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Long-standing puzzles in semileptonic decays

• Inclusive determination: B → Xc`ν̄

⇒ Stable against various datasets

• Exclusive decays: B → D(∗)`ν̄,
Λb → Λc`ν̄

⇒ Lattice QCD results are in tension
⇒ Experimental measurement show

various disagreements

Lepton flavour universality

RD(∗) =
B(B → D(∗)τ ν̄)

B(B → D(∗)`ν̄)

• Current discrepancy at the order of
3.3σ

• HFLAV theory prediction has
arithmetic average of various
determinations
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Inclusive decays



Theory framework for B → Xc`ν̄

Double expansion in 1/m and αs

Γsl = Γ0f(ρ)
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+ . . .
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• The coefficients ai, pi, gi, di are known

• µ2
π(µ) = 1

2mB
〈B|b̄v(i ~D)2bv|B〉µ µ2

G(µ) = 1
2mB
〈B|b̄v i2σµνGµνbv|B〉µ

• Efforts ongoing to extract information from Lattice QCD [P. Gambino, S. Hashimoto, ’20]

⇒ Physical results for Ds → X`ν̄ [ETMC, ’25]

⇒ Ongoing efforts for B(s) → Xc`ν̄ [Barone et al., ’23]

• α3
s corrections are known [Fael, Schönwald, Steinhauser, ’20]

• Two ways:
• Hadronic and lepton mass moments
• q2 moments [Fael, Mannel, Vos, ’18, Bernlochner at al., ’22]
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Global fit

mkin
b mc µ2

⇡ µ2
G ⇢3

D ⇢3
LS 102BRc`⌫ 103|Vcb| �2

min(/dof)

without 4.573 1.092 0.477 0.306 0.185 �0.130 10.66 42.16 22.3
q2-moments 0.012 0.008 0.056 0.050 0.031 0.092 0.15 0.51 0.474

Belle II
4.573 1.092 0.460 0.303 0.175 �0.118 10.65 42.08 26.4
0.012 0.008 0.044 0.049 0.020 0.090 0.15 0.48 0.425

Belle
4.572 1.092 0.434 0.302 0.157 �0.100 10.64 41.96 28.1
0.012 0.008 0.043 0.048 0.020 0.089 0.15 0.48 0.476

Belle & 4.572 1.092 0.449 0.301 0.167 �0.109 10.65 42.02 41.3
Belle II 0.012 0.008 0.042 0.048 0.018 0.089 0.15 0.48 0.559

Table 3. Global fit results with and without the q2 moments from Belle/Belle II for µs = mkin
b /2

and µc = 2 GeV. All parameters are in GeV at the appropriate power and all, except mc , in
the kinetic scheme at µk = 1 GeV. The first row shows the central values and the second row the
uncertainties. The first case corresponds to the default fit of [12].
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Figure 4. Results for the central moments including the theory uncertainty bands (green) and the
parametric uncertainty from the results of the fit performed in this paper (blue). The combined
errors are not shown.

moments with q2
cut = {3.0, 4.5, 6.0, 7.5} GeV2. We have checked that the fits are very stable

with respect to the choice of the subset of cuts to be included. We use the correlations
between Belle and Belle II data that were employed in [20].2 We see in Table 3 that there is
excellent agreement among the various fits, with a small downward shift of µ2

⇡ and ⇢3
D (and

consequently of Vcb) with respect to the results of [12]. The uncertainty on ⇢3
D is reduced

significantly, but this reflects in only a small reduction of the final uncertainty on |Vcb| from
5.1⇥10�4 to 4.8⇥10�4. This is mostly due to the relevance of the theoretical uncertainties.
The analogue of Fig. 3 with the parameters resulting from the fit including Belle and Belle
II data is presented in Fig. 4. We observe a clear reduction of the parametric uncertainty,
mostly due to the improved determination of ⇢3

D.
We have performed a number of other fits, changing the scales and selecting different

2We are grateful to the authors of [20] for sharing their covariance matrices.
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[MB, Capdevila, Gambino, ’21, Finauri, Gambino, ’23]
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About QED effects in inclusive decays

Why do we care about QED Effects?

