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Introduction

? In the last ~25 years BabaYaga/BabaYaga@NLO has been developed for precision luminometry at flavour
factories

? It simulates QED processes

↪→ e+e− → e+e− (+nγ)

↪→ e+e− → µ+µ− (+nγ)

↪→ e+e− → γγ (+nγ)

with multiple-photon emission in a QED Parton Shower framework, matched with exact NLO matrix
elements (NLOPS accuracy)

=⇒ generation of one additional (virtual ad real) photon with exact matrix element and leading logarithmic
resummation of other photons with exclusive kinematics generation, avoiding double counting

? A theoretical precision at the 0.5− 1× 10−3 level (at least for Bhabha),

systematic comparison to independent calculations/codes and assessing the size of missing higher-order
corrections (part of the O(α2L) contributions, L ≡ log(Q2/m2))

? recent improvement
? addition of di-pion final state (e+e− → π+π−(nγ))

E. Budassi et al., arXiv:2409.03469
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Abstract: The pion pair production in e+e− annihilation at flavour factories plays a cru-
cial role in the determination of the hadronic contribution to the muon anomalous magnetic
moment. The recent CMD-3 measurement of the pion form factor via energy scan displays
a significant difference with the previous experimental determinations. In order to con-
tribute to an improved theoretical description and simulation of energy scan experiments,
we present a calculation of the e+e− → π+π−(γ) hadronic channel at next-to-leading order
matched to a Parton Shower algorithm in QED and sQED. According to the recent ad-
vances in the literature, particular attention is paid to the treatment of the pion composite
structure in loop diagrams beyond the commonly used factorised sQED approach, as well
as to the modelling of multiple photon radiation through the Parton Shower algorithm. In
particular, we carry out a detailed discussion on the inclusion of the pion form factor in the
virtual sQED corrections according to two independent methods, inspired by the generalised
vector meson dominance model and the dispersive approach. We show phenomenological
results for inclusive and differential observables which are relevant for precision energy scan
measurements, focusing on the impact of the radiative corrections and the effect of the var-
ious approaches for the treatment of the pion form factor. Our calculation is implemented
in an updated version of the Monte Carlo event generator BabaYaga@NLO, that can be
used for fully exclusive simulations in data analysis.

Keywords: e+e− Experiments, Precision QED, NLO Corrections, Parton Shower
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• NLOPS in sQED

• pion form factor in three approaches
• F×sQED

H. Czyz, A. Grzelinska, J.H. Kuhn, G. Rodrigo, hep-ph/0308312

• GVMD
F. Ignatov and R.N. Lee, arXiv:2204.12235

• FsQED
G. Colangelo, M. Hoferichter, J. Monnard, J.R. de Elvira, arXiv:2207.03495
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Pion Form Factor approaches

• F×sQED: FF out of the loop diagrams, with a scale chosen to guarantee the cancellation of IR singularities
with real radiation

• GVMD: FF as a sum over additional propagators with Breit-Wigner form

FBW
π ≡ 1

ct

nr∑
v=1

cv
Λ2
v

Λ2
v − q2

• FsQED: FF written through its dispersive representation

Fπ(q2) = 1 + q2

π

∫ ∞
4m2

π

q2

π

ds′

s′
ImFπ(s′)
s′ − q2 − iε

Fulvio Piccinini (INFN, Pavia and GGI) BabaYaga@NLO 4 / 20



di-pion final state, angular distribution

ϑavg ≡
1
2(π − ϑ+ + ϑ−)
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35

• NLO corrections of the order of 1 - 10%
• HO corrections in the range 0.1 - 1%

K̃FF =

(
dσFF
dϑavg

)(
dσFactorized

dϑavg

)−1
− 1

Angular distributions
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• pion FF in the loops w.r.t. factorized gives differences on the %

scale for angular distributions

arXiv:2409.03469
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di-pion final state, resonance scan
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di-pion final state: charge asymmetry

AFB
(√

s
)

= σF − σB
σF + σB

The charge asymmetry: accepted version of BabaYaga paper

0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1√
s [GeV]

