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Motivation
Precision: Traditionally focus on hadronic uncertainties. Time to look at QED.
→ QED effects can cause large logarithms lnmℓ, lnmπ , . . . and ln∆E

Qualitatively new effects
→ power-enhancement in Bs → µ+µ−

→ violation of isospin symmetry (Qu ̸= Qd)
→ requires careful definition of an observable (theory vs. experiment)
→ . . .

Photons couple weakly to strongly interacting quarks
→ probe of hadronic physics, requires factorization theorems

Theoretically interesting: Photons have long-range interactions with charged particles in
the initial/final state
→ QED factorization is more complicated than QCDF
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QED effects in B decays

IR finite observable:

→ must include ultrasoft photon radiation

→ soft-photon inclusive width

Γ(∆E) ≡ Γ[B̄ → M1M2 +Xs]
∣∣
EXs≤∆E
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−

h'+ h→ (s)
0B

µν+µ)−(K−π → (s)
0B

−µ+µ0(+)π → 0(+)B

µν−µ p→ b
0Λ

µν+µψ J/→ +
cB

LHCb

BDT > 0.5

[LHCb, Bs → µ+µ−, 1703.05747]

factorizes in non-radiative amplitude and ultrasoft function for ∆E ≪ mM ∼ ΛQCD (electrons )

Γ(∆E) = |A(B̄ → M1M2)|2 ×
∑
Xs

|⟨Xs|(S̄(QB)
v S

†(Q1)
v1 S

†(Q2)
v2 )|0⟩|2 θ(∆E − EXs )

Simple classification:
ultrasoft photons with energy ≪ ΛQCD see pointlike mesons (“universal”)

(virtual) photons with energy ≳ ΛQCD probe partonic sub-structure (structure dependent)
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Ultrasoft Photons

Eikonal approximation for point-like coupling

ϵµ(k)ū(p)γ
µ /p+ /k +m

(k + p)2 −m2
→ ϵµ(k)

pµ

p · k
ū(p)

Double-log’s in ultrasoft corrections exponentiate and dress the non-radiative amplitude

∑
Xs

|⟨Xs|(S̄(QB)
v S

†(Q1)
v1 S

†(Q2)
v2 )|0⟩|2 ∼

(
∆E

Λ

)A(α→β)

What is the cut-off Λ?
→ traditional treatment: pointlike coupling up to scales Λ = mB e.g. [Isidori et al.]

→ However: theory requires Λ ≪ ΛQCD

Photons with energy ≳ ΛQCD probe the partonic structure of the mesons!
(Pointlike coupling requires wavelenght ≪ typical size of the meson ∼ 1/ΛQCD)
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Scales and EFTs

Hierarchy of energy scales:

MW ∼ 80GeV ≫ mb ∼ 4.2GeV ≫ few timesΛQCD ≫ ∆E ∼ 60MeV

µW

SM∆B = 1 EFTSCETI

QCD

dof

virtualities

energy0

ultrasoft soft/collinear hard−collinear hard electroweak

SCETII

µbµhcΛQCD

nonperturbative perturbative

hadronic partonic

HHχPT

∆E

(figure from [Beneke, Bobeth, Szafron ‘19])

✓ short-distance QED at µ ≳ mb → Wilson coefficients of weak eff. Lagrangian

✓ Far IR (ultrasoft) region µus ≪ ΛQCD described by point-like hadrons
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Scales and EFTs

Hierarchy of energy scales:

MW ∼ 80GeV ≫ mb ∼ 4.2GeV ≫ few timesΛQCD ≫ ∆E ∼ 60MeV

(figure from [Beneke, Bobeth, Szafron ‘19])

✓ short-distance QED at µ ≳ mb → Wilson coefficients of weak eff. Lagrangian

✓ Far IR (ultrasoft) region µus ≪ ΛQCD described by point-like hadrons

Goal: theory for QED corrections between mb and ΛQCD (“structure dependent effects”)

→ Soft-collinear effective field theory (SCET) for light and energetic particles
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Soft-Collinear Effective Theory
Soft-Collinear Effective Theory (SCET) is designed to describe the long-distance physics
in processes with energetic particles (jets)

What are the relevant degrees of freedom
(momentum regions)?
→ “hard” scale: mb = 4.2GeV
→ “soft”/“collinear” scale: Λ ∼ 0.5GeV
→ “hard-collinear” scale:

