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The full HVP can be written as an expansion on  ;





                                                                                                                                                                             

αem

ahvp
μ = ahvp

μ [LO] + ahvp
μ [NLO] + … =

𝒪(αem)2

ahvp
μ [LO] +

𝒪(αem)3

(ahvp
μ [NLOa] + ahvp

μ [NLOb] + ahvp
μ [NLOc] + ahvp

μ [NLOd]) + 𝒪(αem)≥4⏞…

= + ( + + + ) + …

HVP as a power expansion Introduction
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∼ 720 × 10−10 ∼ − 20 × 10−10 ∼ 10 × 10−10 ∼ 0.3 × 10−10

Computed as EM corrections to HVP LO

[Previous talk by D. Erb, 14:45]
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(b) (c) (d)



Master formula
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“Generalised” TMR master formula for HVP observables:



ahvp
μ [(i)] = ( αem

π )
2+#Ni

∫
∞

0
dt1…dtm f̃ (i)( ̂t1, …, ̂tm) G(t1) × … × G(tm) i = LO, NLOa, NLOb, NLOc…

f̃ (i)( ̂t1, …, ̂tm) = ∫
∞

0

dω̂2

ω̂2
̂f (i)(ω̂2) ∏

j=1,…,m

4π2

m2
μω̂2 [ω̂2 ̂t2

j − 4 sin2
ω̂ ̂tj

2 ] G(t) = −
1
3 ∑⃗

x∈Λ

3

∑
k=0

⟨jk
em( ⃗x, t)jk

em(0)⟩
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• Best case scenario: there’s a close form solution for these integrals, e.g. LO and NLOc

• Sometimes an analytic solution cannot be found, e.g. NLOa and NLOb : “We need to get creative”

Introduction

m = # of QCD blobs

[S. Kuberski and A. Conigli, 11:25]
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NLOa
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f̃ (NLOa)(t) =
8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (NLOa)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ]


t ≪ 1/mμ

∼ ∑
n ≥ 4

n ∈ even

̂tn

n!
(an + bnπ2 + cn(γE + ln ̂t ) + dn(γE + ln ̂t )2)

E.Balzani, S.Laporta and M.Passera. 2024 Physics Letters B

NLO TMR kernels

Δf̃ NLOa( ̂t ) ≤ 10−8 ∀ ̂t

t ≳ 7 fm
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NLOb
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  where  

t ≪ 1/mμ

∼ ∑
n ≥ 4, m ≥ 0

n ∈ even

̂tn

n!
Mm (anm + bnmπ2 + cnm (γE + ln ̂t) + dnm (γE + ln ̂t)2) M = me/mμ

NLO TMR kernels

Δf̃ NLOb( ̂t ) ≤ 10−8 ∀ ̂t ≤ 4

;   ;  f̃ (NLOb)(t) =
16π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)Fe(ω̂2, M)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] Fl(ω2; m2
l ) = −

8
9

+
β2

3
− ( 1

2
−

β2

6 ) β ln
β − 1
β + 2

β = 1 + 4
m2

l

ω2

t ≳ 7 fm

Some of the computed values for amn
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NLOa&b
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f̃ (NLOa&b)(t) = f̃ (NLOa)(t) + f̃ (NLOb)(t)
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NLOc
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m4
μ

32π4
f̃ (NLOc) ( ̂t, ̂τ) =

̂τ2 ̂t2

4
+

̂t2

̂τ2
+

̂τ2

̂t2
−

1
2 ( ̂t2 + ̂τ2) +

1
6

− 2(1 + γE) + 2 ̂t2(ln ̂τ + γE) + 2 ̂τ2(ln ̂t + γE) + 2 ( ̂t2 − 1) ln ̂t + 2 ( ̂τ2 − 1) ln ̂τ

+[1 − ( ̂t + ̂τ)2] ln( ̂t + ̂τ) + [1 − ( ̂t − ̂τ)2] ln | ̂t − ̂τ | + (
̂t2

6
− 2) K0(2t) + ( ̂τ2

6
− 2) K0(2τ) + (1 −

1
12

( ̂t + ̂τ)2) K0(2( ̂t + ̂τ)) + (1 −
1

12
( ̂t − ̂τ)2) K0(2 | ̂t − ̂τ | )