−0.0025

0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

0.0150A
F

B

Factorised NLO

Factorised NLOPS

GVMD NLO

GVMD NLOPS

FsQED NLO

FsQED NLOPS

CMD3 data

After adding the Principal Value pole, the discrepancy is gone. The two approaches yield to the same results (up
to FF limitations) 41 arXiv:2409.03469

• FsQED and GVMD approaches give very similar predictions
• Relevant differences with the FxsQED approach (for exclusive angular observables)
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WiP: Radiative events

• Target accuracy: NLOPS

• e+e− → µ+µ−γ

• e+e− → π+π−γ (with F×sQED, to start with)

• e+e− → e+e−γ

• i.e.
• exact tree-level simulation of 2→ 3 processes e+e− → Xγ

• exact QED NLO corrections to 2→ 3
• consistently matched to the resummation of additional photons generated exclusively with the parton shower

technique

Fulvio Piccinini (INFN, Pavia and GGI) BabaYaga@NLO 8 / 20
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Validation of the NLO implementation (cfr. with R. Aliberti et al. arXiv:2410.22882)

• e+e− → µ+µ−γ@NLO (KLOE-LA)
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• e+e− → π+π−γ@NLO (KLOE-LA)
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Validation of the NLO implementation (cfr. with R. Aliberti et al. arXiv:2410.22882)

• e+e− → µ+µ−γ@NLO (KLOE-SA)
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• e+e− → π+π−γ@NLO (KLOE-SA)

100

d d
 [

nb de
g]

BabaYaga@NLO 
Phokhara

0 2 4 6 8 10 12 14

 [deg]

0.996

0.998

1.000

1.002

1.004

Ra
tio

Fulvio Piccinini (INFN, Pavia and GGI) BabaYaga@NLO 10 / 20



Validation of the NLO implementation (cfr. with R. Aliberti et al. arXiv:2410.22882)

• e+e− → µ+µ−γ@NLO (BES)
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• e+e− → π+π−γ@NLO (BES)
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Estimate of QED higher orders (PRELIMINARY)

• e+e− → µ+µ−γ@NLO (KLOE-LA)
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Estimate of QED higher orders (PRELIMINARY)

• e+e− → µ+µ−γ@NLO (KLOE-SA)
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Estimate of QED higher orders (PRELIMINARY)

• e+e− → µ+µ−γ@NLO (BES)
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• e+e− → π+π−γ@NLO (BES)
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A preliminary exercise on more exclusive variables for e+e− → µ+µ−γ(γ)

• Event selection:
• at least a detected photon: E∗γ > 4 GeV, 0.35 < θγ < 2.4 rad (LA)
• the photon with the highest energy is tagged as γISR
• charged tracks: p⊥ > 0.1 GeV, 0.4 < θ < 2.45 rad
• mµ+µ− < 1.4 GeV

• Events categorized as NLO events
J.P. Lees et al. (BaBaR Coll.), arXiv:2308.05233

2

initial-state radiation (ISR) technique, from BABAR [4, 5]
and KLOE [6–9]. The result from KLOE lies 2.9σ be-
low that of BABAR in the region of the ρ resonance. Re-
cent results from the CMD-3 experiment [10] with the
energy scan technique lie above both BABAR and KLOE,
exceeding them by 2.2σ and 5.1σ, respectively. This sit-
uation prevents a meaningful update of the aµ prediction
to compare with the new Fermilab measurement [3]. Ten-
sion is also observed with the lattice QCD evaluation [11–
16] of the HVP contribution. The need to clarify these
tensions and improve the precision on aµ calls for further
studies of the different approaches.

In this Letter we focus on higher-order radiative pro-
cesses, likely to affect differently the various ISR experi-
ments, namely the next-to-leading order (NLO) processes
e+e− → µ+µ−γγ and π+π−γγ, and the next-to-next-to-
leading order (NNLO) processes e+e− → µ+µ−γγγ and
π+π−γγγ. Each photon can be emitted from the initial-
state e+ or e−, or a final-state muon or pion (FSR).
Building on our previous work [4, 5], where very loose
kinematical constraints were applied in order to reduce
dependence on simulation, we make improved measure-
ments of the relative contributions of events with two
photons and study their kinematics. We then perform
the first study of events with three photons.

