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® Introduction and Theory Background
® One-Threshold Conformal Variable ¢
® Two-Threshold Conformal Variables ¢ and v
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® Conformal series expansions have been used for decades to describe
form factors

® Many improvements have been made along the way

® They are fairly simple and fulfil fundamental physical principles such
as analyticity

® Could become a great tool for experimental analyses, where e.g.
Breit—-Wigner parametrisations are still widely used

® We present new conformal variables that take even more analytic
structures of form factors into account
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® Scattering amplitudes are the probability N p
amplitudes of a certain scattering process @
® They depend on all three Mandelstam R .
variables , .

~y e ® Interactions of hadrons with electroweak
@ currents are described by form factors

. ¢ Depend on one Mandelstam variable (=s)
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® Holomorphic functions except for cuts (M(s+ie, t,u) # M(s—ie, t, u))

¢ Discontinuity when intermediate state becomes available (unitarity)

7T+ 7T+ ’IT+
’ N 7T+ ’
e N PN 4
Y e
disc ~ = at s > 4M?
N /, S--- \\
N ’ P N
T T T T
T Lol
AY d
® Can be decomposed into partial waves tj(s) NS
® |ntermediate states also possible in the crossed ,'\
- "t
channel T
® Corresponds to s <0 ,\
e Y
=» Leads to a left-hand cut g -
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® Holomorphic functions except for right-hand cuts starting at certain
thresholds

Tt Ll
d
e

Tt ,
- 7’
. - ~ v
. v Y 4
dISC ~
N
N ~ - A
N - - N

N T A

™ ™

=¥ disc Fj(s) ~ 2io(s)Fj(s)t;(s)

® From there analytic continuation to the second sheet

76 = T i)t
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FJ-“(S) —

O]
14 2io(s)tj(s)

® On the second Riemann sheet there can be resonance poles

® Inherits (left-hand) cuts from partial waves t;(s) in the analytic
continuation!

®

Im(s)

S+

Sin

Im(s)

Re(s)

physical sheet

Improved Conformal Parametrisations

Re(s)

unphysical sheets
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* Angle preserving (magnitude and orientation)*
® Biholomorphic mappings are always conformal (fulfil f'(z) # 0)
e Can map all relevant analytic structures to the same plane

An example:

2(s) = VSt —S— V5t — %
CVsE—s+sE— %

Im(z)

® Relevant analytic structures all
in the same plane (resonance
poles etc.)

e Can use it for series expansions

Re(z)

' [1, 2] Ablowitz, Fokas 2003; Caprini 2019
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® We can perform series expansions with explicit resonance poles to

improve rate of convergence'
- 1 n B
F(s) = > brz(s)k,
(2(s) = 2,)(2(s) — ) =
5 | Im(Q(s))
—— Fitinz,n=3 .

o e Re(QX(s)) ® Works really well for the pion
3 — Fitinzn=3 vector form factor

® Reproduces analytic structures
correctly

FH(s)

® Can be used to extract e.g.
pole parameters

-1

-2

00 05 10 15 20 25
s[GeV?]

! [3] Kirk et al. 2025
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e Fit results can be improved if
left-hand cut is taken into

account

e Can modify z(s) by applying it

twice:

C(S; 5+, ZO)

¢(s)

= —2z(z(s: s+, %), 2L, 20)

with s =s_and zz =1
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151

1.0

0.5 1

Im(Q)

0.0 7

Im(Q)

3 RHC +ie
| == RHCs
m— HCsS

0.5 1.0 15 20

0.0 0.0
Re(¢) Re(?)

0.5 1.0 15 2.0 =15 -1.0 -0.5

Sheet | and Il now both inside the unit circle, no cuts left inside
Sheets behind LHC open on the outside
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® Create pseudo-data from theoretical — s

— Re(Q(s))

methods as a test 15 — m(a(s)

¢ Test for ¢ from (modified) inverse

amplitude method (IAM) phases &
used as input for an Omnes function
2l(s)
® Cases | = 0, L =0and | = 1, [ =1 000 025 050 075 100 125 150 175 200

s[GeV?]