• We want to match the theory description with the experimental measurements
that are always affected by photon emissions

• The MC PHOTOS accounts for QED effects, reporting results which can be
compared with the non-radiative theory predictions

• PHOTOS knows only about real emission and obtains the virtual part by
normalisation

dΓ

dzdx
= F (0)(ωvirtual + ωreal)⇒

∫
dx(ωvirtual + ωreal) = 1

Are virtual correc-
tions under control?
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QED effects for inclusive Vcb
1. Collinear logs: captured by splitting functions

∼ αe
π

log2

(
m2
b

m2
e

)

2. Threshold effects or Coulomb terms

∼ 2παe
3

3. Wilson Coefficient

∼ αe
π

[
log

(
M2
Z

µ2

)
− 11

6

]
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Branching ratio

• The total branching ratio is not affected by large logs due to KLN theorem

• The large corrections are from the Wilson Coefficient and the threshold effects
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Figure 5. Comparison of the complete O(↵) corrections (4.16) to the electron energy spec-
trum (green curve) in b ! ce⌫ and the corresponding LL approximation (red curve). In the former
case also the uncertainty of our numerical phase-space integration is indicated (green band). The LL
approximation using L̄c/e instead of L̄b/e is displayed as well (dotted red curve). See the main text
for additional details.

evaluated at the scale µ. For the input parameters used before, we find

��(1)(µ) =
↵

⇡


ln

✓
µ2

m2
b

◆
+ 5.516(14)

�
, (4.19)

where the coefficient of the logarithm is exact while the quoted numerical coefficient has
as indicated an uncertainty of around 0.3% which is associated to our MC phase-space
integration. Combining (4.2), (4.18) and (4.19), one finds to O(↵) that

�

�(0)g(⇢)
= 1 +

↵

⇡


ln

✓
M2

Z

m2
b

◆
� 11

6
+ 5.516(14)

�

= 1 + 1.43% � 0.44% + 1.32% = 1 + 2.31% ,

(4.20)

where in the second line we have dropped the quoted uncertainty but given the numerical
results of the individual O(↵) terms as well as their sum. The first observation to make is
that the renormalisation scale dependence has cancelled between the O(↵) corrections to the
Wilson coefficient and the virtual contributions to the matrix element

�
cf. (4.2) and (4.7)

�

leaving behind the EW logarithm first computed in [3]. In fact, it is interesting to note that
this logarithm represents about 60% of the total O(↵) correction in (4.20). Comparing the
result (3.6) with (4.20) one furthermore observes that the ⇡2-enhanced terms calculated
in Section 3 provide about 80% of ��(1)(mb), i.e. the complete O(↵) contribution to the
matrix element of (4.1). Hence, the complete O(↵) correction to the total decay width
of b ! ce⌫ is well approximated by the sum of the EW logarithm and the ⇡2-enhanced
threshold effects, which are both scale- and scheme-independent.

The relevant quantities used in the experimental analyses are the branching ratio of
B ! Xce⌫, the electron energy spectrum and its moments with a lower cut Ecut on the

– 15 –

• Large shift of the branching ratio of the same order of the current error on Vcb

• How do we incorporate in the current datasets?
⇒ At the moment possible only for BaBar data
⇒ The global fit changes minimally Finauri, Gambino, ’23

Carvunis, Finauri, Gambino, Jung, Mächler

• Moments are less sensitive because they are normalised

[Bigi, MB, Gambino, Haisch, Piccione, ’23]

Wilson Coefficient Threshold effects
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Exclusive decays



Exclusive b→ c matrix elements

〈Hc|Jµ|Hb〉 =
∑

i

SiµFi
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Exclusive b→ c matrix elements

〈Hc|Jµ|Hb〉 =
∑

i

SiµFi

scale ΛQCD
independent

Lorentz structures

form factor
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Exclusive b→ c matrix elements

