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A tiny introduction
Phokhara, a MC generator for low energy e+e– colliders, with +20 years of development. 

1



Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

User and speed 
improvements, 

comparison 

New models 
for pion 
channel

NNLO hard 
scattering 

amplitudes

NNLO 
Phokhara

Objectives of the new effort

2

Explore 
resummation 
(YFS, CEEX) 
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➔ User defined variables 

for histograms.

➔ Custom cuts at the 

generation level. 

➔ Comparison in 

[SciPost 10.21468]

(See Marco’s talk).

➔ Incorporate Vegas for 
faster integration

➔ Recalculate amplitudes 
with new techniques 
(see 
[PhysRevD.111.036024
]

Explore 
resummation 
(YFS, CEEX) 



Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

Vestibulum congue 

User and speed 
improvements, 

comparison 

New models 
for pion 
channel

NNLO hard 
scattering 

amplitudes

Explore 
resummation 
(YFS, CEEX) 

NNLO 
Phokhara

Objectives of the new effort

2

➔ User defined variables 

for histograms.

➔ Custom cuts at the 

generation level. 

➔ Comparison in 

[SciPost 10.21468]

(See Marco’s talk).

➔ Focus on GVMD 
model for ππγ.

➔ Amplitudes for ISR, 
reduced to minimal 
set of MIs.

➔ Integrate Collier 
library for evaluation 
of integrals.

➔ Add in Phokhara.
➔ Expand to FSR.



Progress on resummation
Use of YFS to expand fixed order amplitudes to include resummation of the leading 
contributions in the soft-photon regime. Able to recover fixed order calculation.
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YFS Form 
Factor

Account for IR 
poles in CEEX 
framework. 
Validated with 
Mathematica.

  

Analysis 
framework

Developed for 
debugging, to 
generate plots 
and histograms.

  

Muon scan 
mode

Implemented with 
LO resummed. 
Validation via 
scenarios of 
RadioMonteCarlow.

  

Multiphoton 
phase-space

Generator of 
momenta for 
multi-photon 
events. Speed 
up via VEGAS.
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YFS Form 
Factor

Account for IR 
poles in CEEX 
framework. 
Validated with 
Mathematica.

  

Analysis 
framework

Developed for 
debugging, to 
generate plots 
and histograms.

  

Muon scan 
mode

Implemented with 
LO resummed. 
Validation via 
scenarios of 
RadioMonteCarlow.

  

Muon radiative 
mode

Automation of 
the evaluation 
of  amplitudes 
via public tools.

  

Merge in 
Phokhara 

and include 
higher order 
amplitudes

  

Multiphoton 
phase-space

Generator of 
momenta for 
multi-photon 
events. Speed 
up via VEGAS.
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NNLO Hard Scattering Amplitudes
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Calculating amplitudes…
Amplitude generation
Generate topologies, dress them with 
Feynman rules, perform Dirac algebra.

Tensor decomposition
No interference; make use of tensor 
decomposition techniques to exploit 
repeated analytic structures.

Evaluation of loop integrals
Evaluate both the kinematics coefficient 
of the amplitudes and the integrals 
themselves to obtain a final number.

IBP reduction
Reduce all loop integrals into a minimal 
set of Masters by means of 
integration-by-part (IBPs) relations.
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Works at all loop orders.
As an extra, get polarized amplitudes.
 See [2411.07063] & T. Dave poster.
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Problem:  

How do we evaluate the 

Feynman integrals?
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The Two-loop Monster
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● State of the art [JHEP07(2025)001]. 

Differential equation to evaluate 

integrals of two-loop pp → ttW. 

● However, no initial state masses.

● CPU time ~ O(30 min) ppp! 

● Need faster evaluation of integrals!

○ High dimensionality make grid 

interpolation not feasible.

Problem:  
How do we evaluate the 

Feynman integrals?

Problem:  
How do we evaluate the 

Feynman integrals?



A new integrator 
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● Differential equations 
solved numerically + new 
treatment for branch cuts + 
pathfinding + optimization.

● One- and Two-loop 
applications.

● Significantly smaller 
runtimes than other tools.

[2507.12548 in 
press in JHEP]



One-loop tests
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● One-loop topology with 
up to 9 kinematic scales.

● Runtime O(ms).
● One-loop libraries are 

faster [1407.0087] .

● Pentabox gauge invariant 
group at O(𝜖2).

● Runtime O(ms).
● Faster and more precise 

than DCT [2412.21054] .



Two-loop pp → tt+jet

Test the integrator with something similar to e+e–→ x+x–ℽ.
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PBa PBb

Figure from 
[2404.12325]

● Evaluated random benchmark points.
● Big speed up (x1000 in double, x10 in 

quad), compared with DiffExp. 
● Opens the door to on-the-fly evaluation!



Outlook
● Updates with GVMD and resummation around the corner.

● Integrator available for evaluating two-loop integrals in O(100ms).

● Near completion of tensor decomposition of the one-loop amplitudes.

● Building “nice” differential equations for two-loop integrals of e+e– → 𝛾𝛾*.

● Starting the work to include 2 → 4 @ one-loop and 2 → 5 @ tree-level.
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QUESTIONS?