P S
(7 (p1)7 (p2)|(Gu + dd)/2]0) = m’:o(s)

u

(m* (p1)m (p2)| (Tyuts — d,,d)/2|0) = (p1 — p2),uFi ()
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® Fit series expansion to the pseudo-data for both z and ¢

® Lineshape is described really well
® From this alone both fits are indistinguishable

1.75 6
s Re(Q§(s)) 5 e Re(Qk(s))
1.50 — Fiting,n=3 —— Fiting,n=3
,,,,, Fitinz,n=3 4 ----- Fitinz,n=3
1.25 Im(QY(s)) Im(Qk(s))

—— Fiting,n=3
Fitinz,n=3

Fl(s)

—— Fiting,n=3
Fitinz,n=3

0.0 0.5 1.0 15 2.0 2.5 3.0 35 -3 0.0 0.5 1.0 15 2.0 25 3.0 35
s[GeV?] s[GeV?]
. . 2 .
fit range: s € [0, 1] GeV fit range: s € [0,1.2] GeV?
.13
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175

1.50

1.25

1.00

8(s)

> 0.75

F

0.50

0.25

0.00

n X [107°] V35 [GeV] |gonx| [GeV]  arg(gonn) [°]  I€oqal [GeV]  arg(goqa) [°]
exact - - 0.4515 — 0.2266  2.895 —66.07 0.100 ~12.76
3 67.8  04511-0.2216/  2.814 —66.59 0.098 ~13.34
z 4 145 04493022677 2912 —67.01 0.101 ~13.60
5 102 04498 —0.2275/  2.926 —66.79 0.101 ~13.37
3 143 0451402260/  2.886 —66.16 0.100 ~12.86
¢ 4 0018 04514—0.2266/  2.898 —66.13 0.100 ~12.82
5 0013 04514-02267/  2.898 ~66.10 0.100 ~12.79

s Re(QY(5))
— FitinZ,n=3
————— Fitinz,n=3
Im(@3(s))
—— FitinZ,n=3
Fitinz,n=3

0.0 0.5 1.0 15

2.0 25 3.0

s[GeVv?]

3.5

® Resultsfor I =0,L=0

® Exact values calculated

directly from the mIAM

* Fit range: s € [0,1] GeV?

e Extract couplings from pole

residues
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nox? [10_6] VS [GeV] |8onn|  arg(gonr) [°]  lgpy|  are(gpy) [°]
exact - - 0.7614 — 0.0755/  6.039 —6.95 5498  —3.83
3 2619 07617 —0.0752i 6.018 673 5502  —3.88
z 4 574  0.7616—0.0755/ 6.037 —6.80 5494  —3.88
5 153 0.7615—0.0756/ 6.044 688 5491  -3.85
3 223 0.7613—0.0755i 6.041 705 5495 377
¢ 4 165  0.7614—0.0755/ 6.040 696 5494  —3.82
5 0266  0.7614—0.0755/ 6.039 695 5495  —3.82
6
s e Re(Ql(s))
® Resultsfor I=1,L=1 — ftntn=
7% EE | (O itinzn =
e Exact values calculated e
- —_ Fitinz,n=3
directly from the 1AM z
w
* Fit range: s € [0,1.2] GeV?
[}

residues

Extract couplings from pole
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® In ¢, we can also reconstruct the partial-wave amplitude from fits to

the form factor

® Left-hand cut already reproduced fairly well, not possible in z

)

o 1 _ FI(S)
()= %9 (1 Fu(s)

o 0.5
g
s Re(tmiaw(s) =
—— FitinZ,n=3
————— Fitinz,n=3
IM(tmiam(s))
—— Fitin{,n=3 -0.5
————— Fitinz,n=3

fit range: s € [0,1
"~ NienkeBalz

e Re(tmiam(s))
—— FitinZ,n=3
Fitinz,n=3
Im(tmiam(s))
—— Fitin{,n=3
Fitinz,n=3

4 6 8

] GeV?
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s[GeVv?]

fit range: s € [0,1.2] GeV?
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® Also works vice versa: fit to the amplitude directly and reconstruct
F(s) (norm needs to be fixed)

® |eft-hand cut is described even better

® Reconstructed form factor reproduced very accurately

1.0 1.4 e Re(QY(S))
— Fitin{,n=3
05 12 Im(Q§(s))
0.04 1.0 Fiting,n=3
w -o05 wos
= 104 %o
_1s s Re(tmiam(s)) 04
—— Fitin,n=3
-2.0 ImM(Emiam(s)) 0.2
a5 —— Fitin,n=3 0.0
-4 -3 —2 -1 o0 1 2 3 4 000 025 050 075 100 1.25 150 175 2.00
s[Gev?] s[GeV?]
. . 2
fit range: s € [—4, 4] GeV reconstructed form factor
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In reality C is limited by branch cuts starting at the inelastic threshold