〈Hc|Jµ|Hb〉 =
∑

i

SiµFi

Form factors determinations

• Lattice QCD

• QCD SR, LCSR

Form factors parametrisations

• HQET (CLN + improvements)⇒ reduce
independent degrees of freedom

• Analytic properties→ BGL

scale ΛQCD
independent

Lorentz structures

form factor

only points at spe-
cific kinematic points

data points needed
to fix the coefficients

of the expansion
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The z-expansion and unitarity

• in the complex plane form factors are real
analytic functions

• q2 is mapped onto the conformal complex
variable z

z(q2, t0) =

√
t+ − q2 −

√
t+ − t0√

t+ − q2 +
√
t+ − t0

• q2 is mapped onto a disk in the complex z
plane, where |z(q2, t0)| < 1

Fi =
1

Pi(z)φi(z)

ni∑
k=0

aikz
k

ni∑
k=0

|aik|2 < 1

Im(z)

Re(z)

semileptonic

region

subthreshold
resonances

q2min

q2max

q2 = t+

[Boyd, Grinstein, Lebed, ’95, Caprini, Lellouch, Neubert, ’98]

9/24



How to apply unitarity

• Penalty function in the χ2 or likelihood [P. Gambino, M. Jung, S. Schacht, ’19]

χ2 → χ2(aik, a
i
k|data) + wiθ

(
ni∑
k=0

|aik|2 − 1

)
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How to apply unitarity

• Penalty function in the χ2 or likelihood [P. Gambino, M. Jung, S. Schacht, ’19]

χ2 → χ2(aik, a
i
k|data) + wiθ

(
ni∑
k=0

|aik|2 − 1

)
• Dispersive Matrix Method [M. Di Carlo, G. Martinelli, M. Naviglio, F. Sanfilippo, S. Simula, L. Vittorio, ’21]

[G. Martinelli, S. Simula, L. Vittorio, ’21,’23]

6

At this point, we introduce the matrix

M ⌘

0
BBBBBBBBB@

h�f |�fi h�f |gti h�f |gt1i · · · h�f |gtN i
hgt|�fi hgt|gti hgt|gt1i · · · hgt|gtN i
hgt1 |�fi hgt1 |gti hgt1 |gt1i · · · hgt1 |gtN i

...
...

...
...

...

hgtN |�fi hgtN |gti hgtN |gt1i · · · hgtN |gtN i

1
CCCCCCCCCA

. (6)

Since the variable z can assume only real values in the allowed kinematical region, M

can be expressed in a simpler way through the Eqs. (3) and (5) as

M =

0
BBBBBBBBBBBBBBBBB@

� �f �1f1 �2f2 ... �NfN

�f 1
1�z2

1
1�zz1

1
1�zz2

... 1
1�zzN

�1f1
1

1�z1z
1

1�z2
1

1
1�z1z2

... 1
1�z1zN

�2f2
1

1�z2z
1

1�z2z1

1
1�z2

2
... 1

1�z2zN

... ... ... ... ... ...

�NfN
1

1�zNz
1

1�zNz1

1
1�zNz2

... 1
1�z2

N

1
CCCCCCCCCCCCCCCCCA

. (7)

In this expression, �ifi ⌘ �(zi)f(zi) (with i = 1, 2, ...N) represent the known values of

the quantity �(z)f(z) corresponding to the values zi of the kinematical variable z. In

order to use a compact notation let us indicate z and the corresponding unknown values

of �f as z0 and �0f0 ⌘ �(z0)f(z0), respectively, so that the index i now runs from 0 to

N .

The positivity of the determinant of this matrix allows to compute the lower and

the upper bounds for the FF of interest. We rephrase the condition detM � 0 into an

inequality that interests the quantities in the r.h.s. of the Eq. (7). For the details of the

computation, see the Appendix A of [40]. One finds that

� �p
�  f0  � +

p
� , (8)

detM > 0⇒ β −√γ ≤ f0 ≤ β +
√
γ
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How to apply unitarity
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In this expression, �ifi ⌘ �(zi)f(zi) (with i = 1, 2, ...N) represent the known values of

the quantity �(z)f(z) corresponding to the values zi of the kinematical variable z. In

order to use a compact notation let us indicate z and the corresponding unknown values

of �f as z0 and �0f0 ⌘ �(z0)f(z0), respectively, so that the index i now runs from 0 to

N .

