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Neutron-induced reactions
Advanced nuclear reaction theory for neutron-induced reactions is 
indispensable for producing reliable nuclear data used for both basic 
science and practical applications

Astrophysics Nuclear reactors Neutron energy

Pre-equilibrium
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Neutron spectrum of (n,xn) is characterized by 
three processes (Compound , Direct, and Pre-equilibrium)

Microscopic approaches incorporating nuclear structure information 
have predictive capabilities for direct and pre-equilibrium processes
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Microscopic approach to derive cross sections

1. Linear response of the time-dependent Hartree Fock (HF) equations

2. Transition strength

3. Cross sections v2

: Residual interaction
: Weak external field

… n, p

Nuclear force between the projectile
neutron and nucleons inside the target

・ Neutron-induced inelastic scattering:

・Giant dipole resonance: External field



4/17

Finite amplitude method (FAM)

FAM is an effective calculation method to solve the linear response

T. Nakatsukasa et al., PRC76, 024318(2007)

Application

・Photoabsorptions
M. Kortelainen et al., PRC92, 051302(R)(2015), 
T. Oishi et al., PRC93, 034329(2016),
T. Li, N. Schunck, and M. Grosskopf, PRC110, 034317(2024)

・b decays
E.M. Ney et al., PRC102, 034326(2020),    
N. Hinohara and J. Engel, PRC105, 044314(2022) 

・Spontaneous fission
K. Washiyama et al., PRC103, 014306(2021)

: Small parameter

Feedback

・Nuclear level density
A. Bjekcic and N. Schunck,
 Comp. Phys. Comm. 306 (2025) 109387

v
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RPA and QRPA equations derived from noniterative FAM

RPA equation

Explicit linearization

・Avoid the iteration in conventional FAM
・Rederive the RPA and QRPA equations 

H. Sasaki, T. Kawano and I. Stetcu, PRC105, 044311(2022) H. Sasaki, T. Kawano, and I. Stetcu, PRC107, 054312(2023)

Linear response equations for FAM

QRPA equation (HF+BCS)
QUASIPARTICLE RANDOM-PHASE APPROXIMATION … PHYSICAL REVIEW C 107, 054312 (2023)

FAM-RPA [25]. Then, the QRPA equation is derived from Eqs. (1) and (2):
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where hq is the time-dependent Hartree-Fock (TDHF) Hamil-
tonian of the nucleon q, and heven(odd)

q is the time-even(odd)
part of hq, , is the Fermi energy, and -µ is the pairing
gap of single-particle state µ, and the size of the configu-
ration space is restricted to µ ! ν, α ! β. When we derive
Eqs. (10)–(13), we assume the time-reversal symmetry of the
HF Hamiltonian, T h0T −1 = h0, and change the definition of
the amplitudes in Eqs. (1) and (2) as

Xµν → −Xµν̄, Yµν → −Yµν̄, (14)

which facilitates to extend an existing RPA code to the full
QRPA calculation. The QRPA equation of Eq. (10) reproduces
the RPA equation in Ref. [25] when we impose εµ(α) > , >
εν(β ) and uµ(α) = vν(β ) = 1, which results in ζ±

µν = ζ±
αβ = 1 in

Eqs. (10)–(12) and -µ = 0 in Eq. (13).
The integrands in Eqs. (11) and (12) are calculated with

the Skyrme forces composed of the HF+BCS single-particle
states. For example, the contribution from the effective mass
m∗

q [46] to the integral term proportional to ζ+
µνζ

+
αβ in Eq. (11)

is given by
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where b1 and b′
1 are coefficients in the Skyrme force [46], and

.q is the density of nucleon q. The symmetrical properties
such as X q

αβ = X q
β̄ᾱ

, Y q
αβ = Y q

β̄ᾱ
, and φ

q∗
ᾱ φ

q
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= φ
q∗
β φ

q
α are used

to derive the second line of Eq. (16). As implied in Eq. (15),
integral terms in the QRPA matrices can be calculated by
multiplying ζ±