Have to account for that for accurate descriptions around this region
Need a conformal variable that opens up the inelastic brunch cut as
well

Should have some of the improvements from ( (e.g. second Riemann
sheet inside the unit circle)
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o12(s) = —

§(s) = Yo

Im(¢)

— RHC +it

-05

0.0

Re(¢)

05

® Also opens up the branch cut starting at the
inelastic threshold s,

® Problem: LHC is now inside the unit circle

=» One more step in the transformation!
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X(6(s; 54, 5m),s—, %) for|g] <1
Y(S; 54, Sin, S—, 50) = - 1 for|g| > 1
X(m:s—@)

® LHC pushed to the unit circle

e Connections between sheets
also deformed

e Choice in sp for 1p(1)(s) =0

=¥ In the limit s;, — oo we get to
the ¢ mapping!

Im(y)

-15 -1.0 -0.5 0.0 0.5 1.0 15

Re(y)
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X(6(s; 54, 5m),s—, %) for|g] <1
Y(S; 54, Sin, S—, 50) = - 1 for|g| > 1
X(m:s—@)

— RHC +ie

® LHC pushed to the unit circle

e Connections between sheets
also deformed

e Choice in sp for 1p(1)(s) =0

=¥ In the limit s;, — oo we get to
the ¢ mapping!

Im(y)
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Use a coupled-channel Omnés matrix' to obtain FJ(s)

Split up the form factor into a strange and non-strange part

* Very prominent KK threshold

® Two resonances (f(500) and £(980)) with 3 poles
(e (pa)r () (@ + 3)/210) =~ (s
7 (p1)m (p2)|(Tu = s o (9),
I 2M2 — M?
(o) (o) fasl0) = MK~ Mrpsq)
ms

! [4] Daub et al. 2016
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® Use a coupled-channel Omnés matrix' to obtain FJ(s)

® Split up the form factor into a strange and non-strange part
* Very prominent KK threshold

® Two resonances (f(500) and £(980)) with 3 poles

s — IFMs) 4 — IRl
— Re(FMs) — Re(Fls))

1o — m(FNs) — Im(FE(s))
o 0
%:: 0.5 VE:E

0.0

-0.5

0.0 0.5 1.0 2.0 25 3.0 0.0 0.5 1.0 1.5 2.0 2.5

15 .
s[Gev?] s[GeV?]

! [4] Daub et al. 2016
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e Combined fits to FN and F> with shared pole positions

® Lineshape is described really well up until high energy continuation of
the Omnes matrix

® Need more coefficients due to more complex structure of the form

factor
2.0 e Re(FY(s))
—— Fiting,n=11
15 Im(F¥(s))
—— Fiting,n=11
1.0
G
= os
0.0 s Re(FE(s))
-3 —— Fitinyg,n=11
os IM(FS(s))
—4 —— Fitiny,n=11
0.0 0.5 10 15 2.0 25 0.0 0.5 1.0 15 2.0 2.5
s[Gev?] s[GeVv?]
. ] 2 -
fit range: s € [0,1.5] GeV fit range: s € [0,1.5] GeV?
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_ 21 22
n XP[107%] V/sg (s00) [GeV] \/E(fo(g)zw) [GeV] \/g(fu(g)so) [GeV]
Refs.! - 0.457 — 0.279i  0.996 — 0.025/ 0.977 — 0.060/
7 533 0.418 — 0.265/ 1.002 — 0.028/ 0.966 — 0.082i
9 158 0.448 — 0.317/ 1.000 — 0.031; 0.926 — 0.131/
11 72.3 0.450 — 0.275/ 1.001 — 0.032/ 0.983 — 0.037/
2.0 s Re(FY(s))
—— Fitinyg,n=11
1.5 Im(FR(s))
—— Fiting,n=11

1.0

FN(s)

0.5

0.0
~05
0.0 05 10 15
s[Gev?]

2.0 2.5

e Re(F3(s)

1[5, 6] Garcia-Martin et al. 2011; Mao et al. 2009
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—— Fitinyg,n=11
Im(F3(s))
—— Fiting,n=11
0.0 05 10 15 20 25
s[GeV?]
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Introduced variables that offer an improved description of the second
sheet and the left-hand cut

¢ performs well for theoretical models with one threshold such as the
(m)IAM
1) might be especially interesting for fitting experimental data

Both could be a great tool for extracting pole parameters and
scattering phases

Work in progress: applications to scattering of particles with unequal
masses

Could potentially also be incorporated into the Khuri—Treiman
formalism
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