√
mbΛ ∼ 1.5GeV

light-cone vectors: nµ
± = (1,0,0,± 1)

kµ =
k−

2
nµ
− + kµ⊥ +

k+

2
nµ
+ = (k−, k⊥, k+)

two-step matching

→ Derive Factorization Theorems!
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QED Factorization in non-leptonic B decays
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QCD Factorization [BBNS ’99-’01]

⟨M1M2|Qi|B̄⟩ ∼ FB→M1 (q2 = 0)

∫ 1

0
duTI

i(u)ϕM2
(u)

+

∫ ∞

0
dω

∫ 1

0
dudv TII

i (u,v,ω)ϕM1
(v)ϕM2

(u)ϕ+
B(ω) + O(Λ/mb)

Scale separation for mb → ∞

→ perturbative hard-scattering kernels T I,II
i

→ non-perturbative (but universal) Light-cone distribution amplitudes (LCDAs)

Field theoretic basis in Soft-Collinear Effective Theory

→ holds to all orders in αs

→ power-corrections ∼ O(Λ/mb)

Second term absent for heavy-light final states
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QCD Factorization [BBNS ’99-’01]

⟨M1M2|Qi|B̄⟩ ∼ FB→M1 (q2 = 0)

∫ 1

0
duTI

i(u)ϕM2
(u)

+

∫ ∞

0
dω

∫ 1

0
dudv TII

i (u,v,ω)ϕM1
(v)ϕM2

(u)ϕ+
B(ω) + O(Λ/mb)

Perturbative corrections:

→ scattering kernels partially known to NNLO e.g. [Bell, Beneke, Huber, Li]

→ 3-loop (2-loop) anomalous dimension for ϕM (ϕ+
B) [Braun et al.]

→ QED may compete

Non-perturbative input:

→ Decay constants and first Gegenbauer moments from lattice e.g. [FLAG, Braun et al.]

→ parameters of ϕ+
B(ω) poorly constraint
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QED Factorization [Beneke, PB, Toelstede, Vos ’20-’22]

⊗ = (Q1, Q2)

⟨M1M2|Qi|B̄⟩
∣∣
non-rad. = FB→M1

Q2
(q2 = 0)

∫ 1

0
duTI

i,Q2
(u)ΦM2

(u)

+

∫
dω

∫ 1

0
du dv TII

i,⊗(u,v,ω)ΦM1
(v)ΦM2

(u)ΦB,⊗(ω)

→ looks like the QCDF formula, but new (non-perturbative) hadronic matrix elements
(photons couple weakly to strongly interacting quarks)

→ form factor FB→π → semi-leptonic amplitude AB→πℓν̄ℓ for charged M2

→ Soft physics qualitatively different from standard hard-scattering picture.
Process-dependence & rescattering phases due to soft Wilson lines from charged mesons

S
(q)
n+

(x) = exp

{
−iQqe

∫ ∞

0
ds n+ · As(x + sn+)

}
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Perturbative Input: Hard-Scattering Kernels

finite O(αem) radiative corrections to short-distance kernels, e.g. for B → light-light:

H
I(1)
2,− (u) = Qq1

Qq2

(
L

2 − 4Lν + L (4 + 2iπ − 2 lnu) + ln
2
u − 2iπ lnu −

7π2

6
+ 1

)

− QuQq2

(
L

2 − Lν + L (4 + 2iπ − 2 ln ū) − ln ū (3 + 2iπ − ln ū) −
7π2

6
+ 3iπ + 6

)

+ QuQd

(
1

2
L

2 − 4Lν − 2L (−1 + ln ū) + 2 ln
2
ū −

2

u
ln ū + 2Li2 (u) +

π2

12
− 3

)

− QdQq1

(
1

2
L

2 − Lν + L(2 − 2 lnu) + 2 ln
2
u − 3 lnu +

lnu

ū
+ 2Li2(ū) +

π2

12
+ 2

)

− 3
(
Qq1

+ Qu

) (
Qq2

+ Qd

)
− Qq2

Qd

(
1

2
L

2 − Lν + 2L +
π2

12
+ 4

)
− Q

2
d

(
1

2
Lν + L + 2

)
−

1

2
Q

2
q2

(Lν − L)

