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ai VP from CCS [1706.01139]

aHVP = / Hao(2)Gro(2),  Hao(2) = —OroHa(|2]) + Hz Ha(l2]) + O (20 (12]))

z

Hys(z): Covariant coordinate-space (CCS) kernel (not unique)
Gro(2) = ($™(2)j$™(0))Qep+QED: Vvector-vector correlator of the e.m. vector current

Expand correlator in « around isosymmetric QCD:

Gro(2) =<j§f"(z) 7(0) e

=5 m L Blgt = NG R O + Cr) |
+ O(a2)
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QED corrections to the HVP

HVP NLO
(N =

S @ 60 M G WO EO) + Crn)
XY,z

Pauli-Villars (PV) regulated photon propagator [2209.02149] :
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The connected isospin-violating part [2505.24344]

HVP NLO 38

o / Hao(2)00, [G(x = y)Ip UR(2)i5™ ()15 (¥ )ig (0))acp+Cr(A)

jﬁ(z): Isovector current, jg(z): Isoscalar current

R (I (RO B = — 29 Re[ 2Tr(+ o) 4 Te( M) ]
AMﬁhyS o A_Mf(m(/\) aaEVP,38
<K6+|L_Iu—dd|Kgr> a(my — my)

Cr(n) =
my+mg,ms,go;a=0
Here the charge factor f = 1/36 and AME™® = —3.934 MeV

All calculations are done at the SU(3) symmetric point
— For final result only (2+2)a diagram needs to be added
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The connected isospin-violating part [2505.24344]

" o0
P /0 dly| 1y1> S Hso(2)d0p [G0x — y)]p %

< Re[ 2Tr(~L ) + Tr( (D )

The currents at the x- and
z-vertices can be either local or

VA 0 zZ 0
conserved.
X
Fig. 2.a) Fig. 2.b)
Self-energy diagram 2-Loop diagram
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Gluonless crosscheck

gl ® XcZe ®  XcZl

30 o  XcZec o XcZl 10fe  XcZe o XlZl

8 s o XlZe o XIZl | %= XlZe o XIZ1 |8 Ole XiZe Continuum
&= &= &= 0 A P
== : g3 o X7l prediction
= s —5
‘‘‘‘‘‘‘‘‘ X
0
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a’® in fm? a’® in fm?
Fig. 3.a) Fig. 3.b) Fig. 3.c)
Self-energy 2-Loop Total=2xSE+2Loop

Fit function: fg(a) = co+cra+ ca® + cza®, PV-mass: A =3 my,

Table: The values are given in units of 107!1. The expected value is —7.5 x 10711,

XIZI XcZ| XIZc XcZc
Total -6.90(15) -7.36(16) -7.44(18) -7.56(18)
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QCD calculation
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Fig. 4.a) Fig. 4.b)
Self-energy and 2-Loop Total=2xSE+2Loop

Fit function: fr:(a, myL) = co + c1 3% + o e_m%L, PV-mass: A =16 m,

Continuum values from fit:
Self-Energy: 2-Loop: Total:
—0.63(19) x 10~ 0.99(13) x 10~ —0.25(33) x 10711

10th September 2025 Dominik Erb 7 /13



Results for isospin-violating part at the SU(3); point

1/A% in 1/GeV?
3.58 537 71

0.0 179 717 8.96
12
i
HVP 38 S 1 i
3, (4) (N) —0.249(321)4. mj ;
HVP,38 =
3, (242)a —0.53(17)st. S 4
Cr(N) 11.27(1.24);. (66)gy. ’
HVP,38 0
a VP38 (A)  10.49(1.29).;.(66)sy. 00 0.02 010/4/\2 0(;(; 00801
m IHL
Table: Results for A = 16 m,,. Fig. 5.a)
All values are given in units of 10711, A extrapolation.

2aVP38 = 21.8(2.8)stat(1.4)syst x 107 (M, = My ~ 416 MeV)

10th September 2025 Dominik Erb 8 /13



The (2+2)a contribution [2501.03192]

The (2+2)a contribution is UV finite
= Can take A — o
= No additional counterterms z

e2 -em .em -em .em 24+2)a
e -5 | | Mol Galx — )G RISV (06

$(2)jEm ()M ET O ey = Y CEINAL (2, )M, (y,0))qcp
f.fre{l,s}

ﬁg\a(xa)/) = nf\o(xa)/) - <n§\a(XaY)>QCD
N{,(x,y) = —Re [Tr (D; (v, x)1 D7 ()70
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Phenomenological description

25 o
U
—ay, m7r>mV,ﬂ'aF7r)+ 7(] )(mﬂ'amemnamn/ve)aZ(mnamV,naFn)

2+42)a—Il,model __
a/(A ) - 9 a/t (
50 _+ - Al /
+ 8713;7; " (mm mV,ﬂ') + C7(7/ )(mm mg, My, My, 9)32 (mn’a my ., Fn’)

» PME shows only mild chiral dependence
» Charged pion loop increases drastically when
approaching the physical point

a(Z +2a-Il. 1010

'

PME combined
—_—ntn

(2+2)a,mtm— -3
a,u & mﬂ' 1] —— model combined
—41s
150 200 250 300 350 400
for mPYs < m, < mTSrU(?’) My in MeV
Fig. 6.a)

m, dependence of model
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Approximation of the tail

» Tail of the integrand is reconstructed
from model £ 17 (|x|) + £ ™ (|x|)
for |x| > Xcut

» Integrand for 70,1, (PME) is
calculated analytically with VMD forr
factor

» Shape of 777~
in scalar QED

» Assign 50% of tail contribution as
systematic error

integrand is obtained
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Results of the (24-2)a contribution at the physical point
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Fig. 8.a)
Chiral extrapolation of the (2+2)a contribution.