µνζ
±
αβ with the residual interaction derived in

the same way as RPA calculation (e.g., Eqs. (32) and (39)
in Ref. [25]). The .q in Eq. (16) contains a factor ζ+

αβ in
the linear term of η and such a property is also confirmed
in other time-even fields such as the spin-orbit density 'Jq,
and the kinetic energy density τq [46]. On the other hand,
the time-odd fields such as the current density 'jq and the
spin density 'sq [46] include a factor ζ−

αβ in O(η) [e.g., see
Eq. (A2)]. ζ+

αβ and ζ−
αβ in Eqs. (11) and (12) originated from

the linear terms of η in time-even and time-odd fields. Al-
though our approach is applicable only if the time-reversal
symmetry of the HF Hamiltonian is satisfied, we can cal-
culate the QRPA matrices in Eqs. (11) and (12) without
any uncertainty of small parameter η as used in the conven-
tional matrix-FAM (m-FAM) [47]. In our explicit linearization
with η → 0, we can apparently show that the matrix A (B)
is Hermitian (symmetric) [25], which are general proper-
ties of (Q)RPA matrices [19] and useful to test numerical
calculations.

The frequency ω in Eq. (10) is decomposed into real and
imaginary parts: ω = E + i/ /2, where E is the incoming
photon energy and / is the Lorentzian width. The signs of
τ in Eqs. (6) and (7) are negative (positive) for the M1 (E1)
operator due to the time-odd (even) operator.

The forward and backward amplitudes are used to calculate
the transition strength. In our QRPA, the transition strength of
Eq. (3) is described by
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, (17)

where we use Eqs. (6), (7), and (14). Then, the photoabsorp-
tion cross section of the M1 transition is given by [25]

σabs(E ; M1) = 16π3

9h̄c
E
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dB(ω; MK )
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, (18)

where MK is the M1 operator written as
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2
+ g(i)

l
'li
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· ∇(riY1K (θi,ϕi )), (19)

where the (ri, θi,ϕi ) is the spherical coordinate of nu-
cleon i, and g(i)

l = 0(1) and g(i)
s = −3.826(5.586) for
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εν(β ) and uµ(α) = vν(β ) = 1, which results in ζ±

µν = ζ±
αβ = 1 in

Eqs. (10)–(12) and -µ = 0 in Eq. (13).
The integrands in Eqs. (11) and (12) are calculated with

the Skyrme forces composed of the HF+BCS single-particle
states. For example, the contribution from the effective mass
m∗

q [46] to the integral term proportional to ζ+
µνζ

+
αβ in Eq. (11)

is given by
∫

d3r φq∗
µ ∇ ·

(
∂

∂
(
ηζ+

αβX q′

αβ

)
−h̄2

2m∗
q

)

η=0

∇φq
ν

=
∫

d3r

{
∂ (b1.n + b1.p − b′

1.q)

∂
(
ηζ+

αβX q′

αβ

)

}

η=0

∇φq∗
µ · ∇φq

ν

= (b1 − δqq′b′
1)

∫
d3r φ

q′∗
β φq′

α ∇φq∗
µ · ∇φq

ν , (15)

.q =
∑

α∈q

v2
α

∣∣φq
α

∣∣2

+η
∑

αβ ∈ q
α ! β

ζ+
αβ

(
φ

q∗
β φq

αX q
αβ + φq∗

α φ
q
βY q

αβ

)
+ O(η2), (16)

where b1 and b′
1 are coefficients in the Skyrme force [46], and

.q is the density of nucleon q. The symmetrical properties
such as X q

αβ = X q
β̄ᾱ

, Y q
αβ = Y q

β̄ᾱ
, and φ

q∗
ᾱ φ

q
β̄

= φ
q∗
β φ

q
α are used

to derive the second line of Eq. (16). As implied in Eq. (15),
integral terms in the QRPA matrices can be calculated by
multiplying ζ±

µνζ
±
αβ with the residual interaction derived in

the same way as RPA calculation (e.g., Eqs. (32) and (39)
in Ref. [25]). The .q in Eq. (16) contains a factor ζ+