−
1

2

(
Q

2
q1

+ Q
2
u − 2QuQq1

)
(Lν − L) ,
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Non-perturbative input: LCDA for charged pions

Rc̄⟨π−|χ̄(d)
c̄ (tn−)

/n−
2

γ5χ
(u)
c̄ (0)|0⟩ = −iE

∫ 1

0
du eiut̂fπΦπ− (u)

UV-scale evolution IR-divergent → well-defined after soft rearrangement

choose decay constant in QCD
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c̄ (tn−)

/n−
2

γ5χ
(u)
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∫ 1

0
du eiut̂fπΦπ− (u)

UV-scale evolution IR-divergent → well-defined after soft rearrangement

choose decay constant in QCD

γ(u,v) = −
αem

π
δ(u − v)QM

(
QM ln

µ

2E
− Qd lnu + Qu ln(1 − u) +

3

4

)
−
(

αsCF

π
+

αem

π
QuQd

)[(
1 +

1

v − u

)
u

v
θ(v − u) +

(
1 +

1

u − v

)
1 − u

1 − v
θ(u − v)

]
+

LCDA Φπ− (u;µ) is a non-perturbative function, but µ-dependence perturbative
→ resum log-enhanced contributions perturbatively through renormalization group
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Non-perturbative input: LCDA for charged pions

Rc̄⟨π−|χ̄(d)
c̄ (tn−)

/n−
2

γ5χ
(u)
c̄ (0)|0⟩ = −iE

∫ 1

0
du eiut̂fπΦπ− (u)

UV-scale evolution IR-divergent → well-defined after soft rearrangement

choose decay constant in QCD

Numerical results for inverse moments: (aπ2 = 0.116 @ 2GeV)〈
ū−1

〉
π− (5.3GeV) = 0.9997

∣∣QED

point charge
(3.285+0.05

−0.05

∣∣
LL

− 0.020
∣∣
NLL

+ 0.017
∣∣QED

partonic
)〈

ū−1
〉
π− (80.4GeV) = 0.985

∣∣QED

point charge
(3.197+0.03

−0.03

∣∣
LL

− 0.022
∣∣
NLL

+ 0.042
∣∣QED

partonic
)

→ QED small, but as important as QCD NLL resummation
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Non-perturbative Input: B-meson LCDA (soft function)

1

RcRc̄
⟨0| q̄(d)s (tn−)[tn−,0]

(d)
n−

/n−
2

hv (S†,Q2
n+

SQ2
n− ) |B̄0⟩ = imB

∫
dωe−iωtfBΦB,+−(ω)

Process dependent: soft photons sensitive to charge and direction of final-state particles

“Soft functions” instead of LCDA: rescattering phases, support for negative ω, . . .
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RcRc̄
⟨0| q̄(d)s (tn−)[tn−,0]

(d)
n−

/n−
2

hv (S†,Q2
n+

SQ2
n− ) |B̄0⟩ = imB

∫
dωe−iωtfBΦB,+−(ω)

Process dependent: soft photons sensitive to charge and direction of final-state particles

“Soft functions” instead of LCDA: rescattering phases, support for negative ω, . . .

Anomalous dimension:

γ⊗(ω,ω
′
) =

αsCF

π

[(
ln

µ

ω−i0
−

1

2

)
δ(ω − ω

′
) − H+(ω,ω

′
)

]
+

αem

π

[(
(Q

2
sp + 2QspQM1

) ln
µ

ω − i0
−

3

4
Q

2
sp −

1

2
Q

2
d

+ iπ(Qsp + QM1
)QM2

)
δ(ω − ω

′
) − QspQdH+(ω,ω

′
) + QspQM2

H−(ω,ω
′
)

]
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Non-perturbative Input: B-meson LCDA (soft function)

1

RcRc̄
⟨0| q̄(d)s (tn−)[tn−,0]

(d)
n−

/n−
2

hv (S†,Q2
n+

SQ2
n− ) |B̄0⟩ = imB

∫
dωe−iωtfBΦB,+−(ω)

Process dependent: soft photons sensitive to charge and direction of final-state particles

“Soft functions” instead of LCDA: rescattering phases, support for negative ω, . . .