The positivity of the determinant of this matrix allows to compute the lower and

the upper bounds for the FF of interest. We rephrase the condition detM � 0 into an

inequality that interests the quantities in the r.h.s. of the Eq. (7). For the details of the

computation, see the Appendix A of [40]. One finds that

� �p
�  f0  � +

p
� , (8)

• Bayesian inference [J. Flynn, A. Jüttner, T. Tsang, ’23]

14

TABLE IX. Input masses for the BGL z fits. Values are in
GeV [50]. The superscript † indicates, where the isospin-
averaged mass has been taken.

MB MBs M⇡ MK M+
B⇤(0+)

5.27950† 5.36682 0.138039† 0.495644† 5.32471

originally proposed by BGL [84] needs to be modified.
This is similar to the situation discussed in Refs. [91–94],
but note some di↵erences in notation in those papers, in
particular our use of t⇤ and t+ for the locations of the
B⇡ and BsK production thresholds, respectively. The
step function ✓z achieves this by restricting the integra-
tion over the unit circle to the relevant arc. Let us now
define the inner product

hzi|zji↵ =
1

2⇡

↵Z

�↵

d�(zi)⇤zj |z=ei� ,

=

8
><
>:

sin(↵(i� j))

⇡(i� j)
i 6= j

↵

⇡
i = j

(37)

on the arc [�↵, +↵] of the unit circle. When the
inner product is defined over the entire unit circle,
[�⇡, +⇡], the monomials zi are orthonormal, hzi|zji⇡ =
�ij . In that case the unitarity constraint Eq. (36) be-
comes

P
i |aX,i|2  1. With the restriction to the arc

[�↵BsK , +↵BsK ], the modified BGL unitarity constraint
developed in [95] is

X

i,j�0

a⇤
X,ihzi|zji↵BsK

aX,j ⌘ |aX |2↵BsK
 1 , (38)

where we have defined |aX |2↵BsK
to mean the quadratic

form on the left-hand side.

B. Extrapolation to q2 = 0

To extrapolate our results to the full physical range
of q2 we start from the results for f+ and f0 listed in
Tab. VII, with statistical and systematic errors and cor-
relations given in Tab. VIII, added in quadrature. In-
put parameters for the z fits are summarized in Tab. IX.
We use the short-hand vector notation f = (f+, f0)

T for
the vector and scalar form factors at the kinematical ref-
erence points, and denote the corresponding covariance
matrix by Cf . We fit the data to a z-parameterization
of Eq. (34), subject to the unitarity constraint Eq. (38)
and the kinematical constraint f+(0) = f0(0).

In the Bayesian-inference strategy for fitting form fac-
tors developed in Ref. [95] the unitarity constraint is im-
plemented as a flat prior, which acts as a regulator for
the fitting problem. In contrast to frequentist fits, this
allows us to determine the parameters of a BGL parame-
terization to arbitrarily high order, removing errors from
truncating the power series in z in Eq. (34).

The Bayesian-inference problem of determining the
BGL parameters a = (a+,a0)

T and functions g(a) of
them amounts to computing expectation values

hg(a)i = N
Z

da g(a)⇡(a|f , Cf )⇡a , (39)

where N is a normalization constant. As prior knowledge
on the form factor we use only the unitarity constraint
expressed in terms of the distribution

⇡a / ✓
⇣
1� |a+|2↵BsK

⌘
✓
⇣
1� |a0|2↵BsK

⌘
, (40)

which essentially limits the integration range in Eq. (39).
The conditional probability density for the parameter a
given the fit model and data is

⇡(a|f , Cf ) / exp

✓
�1

2
�2(a, f)

◆
, (41)

where

�2(a, f) = (f � Za)T C�1
f (f � Za) . (42)

Following Ref. [95], the matrix Z consists of diagonal
blocks

(ZXX)ij =
zj

BX(q2
i )�X(q2

i , t0)
, (43)

where XX is either ++ or 00, for the vector and scalar
form factors, respectively. The o↵-diagonal blocks, which
implement the kinematical constraint f+(0) = f0(0) are

(Z+0)ij =0 ,

(44)
(Z0+)ij =

1

z(0; t⇤, M2
B⇤)�+(0)

�0(0)

�0(q2
i )

zj(0) .

