compute spectral functions 
on QC with subspace expansion 

• We generalize the method, thanks to the NO technique, to 
impurity models 

• Outlook: try the method on the quantum hardware
32



Thanks for your attention
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Classically Prepared, Quantumly Evolved: 
Hybrid Algorithm for Molecular Spectra 

AS, S. Barison, F. Vicentini 
arXiv preprint arXiv:2510.24911

Looking elsewhere: improving 
variational Monte Carlo gradients by 

importance sampling 
A. Misery, L. Gravina, AS, F. Vicentini 

arXiv preprint arXiv:2507.05352

 



Scaling with the number of samples
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Energies with NN sampling
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