For exp. model ϕ(ω,µ0) = ω/ω2
0e

−ω/ω0 at µ0 = 1 GeV with ω0 = λB(µ0) = 0.3:

QCD (0,0) (−,0) (0,−) (+,−)

λ−1
B (2GeV) 2.792 2.792 2.802 2.790 + 0.010i 2.798 + 0.010i
σ1(2GeV) −0.213 −0.213 −0.210 −0.214 −0.211

→ no unexpected large QED effects from soft functions

→ (recent interest in “LCDAs on two light-cones”: QED, power-corrections, charm-loop)
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Numerical Estimates for πK Final States

Universal contributions: (“Bloch-Nordsieck factors”)

→ from ultra-soft radiation and universal part of virtual corrections

→ resums large soft ∼ ln∆E/mB and collinear ∼ lnmi/mB logarithms

U(M1M2) =

(
2∆E

mB

)−αem
π

(
Q2

B+Q2
1

[
1+ln

m2
1

m2
B

]
+Q2

2

[
1+ln

m2
2

m2
B

])

For ∆E = 60 MeV: (∆E = πK invariant mass window around mB)

U(π+K−) = 0.914 U(π0K−) = 0.976

U(π−K̄0) = 0.954 U(K̄0π0) = 1

Structure-dependent (virtual) corrections in non-rad. amplitude partly included

✓ Electroweak scale to mB : QED corrections to Wilson coefficients

✓ mB to ΛQCD: O(αem) corrections to short-distance kernels

 QED effects in LCDAs/form factors, but log-enhanced effects ∼ ln Λ/mB under control.
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Ratios and Isospin Sum Rules
1. Consider ratios where QCD uncertainties drop out:

RL =
2Br(π0K0) + 2Br(π0K−)

Br(π−K0) + Br(π+K−)
= RQCD

L + cos γRe δE + δU

[Beneke, Neubert ’03]

→ Probe of new physics because of sensitivity to electroweak penguin contributions.
E.m. effects are isospin violating and may fake penguin amplitudes.

RQCD
L − 1 ≈ (1± 2)% δE ≈ 0.1% δU ≈ 5.8%

→ QED corrections larger than QCD and QCD uncertainty, but short-distance QED negligible

2. Isospin sumrule

∆(πK) ≡ ACP(π
+
K

−
) +

Γ(π−K̄0)

Γ(π+K−)
ACP(π

−
K̄

0
) −

2Γ(π0K−)

Γ(π+K−)
ACP(π

0
K

−
) −

2Γ(π0K̄0)

Γ(π+K−)
ACP(π

0
K̄

0
)

≡ ∆(πK)
QCD

+ δ∆(πK)

[Gronau, Rosner ’06]

∆(πK)QCD = (0.5± 1.1)% δ∆(πK) ≈ −0.4%

→ Isospin sumrule robust against QED effects (QED of similar size but small)
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Ratios with semi-leptonic decays

R
(0),(∗)
L (∆E) ≡

Γ(B̄d → D(∗)+L−)(∆E)

dΓ(0)(B̄d → D(∗)+µ−ν̄ℓ)/dq2|q2=m2
L

R
(∗)
L (∆E) ≡

Γ(B̄d → D(∗)+L−)(∆E)

dΓ(B̄d → D(∗)+µ−ν̄ℓ)(∆E)/dq2|q2=m2
L

short-distance QED ≈ −1%, ultrasoft up to ≈ −7% (depending on the semi-leptonic
normalization)

not large enough to explain the −15% amplitude deficit [Bordone et al., 2020], but highlights the
importance of proper treatment of ultrasoft radiation effects.
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Leptonic and semi-leptonic decays
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Leptonic B̄s → µ+µ− Decays

Helicity suppressed: A(B̄s → µµ) ∼ mµ

In QCD ∼ decay constant

⟨0| s̄γµγ5b |B̄s(p)⟩ = ifBsp
µ
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Leptonic B̄s → µ+µ− Decays

Helicity suppressed: A(B̄s → µµ) ∼ mµ

In QCD ∼ decay constant

⟨0| s̄γµγ5b |B̄s(p)⟩ = ifBsp
µ

Structure-dependent QED: [Beneke et al. ’17+’19; Feldmann et al. ’22]

→ hadronic and leptonic tensor no longer factorize

→ non-local interaction: fBs → ϕ+
B(ω)