αβ in
the linear term of η and such a property is also confirmed
in other time-even fields such as the spin-orbit density 'Jq,
and the kinetic energy density τq [46]. On the other hand,
the time-odd fields such as the current density 'jq and the
spin density 'sq [46] include a factor ζ−

αβ in O(η) [e.g., see
Eq. (A2)]. ζ+

αβ and ζ−
αβ in Eqs. (11) and (12) originated from

the linear terms of η in time-even and time-odd fields. Al-
though our approach is applicable only if the time-reversal
symmetry of the HF Hamiltonian is satisfied, we can cal-
culate the QRPA matrices in Eqs. (11) and (12) without
any uncertainty of small parameter η as used in the conven-
tional matrix-FAM (m-FAM) [47]. In our explicit linearization
with η → 0, we can apparently show that the matrix A (B)
is Hermitian (symmetric) [25], which are general proper-
ties of (Q)RPA matrices [19] and useful to test numerical
calculations.

The frequency ω in Eq. (10) is decomposed into real and
imaginary parts: ω = E + i/ /2, where E is the incoming
photon energy and / is the Lorentzian width. The signs of
τ in Eqs. (6) and (7) are negative (positive) for the M1 (E1)
operator due to the time-odd (even) operator.

The forward and backward amplitudes are used to calculate
the transition strength. In our QRPA, the transition strength of
Eq. (3) is described by

dB(ω; F )
dω

= − 1
π

Im
∑

µν∈q
µ!ν

ζ τ
µν

(
f q∗
µνX q

µν + f q∗
νµY q

µν

)
, (17)

where we use Eqs. (6), (7), and (14). Then, the photoabsorp-
tion cross section of the M1 transition is given by [25]

σabs(E ; M1) = 16π3

9h̄c
E

∑

K=0,±1

dB(ω; MK )
dω

, (18)

where MK is the M1 operator written as

MK = µN

A∑

i=1

(
g(i)

s
'σi

2
+ g(i)

l
'li
)

· ∇(riY1K (θi,ϕi )), (19)

where the (ri, θi,ϕi ) is the spherical coordinate of nu-
cleon i, and g(i)

l = 0(1) and g(i)
s = −3.826(5.586) for
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when applied to various multipole collective excitations
[23–25,34–36]. The FAM approach was extended to the rela-
tivistic framework [37,38], the proton-neutron FAM (pnFAM)
for weak interactions [39–42], and the fission calculation [43].
The framework of FAM-RPA is used to derive the RPA ma-
trices for Skyrme functionals by the explicit linearization of
residual interactions [25]. The technique of such noniterative
FAM-RPA can be used to derive QRPA matrices based on
the framework of FAM-QRPA that enables the calculation of
the M1 transition for open-shell and deformed nuclei without
any iterative procedure to obtain forward and backward am-
plitudes in other conventional FAM-QRPA.

In this paper, we derive the QRPA matrices based on
noniterative FAM-QRPA and calculate the M1 transition for
deformed gadolinium isotopes. This work is an extension of
our noniterative FAM-RPA [25] to the QRPA framework,
while it neglects the pairing fluctuation. The microscopically
calculated photoabsorption cross sections for the E1 and M1
transitions with our QRPA approach are then fed into the
Hauser-Feshbach calculations as the γ -ray transmission co-
efficients to obtain the neutron capture cross sections. Then,
we compare the calculated result with available experimental
data.

II. THEORY

A. Finite amplitude method (FAM)

We briefly review the general framework of the finite am-
plitude method in QRPA. In FAM-QRPA, the forward and
backward amplitudes of a frequency ω are calculated through
[24,33]

(Eµ + Eν − ω)Xµν (ω) + δH20
µν (ω) = −F 20

µν (ω), (1)

(Eµ + Eν + ω)Yµν (ω) + δH02
µν (ω) = −F 02

µν (ω), (2)

where X (Y ) is the forward (backward) amplitude, Eµ is an
energy eigenvalue of a Bogoliubov quasiparticle state µ,
δH20(02)