−( 2 ̂t2

̂τ
+

̂τ
12 ) K1(2 ̂τ) − ( 2 ̂τ2

̂t
+

̂t
12 ) K1(2 ̂t ) +

1
24

| ̂t − ̂τ |K1(2 | ̂t − ̂τ | ) +
1
24

( ̂t + ̂τ)K1(2( ̂t + ̂τ)) + (
̂t2

12
+

̂τ2

4
−

15
16 ) G2,1

1,3
̂t2

3
2

0,1, 1
2

+( ̂τ2

12
+

̂t2

4
−

15
16 ) G2,1

1,3 ̂τ2
3
2

0,1, 1
2

+ ( 15
32

−
1
24

( ̂t + ̂τ)2) G2,1
1,3 ( ̂t + ̂τ)2

3
2

0,1, 1
2

+ ( 15
32

−
1
24

( ̂t − ̂τ)2) G2,1
1,3 ( ̂t − ̂τ)2

3
2

0,1, 1
2

f̃ (NLOc)(t, τ) =
8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] [ω̂2 ̂τ2 − 4 sin2 ω̂ ̂τ
2 ]

NLO TMR kernels
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NLOc
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NLO TMR kernels

f̃ (NLOc)(t, τ) =
8π2

m2
μ ∫

∞

0

dω̂2

ω̂2
̂f (LO)(ω̂2)[ω̂2 ̂t2 − 4 sin2 ω̂ ̂t

2 ] [ω̂2 ̂τ2 − 4 sin2 ω̂ ̂τ
2 ]

Δf̃ NLOc( ̂t, ̂τ) ≤ 10−8 ∀ ̂t, ̂τ

̂τ

̂t
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Isospin splitting Strategy
Gell-Mann matrices allow for an isospin basis 

decomposition:





Observable unavoidably gains intrinsic 
dependencies:


G(t) = G3,3(t) + 1/3G8,8(t) + 4/9Gc,c(t) + …

G(t) = G(t; a, mπ, mK, V) → aμ = aμ(a, mπ, mK, V)

Isoscalar (8,8) and charm (C,C) :





Isovector (3,3) :


aμ(a, mπ, mK, V) HP aμ(a, mπ, mK, ∞) extr. aμ(0,mph
π , mph

K , ∞)

aμ(a, mπ, mK, V) HP&MLL aμ(a, mπ, mK, Vref)
extr. aμ(0,mph

π , mph
K , Vref)

χPT corr. aμ(0,mph
π , mph

K , ∞)

E250 ( )mπ ≈ 130 MeV

The hadronic vacuum polarisation contribution to the muon g-2 at long distances, JHEP 04 (2025) 098
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Window splitting Strategy

f̃(t) = f̃(t)(ΘSD(t) + ΘID(t) + ΘLD(t))
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SD piece: Multiplicative tree level improvement improve continuum limit. Around the region , one expects 
terms  to emerge. These are hard to constrain in the continuum extrapolation.


We proceed with a subtracted kernel: 


        where       


t → 0
∼ a2 ln a2

f̃ (i)( ̂t )ΘSD(t) ⟶ f̃ (i)
sub( ̂t ) = f̃ (i)( ̂t )ΘSD(t) − ΘSD(0)C(i)

4 ( ̂t )( 16π
Q2 )

2

sin4 Qt
4

f̃ (i)( ̂t ) ∼ C(i)
4 ( ̂t ) ̂t4 + 𝒪 ( ̂t6)

LD piece: Signal-to-noise problem and big dependence 
on scale setting. Smoother continuum limit.


Bounding method and spectroscopy analysis to 
mitigate signal-to-noise problem.E250 ( )mπ ≈ 130 MeV

The hadronic vacuum polarisation contribution to the muon g-2: the short-distance contribution from lattice QCD, JHEP 03 (2024) 172

The hadronic vacuum polarisation contribution to the muon g-2 at long distances, JHEP 04 (2025) 098
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Extrapolations Preliminary results
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Relative contributions to central value Preliminary results
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LD piece is blinded 
for all NLO diagrams!
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Conclusion and outlook
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• Methodology for a pure lattice NLO HVP computation through the TMR method.

