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Hadronic contributions

—> >
LO-HVP HLbL

Muon and photon lines, representative diagrams

> >—

The blobs are hadronic contributions: dominate theory uncertainties

There are higher order contributions of both types: known accurately enough
a;]VP = 7045(61) 10~ (LO+NLO+NNLO) (WP25)

atPt = 115.5(9.9) 10~'* (LO+NLO) (WP25)

aj/tPt = 92(18) 10~ (LO+NLO) (WP20)
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Overview

X

Vs g 2
o M2 (qy, g, q3) =

i [ dixdty dz e 0| TR ()15, (i (DI OHO).

o Mo — 34, Ti’“’/\” Mn; Some ambiguity here
SHLbL _
B =
3 1 2 12 B
3372 JoTdE 23 [y drrV1—r? [7TdeyT 5 Ti(E, r0) TH(QF, @3, QF)
@ The I1; are unique and have no ambiguities: useful to compare
@ The T; depend on Q,-2 = —q,-2 at g4 =0 and m,

@ But three scales and one at zero momentum
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Short-distance 1
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2 2 2
Qi, Q5, Q5 all large L
Can be done via OPE in a background field Srarielisaes
1
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Paper Ill: J. Bijnens, N. Hermansson-Truedsson, L. Laub and A. Rodriguez-Sanchez, “The
two-loop perturbative correction to the (g2), HLbL at short distances,” JHEP 04 (2021),
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Short-distance 1: Q?, Q3, Q3 large

ay all

@ Results:

o Lowest order is massless quark-loop
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o Contributions from higher order operators small
e as corrections about -10% (NLO in plot)
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Short-distance 2: Two Q? large

@ Euclidean thus Qf R~ 022 > Q_% and cyclic
@ ldea: two of the currents are close to each other
@ Started in 2003

K. Melnikov and A. Vainshtein, “Hadronic light-by-light scattering contribution to the muon
anomalous magnetic moment revisited,” Phys. Rev. D 70 (2004), 113006
[arXiv:hep-ph/0312226 [hep-ph]].

@ Leading term is axial current: anomaly: many papers discussing it

@ We went to higher order in OPE and gluonic corrections

) Paper 1V: J. Bijnens, N. Hermansson-Truedsson and A. Rodriguez-Sanchez, "Constraints
on the hadronic light-by-light in the Melnikov-Vainshtein regime,” JHEP 02 (2023), 167
[arXiv:2211.17183 [hep-ph]].

@ Paper V: J. Bijnens, N. Hermansson-Truedsson and A. Rodriguez-Sanchez, “Constraints on

the hadronic light-by-light tensor in corner kinematics for the muon g — 2,” JHEP 03
(2025), 094 [arXiv:2411.09578 [hep-ph]].
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Short-distance 2: Two Q? large

/P b2 N
(b) (c) (d) (e)

(a)
@ Do the OPE for two of the four currents

D=3: (93‘367 =a[fyavﬁv”—'ﬂvﬁ a}q’

%
D=4: (’)gf:&yﬁ[ﬁo‘— Do‘}q,

Opf1=F7FS,  Of,=F Fse",
Og‘g,l =GV GVB’ Ogg,z =G Gys g,

@ Now take matrix element with two softer photons

@ D = 3 two formfactors: w; and wt

e D = 4 many more formfactors: consistency conditions to have well defined M;

OF:FXF,
OG:GXG.

LUND

UNIVERSITY

Short-distance
constraints

Johan Bijnens

MV

8/14



New variables

@ Define new variables

., 1 o1
qZE(Q1—Q2)7 Q1,2:iq—§(Q3+Q4)
Q3 = Q1+ @, 0= Q1 — Q2
~—
large

o OPE done in terms of Q for tensor, then Q3 for f; and aELbL
@ Related through
Q2 =+ (@ + 6% - @3)
7 \¥3 702 3
large

e For OPE, gauge invariance in g only perturbative
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OPE and matrix elements

OPE is done in terms of g2 large, g3 = —q1 — g2 small

OPE only depends on g

Matrixelements of OPE given in terms of their Lorentz structure and gs.
Together with Wilson coefficients fixes g3 - § dependence.

Many formfactors in the matrix-elements but to remove kinematic singularities
there are relations

These are satisfied by the perturbative matrix-elements including gluonic
corrections

Must be satisfied in general
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OPE and matrix elements

Lorentz decompose D = 4:

lim o <a(0) {Ba - 5@} 'qu(O)>

qu—0 *

JoK3s 14

MS(p),

6
=2 )

(®)

Cancellation of collinear singularities: Nontrivial relations

D,6
D2 D,1 ps Y@
W = T2We) Twe) — 5

WD:6
D3 _ _~, D1 D5 (8)
W = 2w W —
D4 _ D5
“e) T “e

Some follow from EOM (multiply by g,z3)

In the end only W

Expressions can be found in

D1
8) '

D5 D6 .
W) and W) contribute

Agree with corner expansion of short-distance 1
Only three more formfactors needed

_ wr, ) @F
8r2

wr (8 QF
8m2

| @Brzpavs
1
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Surprise

Sum over all three corners: Q?, Q2 > Q2; Q2,Q2 > Q%; Q2,Q? > Q3
Expand the T; appropriately

Do the integration symmetrically

Use the constraints: all the new form-factors cancel

Very nontrivial. D = 4 contributes but can be written in terms of the two
D = 3 form-factors

Note that this is true for the third Q? small, not only in the perturbative
regime for it.
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Final comment

@ When to use which short-distance?

@ It turns out that the MV perturbative result is quite good even into the region

where all three are similar

@ Q3 is the small one; figure for @1 = Q> = 5GeV and summed over cyclic

points.

@ Check only valid in the fully perturbative regime
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Conclusions and outlook

@ We have solved the problem of the short-distance regime for HLbL

@ Outlook 1: for the all scales large case next order becomes three-loops;
possibly in the rather far future

@ Outlook 2: In the MV case we do expect quark-mass corrections to be small
(at short-distances) but some more work can be done here; quark-mass
corrections in the formfactors at low-energies have already been studied

@ Outlook 3: D =5 in the MV limit has very many operators; not obvious if
needed even for another factor of 2 precision
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