a2+ = —6.42(89)stat (81)1ail (51 )snite—size(30extra X 10720
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Summary and Outlook

So far:
» Successful calculation of connected diagrams at SU(3) point with CCS method
» Successful calculation of (242)a diagram at physical point
» Exploratory calculations of (24-2)b diagram at physical point [2501.03192]
Outlook:
» Calculations of connected diagrams towards the physical point
» Calculations of additional disconnected diagrams

(4)a (4)b (2+2)a (2+2)b

5@ oo g

fully connected disconnected

D055 8o 5088
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Additional Slides
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The connected isospin-violating Part [2505.24344]

a, PO (N) = —= / o (2)80 [G(x — ) U3 (2)iE™ (x)iE™ (v )2(0)) + Cr(A)

J3(2): lsovector current, j&(z): Isoscalar current

) QI ()(0)) = — 26%) Re[ 2Tr( ) 4 Tr(~(D~ ) ]
AMEYS — AMEM(N)  9alVP3®

Cr(N) = =
N == ddk) a(m,—ma)

my+mg,ms,go;ax=0

Here the charge factor f =1/36 and AME™® = —3.934 MeV
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The Kaon Mass Splitting with a PV Cutoff A (Counterterm)

Ami"(A) = (mg+ — mko)(A)

At SU(3) point only two diagrams contribute:

K \/ K K K
Fig. 10.a) Fig. 10.b)
K1 diagram K2 diagram

Known analytic large distance (elastic) behavior
— Use lattice data only for short distance part
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Computational Strategy

A AN

= oo

10°x f(y;) in 1/fm?

—

0.5

Compute diagrams for different source-sink separation times

Restrict lattice data to short distance part
Extrapolate to infinite separation times and zero lattice spacing
Add long-distance part using the kaon e.m. form factor
Repeat for different PV-masses (A/m,, € [3,5,8,10, 16,20, 32,50, 64])

(Counterterm)

Data limited to y: < 1 fm
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Extrapolation of left data
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Continuum extrapolation
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Large PV-Mass Behavior

Use Operator Product Expansion [2209.02149] to predict divergent terms for A — oc:

3a A Omg
Mg+ — m N)~—log | — 2 _QMym—=— 1
(i~ mio)aen(h) ~ 5 og - ) (03 - QG)m (1)
in GeV A
oo 2n1 31190 s o =Clog <> , C~0.12 MeV
35 HIR
3.0 +
% 25 : :
= Fit function:
220
&= /\ A + ()
=15
] fit(N) = ¢ Clo 2
#(h) = r—+Clog(“=%)  (2)
02 : , Reproduces expected behavior for A — oo and A — 0
10720 30 40 30 60 5
Ainmy, X /DOF Of 0.92
Fig. 12.a)
PV-mass extrapolation
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Light-quark mass Derivative of the Kaon Mass and HVP

Fig. 13.a)
HVP mass insertion

aaHVP 2 )

With the TMR kernel w(x;)

This calculation uses stochastic wall
sources
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~ N

K K

~_,

Fig. 14.a)
Kaon propagator mass insertion

Get matrix element (K+|du — dd|K™)
with constant fit method

Dominik Erb

(Counterterm)

13 /13



Ensembles connected contribution

Id B (5P xL  a[fm] m;[MeV] Mywp [MeV] m L L[fm] 2y
H101 34 323x96 0.08636 416(4) 921(13) 58 2.8 0.71540
B450 3.46 323 x 64 0.07634  415(4) 942(25) 51 2.4 0.72645
H200 355 323x 96 0.06426  416(5) 979(26) 43 21 0.74030
N202 483 x 128 412(5) 952(15) 6.4 3.1
N300 3.7 485 x128 0.04981  419(4) 1001(23) 51 24 0.75912

16 x m,, X agiolr = 0.736
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Ensembles (24-2)a contribution

Id B | N3x Ny [ a[fm] [ mg[MeV]| mg [MeV] [ m.L | L][fm] | #sources | #confs
H101 | 3.4 | 323 x 96 | 0.0849(9) | 424(5) 424(5) 58 | 27 32 182
N101 483 x 128 282(4) 468(5) 58 | 41 48 200
H105* 323 x 96 283(4) 470(5) 39 | 27 64 180
C101 48% x 96 222(3) 478(5) | 46 | 4.1 96 200
$100* 323 x 128 222(3) 478(5) 29 | 27 128 100
B450 | 3.46 | 323 x 96 | 0.0751(8) | 422(5) 422(5) 51 | 24 32 200
N451 483 x 128 291(4) 468(5) 53 | 36 48 200
D450 643 x 128 219(3) 483(5) 53 | 4.8 64 200
H200* | 3.55 | 323 x 96 | 0.0635(6) | 423(5) 423(5) | 44 | 20 32 200
N202 483 x 128 418(5) 418(5) 65 | 3.0 96 200
N203 483 x 128 349(4) 447(5) 54 | 3.0 48 200
E250 963 x 192 132(2) 495(6) | 4.1 | 6.1 192 200
N300 | 3.7 | 483 x 128 ] 0.0491(5) | 425(5) 425(5) 51 | 24 48 200
E300 963 x 192 177(2) 497(6) | 42 | 47 192 200
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Kaon mass splitting values

Nm,  AME™ [MeV]

Nm,  AME™ [MeV]

Nm,  AME™ [MeV]

3 0.432(21)

10 1.153(83)

32 2.224(202)

5 0.678(41)

16  1.562(124)

50  2.778(257)

8 1.001(69)

20 1.726(144)

64  3.154(302)
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Kaon Mass Insertion
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