The integral in Eq. (39) can be performed by
Monte Carlo, which corresponds to drawing multi-variate
normal-distributed pseudo-random numbers. An e�cient
algorithm and an implementation in Python are pre-
sented in Refs. [95, 96]. The results presented here are
based on 2000 samples.

Figure 8 shows the results of z-fits to our Bs ! K`⌫
data, with numerical values for the fit parameters in ta-
ble X.

For the discussion of the results it is also worthwhile,
in parallel, to have a look at the first data column of
Tab. XI, which shows the result for the form factor ex-
trapolated to q2 = 0. For both the coe�cients a and
f+(0) we find significant variation in both error and cen-
tral value when increasing the order of the z expansion
from K+,0 = 2. We find stable central values and errors
for K � 3. Higher-order coe�cients can be added to the
fit (the tables show results up to K+,0 = 10), whereby the
errors on the significantly-determined lower-order coe�-
cients and also the result for f+,0(0) remain stable, and
the higher-order coe�cients are compatible with zero.

detM > 0⇒ β −√γ ≤ f0 ≤ β +
√
γ

contains the lattice χ2

θ(1− |a|2)
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B → D∗ from lattice away from zero recoil
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• Are these results compatible with
each other?

• Are they compatible with
experimental data?

[2304.03137]

[2306.05657]

[2105.14019]
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New B → D∗`ν̄ Belle and Belle II data

d’Agostini bias [? ]. Comparing the results of both the “lat” and “lat+exp” analyses allows

for testing the SM in a comprehensive way. Indeed, similar to [? ? ? ? ? ], we sometimes

observe that theory predictions show unexpected behaviour, and also, that results based

on di↵erent experimental data in some cases lead to conclusions that are at tension. We

analyse how this a↵ects the phenomenological predictions, and where deemed necessary,

attach a corresponding systematic error.

In what follows we first summarise the SM expression for the di↵erential decay rate of

B ! D⇤`⌫̄` decays, as well as the BGL ansatz. We then discuss the two fitting strategies

and results for the BGL parameterisations in Sec. 3 and 4, respectively. In the remaining

two sections we discuss the results for phenomenology and our conclusions.

2 Anatomy of B ! D⇤`⌫̄` decays

We briefly introduce the expression for the di↵erential decay rate for the process B ! D⇤`⌫̄`
in terms of hadronic form factors. Following that we discuss the model-independent pa-

rameterisation of the form factors, which are at the core of this study.

2.1 Di↵erential decay rates and hadronic form factors

The semileptonic B ! D⇤`⌫̄` decay, with the subsequent D⇤ ! D⇡ decay, is described

by four kinematic variables. First is q2, the square of the four-momentum transfer qµ =

(pB � pD⇤)µ, where pB and pD⇤ are the four-momentum of the B and the D⇤ meson,

respectively, or equivalently the hadronic recoil

w =
M2

B + M2
D⇤ � q2

2MBMD⇤
. (2.1)

Second, there are three angles ✓`, ✓v and � that describe the geometry of the decay.1 The

expression for the di↵erential decay rate in the SM in the limit of massless leptons in terms

of these kinematic variables is

d�

dwdcos(✓`)dcos(✓v)d�
=

3G2
F

1024⇡4
|Vcb|2⌘2

EW MBr2
p

w2 � 1q2

⇥
�
(1 � cos(✓`))

2 sin2(✓v)H
2
+(w) + (1 + cos(✓`))

2 sin2(✓v)H
2
�(w)

