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Introduction

2π contribution ∼ 72% of aHVP,LO
µ

⟨π(p′)|jµem(0)|π(p)⟩ = ±(p′ + p)µF V
π [(p′ − p)2]

σ(e+e− → 2π) =
πα2

3s
σ3
π(s)|F V

π (s)|2 s+ 2m2
e

sσe(s)

→ Radiative corrections in e+e− → π+π− must be under control

• Watson theorem: same phase of e+e− → π+π− and ππ → ππ if only
ππ intermediate state

• Importance of rescattering effects

Goal: dispersive treatment of the isospin-breaking effects for the pion vector
form factor
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ππ scattering amplitude
Isospin and charge basis

⟨πaπb|T |πcπd⟩ = A(s, t, u)δabδcd +A(t, s, u)δacδbd +A(u, t, s)δadδbc

Isospin basis:

T 0(s, t) = 3A(s, t, u) +A(t, u, s) +A(u, s, t)

T 1(s, t) = A(t, u, s)−A(u, s, t)

T 2(s, t) = A(t, u, s) +A(u, s, t)

Charge basis:

T c(s, t, u) := T (π+π− → π+π−) =
1

6
T 2 +

1

2
T 1 +

1

3
T 0 = A(s, t, u) +A(t, u, s)

T x(s, t, u) := T (π+π− → π0π0) = −1

3
T 2 +

1

3
T 0 = A(s, t, u)

Tn(s, t, u) := T (π0π0 → π0π0) =
2

3
T 2 +

1

3
T 0 = A(s, t, u) +A(t, u, s) +A(u, s, t)
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ππ scattering amplitude
Dispersive representation in the isospin limit

Starting point: Roy-equations for ππ-scattering below s1 ∼ 1 GeV
[Ananthanarayan et al, ’01 & Garcia-Martin et al, ’11]

• ππ invariant amplitude: A(s, t, u) = A(s, t, u)SP +A(s, t, u)d

• ASP contribution of the S and P waves below s1:

A(s, t, u)SP = 32π

{
1

3
W 0(s) +

3

2
(s− u)W 1(t) +

3

2
(s− t)W 1(u)

+
1

2
W 2(t) +

1

2
W 2(u)− 1

3
W 2(s)

}
→ W I(s) only RHC: W 0(s) =

a0
0 s

4M2
π
+

s(s−4M2
π)

π

∫ s1
4M2

π
ds′

Im t00(s
′)

s′(s′−4M2
π)(s

′−s)

• Ad(s, t, u) = background amplitude: higher partial waves and higher energies
→ for s < s1 small and smooth → polynomial

⇒ construct isospin amplitudes T 0, T 1 and T 2
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ππ scattering amplitude
Dispersive representation of isospin-breaking corrections

• Strong isospin breaking effects proportional to (mu −md)

• Effects proportional to Mπ −Mπ0

• Further photon exchanges

→ each of them can be considered separately from the other two
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ππ scattering amplitude
Dispersive representation of isospin-breaking corrections

• From isospin to charge basis: T 0, T 1, T 2 → T c, Tn, T x

• Unitarity relation:

Im tnS(s) = σ0(s)|tnS(s)|2 + 2σ(s)|txS(s)|2

Im txS(s) = σ0(s)t
n
S(s)t

x
S(s)

∗ + 2σ(s)txS(s)t
c
S(s)

∗

Im tcS(s) = σ0(s)|txS(s)|2 + 2σ(s)|tcS(s)|2

with σ(s) =

√
1− 4M2

π

s
and σ0(s) =

√
1−

4M2
π0

s

→ encode the effect of ∆π = M2
π −M2

π0

Martina Cottini (ITP): τ → ππ0ντ September 9, 2025 5/20



ππ scattering amplitude
Dispersive representation of isospin-breaking corrections

• Input above s1 not changed for ∆π ̸= 0
→ concentrate on TSP : S and P waves below s1 ≃ 1 GeV

• Express W I in terms of imaginary parts of physical channels

Tn
SP (s, t, u) = 32π

(
Wn,00

S (s) +Wn,+−
S (s) + (s ↔ t) + (s ↔ u)

)
where

Wn,00
S (s) =

a00n s

4M2
π0

+
s(s− 4M2

π0)

π

∫ s1

4M2
π0

ds′
Im tn,00S (s′)

s′(s′ − 4M2
π0)(s′ − s)

Wn,+−
S (s) =

s(s− 4M2
π0)

π

∫ s1

4M2
π

ds′
Im tn,+−

S (s′)

s′(s′ − 4M2
π0)(s′ − s)

with

Im tn,00S (s) = σ0(s) |tnS(s)|
2
, Im tn,+−

S (s) = 2σ(s) |txS(s)|
2 (1)
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ππ scattering amplitude
Strategy

• Analytical projection into S and P partial waves

tnS(s) = a00n +

∫ s1

4M2
π0

ds′ Kn(s, s
′) Imtn,00S (s′)