µν (ω) is the two-quasiparticle component of residual in-
teractions, and F 20(02)

µν (ω) is the two-quasiparticle component
of the external field. For a simple notation, hereafter, we drop
the index ω in matrices except when necessary. The resid-
ual interaction is calculated with the forward and backward
amplitudes, and these amplitudes are determined by solving
Eqs. (1) and (2) iteratively at each ω. The obtained amplitudes
are used to calculate the transition strength [33]

dB(ω; F )
dω

= − 1
2π

Im
∑

µν

(
F 20∗

µν Xµν + F 02∗
µν Yµν

)
, (3)

where the imaginary part of ω corresponds to the Lorentzian
width characterizing the width of the transition strength. Here-
after, we assume that the external field F does not change the
isospin of nucleons.

B. QRPA equations

Instead of solving Eqs. (1) and (2) by an iterative pro-
cedure, we derive the QRPA equation with the well-known

QRPA matrices A and B from the explicit linearization of
the residual interaction in Eqs. (1) and (2) as in FAM-
RPA [25]. We use the quasiparticle states of Hamiltonian
in the Hartree-Fock+Bardeen–Cooper–Schrieffer (HF+BCS)
calculation instead of the Hartree-Fock-Bogoliubov (HFB)
calculation. In HF+BCS, the HFB matrices, such as U and
V , only allow the mixing between a single-particle state k,
and the corresponding time-reversed state k̄. These matrices
can be described in the coordinate space #r, the spin space σ ,
and the isospin q(= n, p) [19,20]:

Uµ(#r, σ, q) = uµφµ(#r, σ, q), (4)

Vµ(#r, σ, q) = −vµφ∗
µ̄(#r, σ, q), (5)

where uµ ! 0 and vµ ! 0 are the BCS parameters, and
φµ(#r, σ, q) ≡ φ

q
µ is the single-particle state of the HF Hamil-

tonian h0 satisfying h0φ
q
µ = εµφ

q
µ. To derive Eq. (5), we use

properties of the time-reversal symmetry of the HF single-
particle states, φ

q
µ̄ = T φ

q
µ, and φ

q
¯̄µ = T 2φ

q
µ = −φ

q
µ, where T

is the time-reversal operator [44]. In the case of a Hermitian
one-body external field F [19,33], the quasiparticle compo-
nents in Eqs. (1) and (2) are given by

F 20
µν = (U † f V ∗ − V † f T U ∗)µν

= −uµvν f q
µν̄ + uνvµ f q

νµ̄

= −ζ τ
µν f q

µν̄, (6)

F 02
µν = (U T f T V − V T f U )µν

= −uµvν f q
ν̄µ + uνvµ f q

µ̄ν

= −ζ τ
µν f q

ν̄µ, (7)

where ζ τ
µν = uµvν + τuνvµ with τ = ±1 and f q

µν =∫
d3rφq∗

µ Fφ
q
ν . From the second lines to the third lines in

the above equations, we assume the time-reversal invariance
for the external field, T FT −1 = τF , and use a relation,
f q
νµ̄ = −τ f q

µν̄ [20,45].
We ignore the contributions from the residual interac-

tions of the BCS pairing gap δ+± and the abnormal density
δ,± [33]. Then, as in Eqs. (6) and (7), quasiparticle com-
ponents of the residual interaction in Eqs. (1) and (2) are
given by

δH20
µν = −ζ+

µνδheven
µν̄ − ζ−

µνδhodd
µν̄ , (8)

δH02
µν = −ζ+

µνδheven
ν̄µ − ζ−

µνδhodd
ν̄µ , (9)

where δheven(odd) is the residual interaction composed of
time-even (odd) fields composed of the HF+BCS single-
particle states. In FAM-QRPA, these residual interactions
are calculated with a small parameter η following the same
procedure to obtain δh(ω) and δ.(ω) in Ref. [33]. In the
limit of η → 0, such calculated residual interactions can be
expressed as the linear combination of X and Y as done in
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We employ the Skyrme force (SLy4) for the nuclear force between the incoming 
neutron and nucleons inside the target. This Skyrme force (SLy4) is also used for 
calculations of QRPA matrices