Dataset and simulated samples. The analysis is based
on 424.2 fb−1 (43.9 fb−1) of data [17] collected at the
SLAC PEP-II asymmetric e+e− collider operated at
(and 40MeV below) the Υ (4S) resonance. The BABAR
detector and performance are described in detail else-
where [18, 19], and its response, including the variations
of beam and detector conditions over time, is simulated
with GEANT4 [20].

The two Monte Carlo (MC) generators used in this
analysis are described in Appendix A. Signal processes
e+e− → Xγ(γ), with X = µµ or ππ, are simulated with
Phokhara with ten times the data statistics. Small
samples of these processes are also simulated with the
AfkQed generator. In both cases, one high-energy
photon is generated within the detector angular range.
Phokhara generation is limited to NLO, with up to one
additional ISR or FSR photon emitted with an angular
distribution according to the full NLO matrix element.
AfkQed provides NLO and NNLO simulated samples,
within the approximation that the additional ISR pho-
tons are generated collinear to the beams.

Background ISR processes e+e− → K+K−γ(γ) and
e+e− → Xγ (X = π+π−π0, π+π−2π0, ...) are simu-
lated with Phokhara and AfkQed, respectively. Back-
ground processes e+e− → qq (q = u, d, s, c) are generated
with JETSET [21] and e+e− → τ+τ− with KK2f [22]. As
the models used in the generators for the background pro-
cesses may be unreliable at low multiplicity or do not re-
produce the measured hadronic spectra, data-driven cor-
rections are applied to the MC estimations (Appendix B).
Backgrounds mostly affect the pion channel while they

are very low in the muon channel, mainly from well sim-
ulated ττ events.

Event selection. Radiative events are selected by re-
quiring a detected photon in the laboratory polar-angle
range 0.35 < θ < 2.4 rad, and with a measured energy
E∗

γ > 4GeV in the center-of-mass (c.m.) frame. Exactly
two tracks of opposite charges are required to extrapolate
to the collision region, each with: transverse momentum
> 0.1GeV/c, θ in the range 0.4−2.45 rad, at least 15 hits
in the drift chamber. Events can contain any number
of additional photons and tracks that do not satisfy the
requirements. Detected photons with Eγ > 50MeV and
polar angle in the range 0.35−2.4 rad are retained for the
fits described below. The photon with the highest mea-
sured energy in the c.m. frame is denoted γISR. Events
in which both tracks are tightly identified [19] as muons
(pions) are assigned to the dimuon (dipion) sample. In
the following, the rate of each radiative process is quoted
as a fraction of the total yield in those dimuon and di-
pion samples, respectively. Topologies considered in the
analysis are sketched in Fig. 1.
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FIG. 1: Sketch of measured topologies for the ISR µµγ (or
ππγ) process at NLO and NNLO levels. Tracks and photons
in blue are measured in the detector, undetected photons in
red are assumed to be aligned with a beam.

NLO study. The dimuon and dipion samples are
submitted to two types of kinematic fits to e+e− →
π+π−γISRγ, with one photon in addition to γISR:

– γISRγLA fits: a photon γLA is detected at large an-
gle (LA) to the beam, and its measured energy and
angles are used in a fit.

– γISRγSA fits: an undetected small angle (SA) pho-
ton γSA is approximated as being collinear with ei-
ther beam.

Both NLO fits use the measured γISR energy and di-
rection, and the parameters and covariance matrices of

• p0C = missing momentum, with E∗0c > 200 MeV

• at least an additional
photon with
Eγ > 200 MeV with LA
evt. selection
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Preliminary results of the simulation (I)

• e+e− → µ+µ−γ
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FIG. 3: (a) Distributions of the calculated polar angle θγ0C

for dimuon events with E∗
γ0C

> 0.2GeV in the data (full dots)
and Phokhara (open dots), along with the calculated θγ0C

using MC truth information (dashed histogram). (b) Ratios
of data to Phokhara (full dots) and data to AfkQed (open
dots) distributions of E∗

γ0C
in the energy range below and

above 0.2GeV corresponding to LO and NLO, respectively,
in muon (upper) and pion (lower) samples.

FSR processes are measured using the minimum of the
two angles in the laboratory frame between a track and
the LA photon θmin(trk,γLA) [5]. We observe clear peaks
in the data and MC distributions of this angle below
20◦, due to FSR, over a broad distribution from LA ISR
(Appendix D).

