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Dispersive Number for HLbL

➡ We already met the precision goal of  

➡ Tension between data-driven and lattice about 

< 10 %

(1 − 2)σ

[Aoyama et. al., 2020]

aHLbL,disp
μ = 103.3(8.8) ⋅ 10−11

aHLbL,Lat−av
μ = 122.5(9.0) ⋅ 10−11

aHLbL,WP20
μ = 92(19) ⋅ 10−11

[Aliberti et. al., 2025]
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HLbL in soft kinematics

➡ All contributions (S,P,V,A,T) described without spurious kinematic singularities 

➡ Reshuffling of intermediate states relevant to matching on SDCs

[Lüdtke, Procura, Stoffer 2023]

[Colangelo et. al., 2020][Leutgeb et. al. 2019+20+22][Bijnens et. al. 2019+20+21+22+23]
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➡ Pole and rescattering terms contribute to dispersion relations   

➡ Roy-Steiner equation for partial waves and Omnès solution

Subprocess γ*γ → ππ Wμν =
5

∑
i=1

Tμν
i Ai(s, t, u)

[Hoferichter, Stoffer 2023]

hJ(s) = ΔJ(s) + ΩJ(s)
s
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➡ Consideration of left-hand cuts (LHCs), mediation of vector meson resonances  

➡ Leads to a modification the Roy-Steiner equations and the Omnès solution

Subprocess γ*γ → ππ Wμν =
5

∑
i=1

Tμν
i Ai(s, t, u)

hJ(s) = ΔJ(s) + hV,fixed−s
J (s) + ΩJ(s)

s
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ds′￼
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J )(s′￼)sin δJ(s′￼)
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hJ(s) = ΔJ(s) + hV,fixed−s
J (s) +

1
π ∑
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∫
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+ +
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➡ Strategy: Derive Roy-Steiner equations, solve the Omnès problem 

➡ General feature: only S- and D-waves are required for the reconstruction 

➡ To be done: explicit calculation of LHC and pion poles, soft-finite terms

=

= + … =

+ … =

+

+ + …

+ …
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Reconstruction of ππ → ππγ

➡ BTT decomposition split into singular and regular contributions 

➡ Soft-finite terms are dispersively reconstructed

ℳμ =
6

∑
i=1

̂Tμ
i ℳ̂i , ℳ̂i = ℳ̂pole

i + ℳ̂regular
i

[Lüdtke, PhD thesis 2023] [Lüdtke, Procura, Stoffer, 2023][Lüdtke, Procura, Stoffer, JT, ~2025]

ℳ(IJ)
i ∼ P(IJ)

ni
(s) +

s3

π ∫
∞

4m2
π

ds′￼

Im f (IJ)
i (s′￼)

s′￼3(s′￼− s)(s′￼− 4m2
π)

+ (t − terms) + (u − terms)
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➡ Set of amplitudes for definite isospins I and J, labelled by n, can be diagonalized  

➡ Without further assumptions, there are 27 free parameters 

➡ We use asymptotic constraints to reduce their number to 3 

[Lüdtke, Procura, Stoffer, JT, ~2025]
Subtraction constants

ℳ(IJ)
i ∼ P(IJ)
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ℳn
D = Ωn(s)[Pn(s) +

spn

π ∫
∞

4m2
π

ds′￼

s′￼
pn

gn
D(s)sin δn(s′￼)

|Ωn(s′￼) | (s′￼− s) ] , Ωn(s) = exp( s
π ∫

∞

4m2
π

ds′￼

s′￼

δn(s′￼)
s′￼− s )

lim
s→s0<∞

δn(s) = knπ , ∫
∞

4m2
π

ds′￼sin δn(s′￼) → ∫
s0

4m2
π

ds′￼sin δn(s′￼)

Jan-Niklas Toelstede                                                                                        HLbL in soft kinematics, g-2 IJCLab Orsay 12.09.2025                                                                                                           6/7



➡ Set of amplitudes for definite isospins I and J, labelled by n, can be diagonalized  

➡ Without further assumptions, there are 27 free parameters 

➡ We use asymptotic constraints to reduce their number to 3 

[Lüdtke, Procura, Stoffer, JT, ~2025]
Subtraction constants

ℳ(IJ)
i ∼ P(IJ)

ni
(s) +

s3

π ∫
∞

4m2
π

ds′￼

Im f (IJ)
i (s′￼)

s′￼3(s′￼− s)(s′￼− 4m2
π)

+ (t − terms) + (u − terms)

ℳn
D = Ωn(s)[Pn(s) +

spn

π ∫
∞

4m2
π

ds′￼

s′￼
pn

gn
D(s)sin δn(s′￼)

|Ωn(s′￼) | (s′￼− s) ] , Ωn(s) = exp( s
π ∫

∞

4m2
π

ds′￼

s′￼

δn(s′￼)
s′￼− s )

lim
s→s0<∞

δn(s) = knπ , ∫
∞

4m2
π

ds′￼sin δn(s′￼) → ∫
s0

4m2
π

ds′￼sin δn(s′￼)

Jan-Niklas Toelstede                                                                                        HLbL in soft kinematics, g-2 IJCLab Orsay 12.09.2025                                                                                                           6/7

finite



Conclusion

➡ Work in progress for HLbL in soft kinematics 

➡ New insights from individual processes 

- S- and D-waves reconstruct the whole amplitude for  in the soft limit 

- Tailored strategies to handle singular and regular terms  

➡ Assumptions on asymptotic behavior for the soft-finite terms need to be tested 

➡ Goal: Compare general and soft kinematics for 

γ*γ → ππ

γ*γ → ππ
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Thank you for the attention!