External field Nuclear force (Skyrme force)

… Incoming neutron distorted wave
… Outgoing neutron distorted wave

Index1      … nucleons inside the target 
Index2      … projectile or scattered neutrons

External field for the neutron-induced inelastic scattering
The QRPA equation used for giant resonance calculations are also applicable for the
neutron-induced inelastic scattering by replacing the external field

The external field is calculated from the distorted-wave Born approximation (DWBA)
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FAM-RPA [25]. Then, the QRPA equation is derived from Eqs. (1) and (2):
(

A − ω B

B∗ A∗ + ω

)(
X q′

αβ

Y q′

αβ

)

= −ζ τ
µν

(
f q
µν

f q
νµ

)

, (10)

Aq,q′

µν,αβ = (Eµ+Eν )δµαδνβ+ζ+
µνζ

+
αβ

∫
d3r φq∗

µ

∂heven
q

∂
(
ηζ+

αβX q′

αβ

)

∣∣∣∣∣
η=0

φq
ν + ζ−

µνζ
−
αβ

∫
d3r φq∗

µ

∂hodd
q

∂
(
ηζ−

αβX q′

αβ

)

∣∣∣∣∣
η=0

φq
ν ,

(11)

Bq,q′

µν,αβ = ζ+
µνζ

+
αβ

∫
d3r φq∗

µ

∂heven
q

∂
(
ηζ+

αβY q′

αβ

)

∣∣∣∣∣
η=0

φq
ν + ζ−

µνζ
−
αβ

∫
d3r φq∗

µ

∂hodd
q

∂
(
ηζ−

αβY q′

αβ

)

∣∣∣∣∣
η=0

φq
ν , (12)

Eµ =
√

(εµ − ,)2 + -2
µ, (13)

where hq is the time-dependent Hartree-Fock (TDHF) Hamil-
tonian of the nucleon q, and heven(odd)

q is the time-even(odd)
part of hq, , is the Fermi energy, and -µ is the pairing
gap of single-particle state µ, and the size of the configu-
ration space is restricted to µ ! ν, α ! β. When we derive
Eqs. (10)–(13), we assume the time-reversal symmetry of the
HF Hamiltonian, T h0T −1 = h0, and change the definition of
the amplitudes in Eqs. (1) and (2) as

Xµν → −Xµν̄, Yµν → −Yµν̄, (14)

which facilitates to extend an existing RPA code to the full
QRPA calculation. The QRPA equation of Eq. (10) reproduces
the RPA equation in Ref. [25] when we impose εµ(α) > , >
εν(β ) and uµ(α) = vν(β ) = 1, which results in ζ±

µν = ζ±
αβ = 1 in

Eqs. (10)–(12) and -µ = 0 in Eq. (13).
The integrands in Eqs. (11) and (12) are calculated with

the Skyrme forces composed of the HF+BCS single-particle
states. For example, the contribution from the effective mass
m∗

q [46] to the integral term proportional to ζ+
µνζ

+
αβ in Eq. (11)

is given by
∫

d3r φq∗
µ ∇ ·

(
∂

∂
(
ηζ+

αβX q′

αβ

)
−h̄2

2m∗
q

)

η=0

∇φq
ν

=
∫

d3r

{
∂ (b1.n + b1.p − b′

1.q)

∂
(
ηζ+

αβX q′

αβ

)

}

η=0

∇φq∗
µ · ∇φq

ν

= (b1 − δqq′b′
1)

∫
d3r φ

q′∗
β φq′

α ∇φq∗
µ · ∇φq

ν , (15)

.q =
∑

α∈q

v2
α

∣∣φq
α

∣∣2

+η
∑

αβ ∈ q
α ! β

ζ+
αβ

(
φ

q∗
β φq

αX q
αβ + φq∗

α φ
q
βY q

αβ

)
+ O(η2), (16)

where b1 and b′
1 are coefficients in the Skyrme force [46], and

.q is the density of nucleon q. The symmetrical properties
such as X q

αβ = X q
β̄ᾱ

, Y q
αβ = Y q

β̄ᾱ
, and φ

q∗
ᾱ φ

q
β̄

= φ
q∗
β φ

q
α are used

to derive the second line of Eq. (16). As implied in Eq. (15),
integral terms in the QRPA matrices can be calculated by
multiplying ζ±