NNLO study. We then perform an NNLO analysis
using three kinematic fits, γISR2γSA, γISRγSAγLA and
γISR2γLA, where two photons are allowed in addition
to γISR. The SA photons γSA are approximated to be
collinear with one of the beams and the LA photons
γLA are measured in the detector. All events undergo
the γISR2γSA fit, with one SA photon along each beam.
Only events with at least one or two additional detected
photons with Eγ > 50MeV enter the γISRγSAγLA and

γISR2γLA fits, respectively. No 2D-χ2 selection is applied,
and events are assigned to the γISR2γSA, γISRγSAγLA or
γISR2γLA sample if the χ2 of that fit is lower than all
others, including the NLO fits.
In all NNLO categories, the background from NLO

events with spurious additional photons is estimated with
the Phokhara sample, after correcting for data and MC
rate differences observed above at LO and NLO levels.
The non-NLO background is very small in the dimuon
samples, but the dipion samples are affected by larger
background from multihadronic ISR processes, especially
those containing a π0. This background is reduced by
BDT (boosted decision tree) selections designed for each
NNLO category (Appendix E). To further reduce back-
ground contributions, the fitted additional photons are
required to pass energy thresholds specific to each NNLO
category. After these selections, the NLO contribution
to the background is dominant in all NNLO muon cate-
gories and pion γISR2γSA. In the pion γISRγSAγLA and
γISR2γLA samples, the multihadronic ISR contributions
dominate but do not exceed 45% of the data. The NNLO
data signal yields are obtained by subtracting both the
NLO contribution and the estimated non-NLO back-
ground.
Significant NNLO signals are found in data in all

γISR2γSA, γISRγSAγLA and γISR2γLA categories. Results
for the most abundant γISR2γSA category are summa-
rized in Fig. 4, requiring E∗

γSA
> 0.2GeV for the most

energetic SA photon and E∗
γSA

> 0.1GeV for the other.
The χ2 distributions and energy spectra of the SA pho-
tons are shown for muons (a), (c) and pions (b), (d).
In both samples, the NLO background (solid/red his-
togram) dominates over the very low non-NLO back-
ground (dashed/blue histogram). The energy spectra of
the SA photons for γISR2γSA signals in data are further
compared to AfkQed predictions, where the AfkQed
NNLO signals are restricted to the events with two SA
photons that satisfy the energy thresholds.
Final results combining NLO and NNLO studies. Fi-

nal results are obtained considering all NLO and NNLO
radiative processes using a feedthrough probability ma-
trix between true and reconstructed categories estab-
lished with the Phokhara and AfkQed samples.
Feedthrough contributions are estimated through an it-
erative procedure to correct for rate differences of each
category in data and MC samples. Feedthrough yields
estimated with AfkQed are corrected to account for its
missing LA-ISR component.
The NLO γISRγSA rates and E∗

γSA
energy distributions

are further corrected for a hidden NNLO feedthrough
of the same size as the open γISR2γSA rate, due to the
additional collinear ISR radiation: while double SA radi-
ation from opposite beams is identified by the γISR2γSA
fit, double SA radiation from the same beam cannot
be distinguished from a single-photon radiation where
the equivalent single photon merges the two γSA ener-
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Preliminary results of the simulation (II)

• e+e− → µ+µ−γ (LA evt. sel.)
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• the same pattern is also found in
data/Phokhara

• γ0C angular distribution
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• k⊥ of the three most energetic photons
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Summary and outlook

• BabaYaga@NLO is a generator for QED processes with NLOPS accuracy

• recent extension to e+e− → π+π−(γ)

• various pion FF parameterizations available in the code
• three different approaches for the inclusion of the pion FF in the calculation

• in progress: simulation of radiative final states µ+µ−γ, π+π−γ, e+e−γ with NLOPS accuracy

• factorized pion FF for π+π−γ

• perspectives:
• provide a tool available for simulation and useful for the estimate of the theoretical uncertainties associated to

th predictions
• other pion FF approaches also for radiative processes
• extension of the code to other interesting processes
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THANK YOU!
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