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Number of physical qubits53 102  103 104 105 106 

Logical error rate[10-6 ] [10-6  ] [10-8] [10-13]
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Engineering 
scale up

Error-corrected (EC) 
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Logical qubit 

prototype
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M2 (2023) 
Beyond classical 

benchmark
✔

M1 (2019) 

[10-2 ]

Early fault-tolerant QC

The era when we can correct all but Ω(1) errors,
and must design algorithms to be robust to the remainder

See also: Campbell ‘22, Wang et al ‘22, 
Wan et al ‘22, Dong et al ‘22, Lin, Tong 

‘22, Katabarwa et al ‘23, Wang et al ‘23, 
Ding, Lin ‘23, Kshirsagar et al ‘24, 

Nelson, Baczewski ‘24, …

NISQ Full FTQC



Most QPE benchmarks 
assume 
full-scale fault tolerance

Reiher et al. [PNAS 114, 2017] 
Babbush et al. [PRX 8, 2018] 
Von Burg et al. [PRR 3, 2021]

Lee et al. [PRQ 2, 2021]

Error rates can be made arbitrarily small 
through error correction.
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Circuit division
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Noise-resilient algorithm
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Algorithm design principles in FT
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Full FTQC Early FTQCvs

Design algorithm for zero-noise

Estimate logical resources 
[circuits, #T-gates, #Toffoli]

Set QEC params
[code d, T-factories] to achieve 
negligible fault probability [<1%] 

throughout the algorithm

Design algorithm resilient to a range of noise levels

Estimate logical resources 
for given logical noise rate γ

Set QEC parameters to 
achieve noise rate γ,

Estimate physical resources

Optimize w.r.t. γ, 
under early-FT 

constraints
Noise rate γ
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Structure of the talk
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Part 1:
Design QPE

circuits & estimator
given error rate !

Part 2:
Compiling and 
cost estimate

QPE input:
ctrl-U circuit,

accuracy ε

Circuits, #shots

Physical resources

optimize 
over "

" – Logical error rate 
(per ctrl-U)

Global depolarizing noise



Structure of the talk

Global depolarizing noise Realistic noise models
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Part 1:
Design QPE

circuits & estimator
given error rate !

Part 3:
Define EM strategies 
to handle noise bias

Part 2:
Compiling and 
cost estimate

Circuits, #shots
Overhead for 
removing bias

Physical resources

vs

optimize 
over "

QPE input:
ctrl-U circuit,

accuracy ε



Quantum Phase Estimation with noise
(global depolarizing noise)
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Quantum phase estimation
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QPE algorithm   = 

Cost = 1

Phase estimate

Quantum circuits + 
data processing

EigenstateNoisy unitary
(global depolarising noise)

Target precisionNoise rate

T – Cost in terms of total
#calls to noisy unitary 

Part 1: QPE



Types of quantum phase estimation
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Quantum phase 
estimation

Quantum Fourier 
transform-based

Multi-shot single-
control

Single-shot multi-
control

SinQPE RPE

H H

k

Multi-shot multi-
control

MSQPE

Part 1: QPE



QFT-based quantum phase estimation
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Known 
analytical expression 

for the 
output distribution:

Part 1: QPE



Max-likelihood quantum phase estimator
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Max likelihood estimation

Asymptotically, the Cramer-Rao bound can be 
saturated using max-likelihood estimation (MLE)

However, with a finite number of samples, MLE 
is not guaranteed to converge.
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Max-likelihood estimation (MLE)
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Part 1: QPE

3 regimes: Total cost:

Low noise ----------- Single circuit (like noiseless)

High precision ----------- Fixed depth (max Fisher Info)

Intermediate ----------- Interpolate (empirical law, numerical validation)
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Summary MSQPE

First complete multi-shot QFT-
based QPE algorithm.

Optimised total runtime for global 
depolarising noise.

Advantage over Hadamard-test-
based QPE for             .
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Part 1: QPE



2. Compilation and cost estimate
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Choice of targets/benchmarks

2D Fermi-Hubbard
(8–800 spin sites)

LCU block encoding

Small molecules
(12–52 spin orbitals)

Tensor HyperContraction (THC)
+ Symmetry reduction of 1-norm
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QPE of the qubitized walk operator

Part 2: 
compilation



Logical costing using Qualtran

github.com/quantumlib/Qualtran Release paper: arXiv:2409.04643
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Part 2: 
compilation

http://github.com/quantumlib/Qualtran


Trade off: physical qubits vs wall time
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Error mitigation beyond expectation values
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Global depolarizing noise Realistic noise models



Logical noise (in surface code FTQC)

● Sources of logical noise
○ Data errors ← code distance [+ decoder limit]

○ T-state imperfections ← T-factory size

● Logical noise model
○ Local noise – random Pauli channel

“Local noise biases phase kickback”
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e.g. [T. E. O'Brien et al, New J. Phys. 21 (2019)]



Quantum error mitigation 

Error mitigation is… 
Trading bias for stochastic noise

25

[Cai et al., Rev. Mod. Phys. 95 (2023)]

*depending if verification circuit is short



Quantum error mitigation 

Error mitigation is… 
Trading bias for stochastic noise

As we have control over circuit depth, 
EM overhead can be reduced for QPE

26
*depending if verification circuit is short

[Cai et al., Rev. Mod. Phys. 95 (2023)]



Quantum error mitigation 

Error mitigation is… 
Trading bias for stochastic noise

Current error mitigation schemes are designed
only for expectation values

27
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e.g.

[Cai et al., Rev. Mod. Phys. 95 (2023)]



Global depolarising noise vs realistic noise
Max-Likelihood 

estimation



Probabilistic error cancellation

PEC decomposition

Noisy circuits
we can actually 

sample from

Max-Likelihood 
estimation



Probabilistic error cancellation

We decompose the ideal (noiseless) channel 
in implementable noisy circuits

By linearity, the noiseless outcome 
distribution can be written as a nonconvex 
combination

PEC is defined for expectation values

We can estimate the sample mean by 
importance-sampling j with probability

Overhead:

30

[Temme et al., 2017]



Probabilistic error cancellation for MLE?
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PEC decomposition
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Sample average

Expectation value

Probabilistic error cancellation for MLE?
PEC decomposition



Explicitly-unbiased MLE
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PEC decomposition

In both cases:



● First error mitigation technique beyond expectation values 
(note: MLE is very general)

● Proven convergence and asymptotic normality

● We further introduce regularization and filtering

● Under local Pauli noise, regularized EUMLE incurs in ≈ 7x overhead
compared to global depolarizing noise in max-likelihood QPE. 
(Filtering could reduce this)
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Explicitly-unbiased max-likelihood estimator



Resource estimates with EUMLE overhead
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Fermi-Hubbard

105 106

# physical qubits

Electronic Structure Fermi-Hubbard

L = 2

L = 5

L = 10

L = 20

Electronic Structure

N2/(6,6)

H2O/(8,6)

Naphthalene/(10,10)

Anthracene/(14,14)

Co(salophen)/(27,26)

Shaded area

EUMLE overhead
for local depol. noise

Standard FTQC Algorithm

1.0% fail

0.1% fail



Take-home summary
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● We can trade-off qubits vs time by combining 
error mitigation with error correction

● Designing algorithms to be noise-resilient is useful, 
even in fault-toletant QC

● Error mitigation can be extended to general estimation tasks



https://github.com/StefanoPolla/EarlyFT_QPE

Error mitigation and circuit division
for early fault-tolerant quantum phase estimation
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