+ 4 sin2(✓`) cos2(✓v)H
2
0 (w) � 2 sin2(✓`) sin2(✓v) cos(2�)H+(w)H�(w)

� 4 sin(✓`)(1 � cos(✓`)) sin(✓v) cos(✓v) cos(�)H+(w)H0(w)

+ 4 sin(✓`)(1 + cos(✓`)) sin(✓v) cos(✓v) cos(�)H�(w)H0(w)
 

where H0, H± are the hadronic helicity form factors defined in QCD. For massive charged

leptons, an additional form factor contributes, which we denote with HS . For the discussion

1Following [? ], ✓` is the angle between the direction of movement of the charged lepton and the

direction opposite the movement of the B meson in the W rest frame, ✓v is the angle between the direction

of movement of the D0 in the D0 � ⇡ pair resulting from the decay of the D⇤, and the direction opposite

to the B meson in the D⇤ rest frame. The angle � is the angle between the two decay planes defined by

the charge-neutral lepton pair and the D0 � ⇡ pair, respectively, in the B rest frame.
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• Between 7 to 10 bins per
kinematic variable
• Available on HEPData with

correlations
• Angular observables

analysis are available, data
just newly released
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Figure 2.3: [B → D∗ℓν decay geometry] Geometry of B → D∗ℓν decays.

The differential decay rate is given by

dΓ(B→D∗ℓν)
dwdcosθV dcosθℓdχ

=
3G2

F

4(4π)4
|Vcb|2mBm2

D∗
√

w2 − 1(1 − 2wr + r2)×

[(1 − cosθℓ)
2sin2θV |H+(w)|2

+(1 + cosθℓ)
2sin2θV |H−(w)|2

+4sin2θℓcos2θV |H0(w)|2

−4sinθℓ(1 − cosθℓ)sinθV cosθV cosχH+(w)H0(w)

+4sinθℓ(1 + cosθℓ)sinθV cosθV cosχH−(w)H0(w)

−2sin2θℓsin
2θV cos2χH+(w)H−(w)]

where Hi(w) are called the helicity form factors. These form factors are related to

another set of form factors, hV (w), hA1(w), hA2(w) and hA3(w), as follows.

Hi = −mB
R(1 − r2)(w + 1)

2
√

1 − 2wr + r2
hA1(w)H̃i(w) (2.19)

where H̃i(w) are given by

H̃±(w) =
√

1−2wr+r2

1−r

(
1 ∓

√
w−1
w+1

R1(w)
)

H̃0(w) = 1 + w−1
1−r

(1 − R2(w))
(2.20)
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Fits to Lattice and Experimental data
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• Good fit quality for fits to
LQCD data or LQCD +
experimental data

• Adding experimental data
reduces the uncertainties,
especially at large w

• Especially for F1 and F2, the
shape changes between two
datasets

[MB, A. Jüttner, ’24]

for similar results see also Martinelli, Simula, Vittorio, ’23
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|Vcb| extraction
or � to the range that corresponds to the experimental bin i, which in turn allows to

compute
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
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, where �exp =
B(B0 ! D⇤,�`+⌫`)

⌧(B0)
,

for each bin (see Tab. 9 for experimental input), where we define �0 = �/|Vcb|2. A final

result can then in principle be obtained as the result of a constant correlated fit over all

results for |Vcb|↵,i. In practice however, we often find that such fits have acceptable p values

only after dropping bins, or, the fit result does not appear to represent the data well, an

artefact that could be due to d’Agostini bias [? ]. Similar problems were also encountered

in other studies [? ? ? ? ]. In order to mitigate these problems we propose to determine

|Vcb| in two alternative ways, namely, by first computing correlated constant fits to all

possible (in terms of fit quality, such that 0.05  p  0.95)

a) subsets {i} of at least two bins in a given channel ↵,

b) subsets {↵, i} of at least two bins chosen from any channel ↵,

and then combining them weighted by the Akaike-information criterion (AIC) [? ? ] (see