+

∫ s1

4M2
π

ds′ Kn(s, s
′)Imtn,+−

S (s′) + dnS(s)

→ Kn(s, s
′) analytically known

→ dnS(s) = background integral contribution

• Scattering lengths: matching with χPT with ∆π [Knecht and Nehme, ’02]

• Partial wave parametrisation with δnS(s):

tnS(s) =
ηS(s) e

2iδnS(s) − 1

2iσ0(s)
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ππ scattering amplitude
Strategy

• Isospin limit Roy-equation solutions of δn,ILS (s), δc,ILS (s),δn,ILP (s), ... and
parametrize ∆π effects:

δnS(s) = δn,ILS (s)

(
1 + ∆π

[
7∑

i=0

cni

(
s− 4M2

π0

4M2
π0

)i

+ σ(s)

1∑
i=0

c̃ni

(
s− 4M2

π0

4M2
π0

)i
])

• Solve the coupled system of integral equations with cni , c̃
n
i as fitting

parameters
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Results
Scattering lengths

• Isospin limit [Colangelo et al, ’01 & Caprini et al, ’12]

a00n, IL =0.0437 , a++
IL = −0.0444 ,

a+−
c, IL =0.0659 , a+−

x, IL = 0.0881 ,

a+0
c, IL = −0.0222

• Isospin-breaking effect [Knecht and Nehme, ’02]

∆a00n = −5.375× 10−3 , ∆a++ = 2.918× 10−3 ,

∆a+−
c = 4.076× 10−3 , ∆a+−

x = 0.081× 10−3 ,

∆a+0
c = −1.474× 10−3
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Results
tSn(s) [preliminary]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.4 0.6 0.8 1

t
S
n(s)

isospin breaking

isospin limit

[Colangelo, MC, Ruiz de Elvira, to be submitted for publication]
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Results
tSc (s) [preliminary]
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Results
tSx (s) [preliminary]
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Results
tS++(s) [preliminary]
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Results
tS+0(s) [preliminary]
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Results
tP+−(s) and tP+0(s) [preliminary]
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Pion vector form factor

F V
π (s) = Ω1

1(s)Gω(s)G
N
in(s) [Colangelo et al, ’19]

• Ω1
1(s) is the Omnés function

Ω1
1(s) = exp

{
s

π

∫ ∞

4M2
π

ds′
δ11(s

′)

s′ (s′ − s)

}
→ Isospin breaking effects: δ11(s) → δIB(s)

• Gω accounts for ρ− ω mixing

Gω(s) = 1 +
s

π

∫ ∞

9M2
π

ds′
Imgω(s

′)

s′(s′ − s)

1− 9M2
π

s′

1− 9M2
π

M2
ω

4

• GN
in (s) is a conformal polynomial taking into account inelastic channels

GN
in (s) = 1 +

N∑
k=1

ck

(
zk(s)− zk(0)

)
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Pion vector form factor
Isospin-breaking corrections for the ρ(770)

• Only pole parameters provide a model-independent result

√
sρ = Mρ − i

Γρ

2

→ Breit-Wigner or Gounaris-Sakurai parameters reaction-dependent

• Roy equations provide model-independent access to the complex plane

√
sρ0 = 763.29− i71.25MeV ,

√
sρ± = 762.30− i71.89MeV

→ Mρ0 −Mρ±

∣∣∣∣∣
∆π

∼ 1MeV
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Pion vector form factor
τ -decay

τ

ντ

π0

π−

τ

γ

f+(s) =
(
1 +GN

in (s) +Aρ′ρ′′(s)
)
Ω(s)

→ see Simon’s talk

e+e− → π+π−

• ρ0 resonance dominance

• ρ− ω mixing

→P-wave phase in the π+π− channel

τ± → π±π0ντ

• ρ± resonance dominance

• ρ′, ρ′′ contribution

→P-wave phase in the π0π± channel

IB corrections due to ∆π

for ππ scattering
⇒ τ

ντ

π−

π0τ

γ
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Higher order corrections
Work in progress: FSR

π−

π0

π−

π0

• Matching to χPT of all (sub)amplitudes
• improved estimate of uncertainties

→ see Monnard PhD thesis and Jacobo’s talk at KEK

⇓

τ

π−

π0

ντ

γ
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Conclusion and Outlook

• Model-independent approach for the isospin breaking corrections due
to ∆π to the ππ scattering

• Isospin breaking effects for the pion vector form factor:
▶ FV

π (s) in e+e− → π+π−

▶ f+(s) in τ− → π−π0ντ

• Work in progress: dispersive approach for the higher order corrections
(see Jacobo’s talk at KEK)

• Final goal: provide a ready-to-use code to be implemented in MC and used in
data analysis
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tS+0(s)
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• Unphysical bending enforced by the matching at s1: ∆π effects not
neglected

• matching conditions at s2 = 4GeV2