→ power-enhancement: mµ/mB → mµ/ΛQCD (enhanced by double-logs ln2 ΛQCD/mB)

iA ∼ fBsmµ

{
α

4π
QµQs M

[
ℓ̄ (1 + γ5) ℓ

]
×
( ∫ 1

0
du (1 − u)

∫ ∞

0

dω

ω
ϕ
+
B(ω)

(
ln

mBω

m2
+ ln

u

1 − u

)
C

eff
9 (um

2
b)

− Qµ

∫ ∞

0

dω

ω
ϕ
+
B(ω)

(
ln

2 mBω

m2
− 2 ln

mBω

m2
+

2π2

3

)
C

eff
7

)}
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Leptonic B̄s → µ+µ− Decays

Helicity suppressed: A(B̄s → µµ) ∼ mµ

In QCD ∼ decay constant

⟨0| s̄γµγ5b |B̄s(p)⟩ = ifBsp
µ

Structure-dependent QED: [Beneke et al. ’17+’19; Feldmann et al. ’22]

→ hadronic and leptonic tensor no longer factorize

→ non-local interaction: fBs → ϕ+
B(ω)

→ power-enhancement: mµ/mB → mµ/ΛQCD (enhanced by double-logs ln2 ΛQCD/mB)

Leads to reduction of the (non-radiative) branching fraction by 0.5%.
(destructive interference between Q7 and Q9; indivitual terms at percent level)

No power-enhancement in B− → µ−ν̄µ [Cornella et al. ’22 + to appear]
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Semi-leptonic Decays

Similar methods applicable to semi-leptonic decays in certain parts of phase-space.
(Back-to-back limit studied in [Beneke, PB, Finauri, Toelstede, Vos ’20-’22]; similar to non-leptonic two-body decays.)

→ enhancements in certain parts of phase-space?

→ impact on angular distributions?

→ relevant for Vub from B → πℓν at %-level?

→ muons (exclusive particles) vs electrons (“jets” due to collinear radiation)
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Conclusion

µW

SM∆B = 1 EFTSCETI

QCD

dof

virtualities

energy0

ultrasoft soft/collinear hard−collinear hard electroweak

SCETII

µbµhcΛQCD

nonperturbative perturbative

hadronic partonic

HHχPT

∆E

→ EFT methods allow calculation of structure-dependent QED effects between mb ≫ ΛQCD.

→ QED factorization more complicated than QCD due to charged external states. Description
requires generalized non-perturbative hadronic matrix elements. Can sum log-enhanced
corrections through renormalization group.

→ Structure dependent contributions small in non-leptonic decays, but can compete with
QCD uncertainty. More relevant in leptonic decays. What about semi-leptonics??

→ Comparison between theory and experiment requires precise statement about how QED
effects are treated in the exp. analysis (PHOTOS).
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Backup-Slides
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On the Support of QED B LCDAs

even for on-shell massive partons with Φ(0)(ω) = δ(ω −m) the one-loop soft
photon exchange with the anti-coll. π− generates a support for ω < 0

diagram has e.g. the following contribution∫
ddk

δ(ω − n−ℓ+ n−k)

(k2 + i0)[(k − ℓ)2 −m2 + i0] (n+k − i0)

∣∣∣∣pick up residues in (n+k)

∼Γ(ϵ)

∫ ∞

n−ℓ
d(n−k) (n−k)−1−ϵδ(ω −m+ n−k) = Γ(ϵ) (m− ω)−1−ϵθ(−ω)

QED B LCDA no longer linear in ω as ω → 0 but rather const.
→ no endpoint singularity in first inverse moment∫ +∞

−∞

dω

ω − i0
ΦB,+−(ω)
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Soft Rearrangement

effective SCET operator composend of soft and (anti-)collinear fields
→ has well-defined UV-scale evolution ✓

But: Factorization requires renormalization of each individual mode

 Problem: UV-scale evolution of individual pieces IR-divergent! (“factorization anomaly”)

→ Anomalous dimension depends on IR-regulator (off-shellness, quark masses, . . . )
→ can be cured by a “soft rearrangement” that removes the soft overlap

cf. [Beneke, Bobeth, Szafron]

O = Oc̄ ×Os,C → (Oc̄Rc̄)×
(
Os,C

Rc̄

)
with

∣∣∣⟨0|S†(Q2)
n+

S
(Q2)
n− |0⟩

∣∣∣ ≡ Rc̄Rc
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