[? ? ? ? ? ] for other recent uses or discussions of the AIC). Contrary to the analysis

in [? ], no PDG inflation [? ] of the error at intermediate steps of the analysis is required

and only good fits enter the final result. The AIC weight factor for a given set {↵, i} is

w{↵,i} = N�1 exp

✓
�1

2
(�2

{↵,i} � 2Ndof,{↵,i})
◆

, where N =
X

sets {↵,i}
wset , (3.5)

where �2
{↵,i} is the correlated least-squares sum of the constant fit over |Vcb| results for set

{↵, i}, and Ndof,{↵,i} is the corresponding number of degrees of freedom. The central value

and error are then given as
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X
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wset|Vcb|set (3.6)

and

�|Vcb| =
�
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respectively. The first term under the square-root corresponds to a systematic error from

the variation of results under the AIC averaging, while the remaining terms correspond to

the standard expression for the variance.

3.2 Fit strategy two: “lat+exp”

Contrary to the strategy of the previous section, the simultaneous fit imposes the SM shape

on the experimental data as well as unitarity bounds. The “lat+exp” strategy discussed in

this section is, however, still interesting, since it provides complementary information for

the search for NP. For su�ciently high precision of the lattice and experimental data, the
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Exclusive Vcb from total branching fraction
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• Shape information shifts the total
branching fraction prediction

Thanks to C. Schwanda
for the averages!

MB, A. Jüttner, ’23 + WIP
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Exclusive Vcb close to zero-recoil
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B factories: |Vcb| = 40.07± 0.86

LEP: |Vcb| = 42.37± 1.09

B factories: |Vcb| = 41.24± 1.15

LEP: |Vcb| = 43.60± 1.35

MB, A. Jüttner, ’23 + WIP
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|Vcb| - Summary
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Figure 7. |Vcb| results obtained from the analyses in this paper and comparison with the literature

(top). The results from the AIC analysis based on the w di↵erential decay rate are shown in stronger

colours. The blue band corresponds to our nominal result as in Eq. (5.1), where we employ the

results from the w distribution for the combined fit to all LQCD data sets and the HFLAV 24

experimental average. The dashed vertical lines are shown only to guide the eye.

And hence, as far as |Vcb| is concerned, the SM assumptions entering the BGL fit are

compatible with the shape of the di↵erential decay rates.

5.1.3 Discussion

The central result for |Vcb| in this paper, Eq. (5.1), is shown as vertical blue band in Fig. 7.

At the top of this scatter plot we also show results from other analyses of both exclusive

and inlcusive decays. The dispersive-matrix analyses in [30–34] are close in spirit to ours, in

that both apply the unitarity constraint within the dispersive-matrix approach. The work

in [33], which on top of Belle 23 and Belle II 23 also includes the earlier Belle data set [43],

and is the most recent in a series of papers [30–32], leads to a result that is fully compatible

with ours. Their analysis within the “lat” approach includes results from all three lattice

collaborations, and for di↵erential decay rates for all channels w, cos ✓`, cos ✓v and �. In

– 21 –

• Residual 2σ difference with inclusive

• The AIC produces slightly larger uncertainties, overall all results are quite
consistent

[MB, A. Jüttner, ’24]
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B(K+ → π+νν̄) ∝ |λts|2 λts ≡ λ|Vcb|2
[
(ρ̄− 1)

(
1− λ2

2

)
+ iη̄

(
1 +

λ2

2

)]
+O(λ4)
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B(K+ → π+νν̄) ∝ |λts|2 λts ≡ λ|Vcb|2
[
(ρ̄− 1)

(
1− λ2

2

)
+ iη̄

(
1 +

λ2
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)]
+O(λ4)

inclusiveexclusive
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B(K+ → π+νν̄) ∝ |λts|2 λts ≡ λ|Vcb|2
[
(ρ̄− 1)

(
1− λ2

2

)
+ iη̄

(
1 +

λ2

2

)]
+O(λ4)

B(K+ → π+νν̄)SM = (8.09± 0.63)× 10−11

B(KL → π0νν̄)SM = (2.58± 0.30)× 10−11
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Comparison with experimental data
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• Fit to HPQCD and FNAL/MILC
misses experimental points