• Observable seems to be more ‘short-distanced’ than the LO HVP, but has some 

challenges of its own.

• Sub-percentage precision is to be expected after unblinding. Possible to compete and 

compare with data-driven results.


• Statistics dominated result  errstat ≳ errsyst

• Still in need of a ‘full power’ computation of the sub-leading NLOc piece.


• Ongoing study of the benefits an  rescaling can have when setting the scale.

• Isobreaking effects must be included.

• Other small contributions: bottom quark,  charm quenching, top loop …

fπ



Backup slides
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Subtracted Kernel on the NLOa Backup (Strategy)

19

• For ‘LO’ and ‘NLOb’ :  





• For ‘NLOa’ :  


(aa
μ[(i)])

SD
= (aa

μ[(i)])
SD

sub
(Q2) + ΘSD(0)( α

π )
2+#Ni

(
4πmμ

Q )
2

C(i)
4 (Πa(Q2) − Πa(Q2/4))

C(NLOa)
4 =

317
324

−
2π2

9
+

23
27

(γE + ln ̂t )

(aa
μ[(i)])

SD
= (aa

μ[(i)])
SD

sub
(Q2) + ΘSD(0)( α

π )
3 16π2m2

μ

Q2 [ 317
324

−
2π2

9
+

23
27 (γE + ln

mμ

Λ )] [Π(3,3)(Q2) − Π(3,3)(Q2/4)]

+ΘSD(0)
23
27 (

16πmμ

Q2 )
2

( α
π )

3

∫
∞

0
dt ln Λt G(3,3)(t)sin4 Qt

4


C(LO)
4 = 1/9

C(NLOb)
4 =

−1
27

(1 + 4 ln M) +
2M2

3
−

4M3π2

9
+ …

Can be computed to relative “low precision” through pQCD
Massless correlators of vector, scalar and tensor currents in position space at 
orders  and  : explicit analytical results, Nucl.Phys.B 844 (2011) 266-288α3

s α4
s
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Subtracted Kernel on the NLOa Backup (Strategy)
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 terms slowly disappear as  increasesa2 ln a2 1/Q
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Relative contributions to the error Backup (Results)
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NLOc strategy Extra slides
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• Sub-leading contribution so less precision can be accepted.

• No window splitting.


• HP&MLL methods used to correct directly to  volume (no  in between step)


• Must take care of the crossed terms coming form the  product.


Using  :













∞ Vref

G(t) × G(τ)

f̃ (4c)( ̂t, ̂τ) = f̃ (4c)( ̂τ, ̂t )

G(t)G(τ) = G33(t)G33(τ) +
1
9

G88(t)G88(τ) +
16
81

Gcc(t)Gcc(τ) +
2
3

G33(t)G88(τ) +
8
9

G33(t)Gcc(τ) +
8
27

G88(t)Gcc(τ)

Δ [G33G33] = ΔG33ΔG33 + 2G33ΔG33

Δ [G88G88] = ΔG88ΔG88 + 2G88ΔG88

Δ [G33G88] = ΔG33ΔG88 + G33ΔG88 + ΔG33G88

Δ [G33Gcc] = ΔG33Gcc
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Other results Extra slides
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Previous lattice result (Fermilab Lattice, HPQCD, and MILC Collaborations) 





Final 2025 White Paper average


ahvp
μ [NLO]lat = − 93(12) × 10−11

ahvp
μ [NLO]data−driven = {−98.3(4) × 10−11 KNT19

−100.8(6) × 10−11 KNT19/CMD − 3
⟹ ahvp

μ [NLO]WP = − 99.6(1.3) × 1011

The anomalous magnetic moment of the muon in the Standard Model (2025) 

Higher-order hadronic-vacuum-polarization contribution to the muon g-2 from lattice QCD