• BGL fit to experimental and lattice
data has p−value ∼ 18%

• BGL coefficients shift of a few σ
between using or not experimental
data

FNAL/MILC + HPQCD +HFLAV

JLQCD +HFLAV

[MB, A. Jüttner, ’24]
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The Heavy Quark Expansion in a nutshell

The HQE exploits the fact that the b and c quarks are heavy

• Double expansion in 1/mb,c and αs

• The HQE symmetries relate B(∗) → D(∗) form factors

• At 1/mb,c drastic reduction of independent degrees of freedom

With current precision we know we have to go beyond the 1/mb,c order and we use
the following form

Fi =
(
ai + bi

αs
π

)
ξ +

ΛQCD

2mb

∑
j

cijξ
j
SL +

ΛQCD

2mc

∑
j

dijξ
j
SL +

(
ΛQCD

2mc

)2∑
j

gijξ
j
SSL

• Total of 10 independent structures to be extracted from data

• We use the conformal mapping q2 7→ z(q2) to include bounds and have a
well-behaved series
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What happens in HQET?
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[MB, N. Gubernari, M. Jung, D. van Dyk, ’25]
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An example: AFB
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• Using different datasets
results in different theory
predictions

• Current experimental
measurements still use
larger bins
⇒ These effects are less

evident in wider bins
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Impact on lepton flavour universality
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• Various predictions all agree
within the 1σ range
• For BJ we apply a

systematic error to account
that all central values from
the 3 LQCD collaborations
are covered
• BGJvD has smaller

uncertainties due to the
correlations in the HQET
framework and the inclusion
of B → D data
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Where do we stand and where do we go next?
Experimental data
• New measurements of inclusive and exclusive branching fractions

• New shape measurements at LHCb

• Where are the differences between Belle and Belle II coming from?

Theory
• For inclusive decays, lattice has started, and results will come

• For exclusive decays, we can try to validate the LQCD results a posteriori, but
major or new reanalyses are needed
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Where do we stand and where do we go next?
Experimental data
• New measurements of inclusive and exclusive branching fractions

• New shape measurements at LHCb

• Where are the differences between Belle and Belle II coming from?

Theory
• For inclusive decays, lattice has started, and results will come

• For exclusive decays, we can try to validate the LQCD results a posteriori, but
major or new reanalyses are needed

⇒ Unitarity fits without inputs on Vcb
and Vub predict very specific values

⇒ Direct determinations cannot be
superseded, but maybe we can use
this as a guideline to focus on
specific issues

Courtesy of M. Bona
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Unitarity Bounds

• If q2 � m2
b we can calculate Π(q2) via perturbative techniques⇒ χ(0)

• Dispersion relations link Im
(
Π(q2)

)
to sum over matrix elements

jµ jν

q̄′

q

= i
∫
d4x eiqx〈0|T

{
jµ(x), j†ν(0)

}
|0〉 = (gµν − qµqν)Π(q2)

∑
i

|Fi(0)|2 < χ(0)

[Boyd, Grinstein,Lebed, ’95

Caprini, Lellouch, Neubert, ’97]

• The sum runs over all possible states hadronic decays mediated by a current
c̄Γµb

• The unitarity bounds are more effective the most states are included in the sum

• The unitarity bounds introduce correlations between FFs of different decays

• Bs → D
(∗)
s decays are expected to be of the same order of Bu,d → D

(∗)
u,d decays

due to SU(3)F simmetry
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Comparison with DM
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[G. Martinelli, S. Simula, L. Vittorio, ’23]
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Results from the DM method
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⇒ similar behaviour as we observe

[G. Martinelli, S. Simula, L. Vittorio, ’23]
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Posterior distribution

FNAL/MILC 21 HPQCD 23 JLQCD 23
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• Small shifts between lattice only and lattice + data

• Higher order coefficients well constrained by unitarity

• aF2,2 has a strange behaviour, maybe kinematic constraints?

lat

lat+exp

[MB, A. Jüttner, ’24]
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