µνζ
±
αβ with the residual interaction derived in

the same way as RPA calculation (e.g., Eqs. (32) and (39)
in Ref. [25]). The .q in Eq. (16) contains a factor ζ+

αβ in
the linear term of η and such a property is also confirmed
in other time-even fields such as the spin-orbit density 'Jq,
and the kinetic energy density τq [46]. On the other hand,
the time-odd fields such as the current density 'jq and the
spin density 'sq [46] include a factor ζ−

αβ in O(η) [e.g., see
Eq. (A2)]. ζ+

αβ and ζ−
αβ in Eqs. (11) and (12) originated from

the linear terms of η in time-even and time-odd fields. Al-
though our approach is applicable only if the time-reversal
symmetry of the HF Hamiltonian is satisfied, we can cal-
culate the QRPA matrices in Eqs. (11) and (12) without
any uncertainty of small parameter η as used in the conven-
tional matrix-FAM (m-FAM) [47]. In our explicit linearization
with η → 0, we can apparently show that the matrix A (B)
is Hermitian (symmetric) [25], which are general proper-
ties of (Q)RPA matrices [19] and useful to test numerical
calculations.

The frequency ω in Eq. (10) is decomposed into real and
imaginary parts: ω = E + i/ /2, where E is the incoming
photon energy and / is the Lorentzian width. The signs of
τ in Eqs. (6) and (7) are negative (positive) for the M1 (E1)
operator due to the time-odd (even) operator.

The forward and backward amplitudes are used to calculate
the transition strength. In our QRPA, the transition strength of
Eq. (3) is described by

dB(ω; F )
dω

= − 1
π

Im
∑

µν∈q
µ!ν

ζ τ
µν

(
f q∗
µνX q

µν + f q∗
νµY q

µν

)
, (17)

where we use Eqs. (6), (7), and (14). Then, the photoabsorp-
tion cross section of the M1 transition is given by [25]

σabs(E ; M1) = 16π3

9h̄c
E

∑

K=0,±1

dB(ω; MK )
dω

, (18)

where MK is the M1 operator written as

MK = µN

A∑

i=1

(
g(i)

s
'σi

2
+ g(i)

l
'li
)

· ∇(riY1K (θi,ϕi )), (19)

where the (ri, θi,ϕi ) is the spherical coordinate of nu-
cleon i, and g(i)

l = 0(1) and g(i)
s = −3.826(5.586) for
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− (b4 + δnqb′
4)

∫
d3r

{
1
2i

(
φq∗

µ ∇φq
ν − φq

ν∇φq∗
µ

)
· ∇ ×

(
χ (−)∗

α %σχ (+)
β

)
+ 1

2i

(
χ (−)∗

α ∇χ (+)
β − χ (+)

β ∇χ (−)∗
α

)
· ∇ ×

(
φq∗

µ %σφq
ν

)}

+ (b̃0 − δnqb̃′
0)

∫
d3r (χ (−)∗

α %σχ (+)
β ) ·

(
φq∗

µ %σφq
ν

)
+ cα (b̃3 − δnqb̃′

3)
∫

d3r
2
3

(ρ0)α
(
χ (−)∗

α %σχ (+)
β

)
·
(
φq∗

µ %σφq
ν

)

+ (b̃2 − δnqb̃′
2)

∫
d3r ∇

(
χ (−)∗

α %σχ (+)
β

)
· ∇

(
φq∗

µ %σφq
ν

)
, (10)

where ρ0 =
∑

qi φ
q∗
i φ

q
i is the density of the nucleon inside

the target nucleus. The above equation can be calculated in
the similar procedure to obtain RPA matrices by replacing
φ

q′∗
j φ

q′

n with χ (−)∗
α χ (+)

β in the Eqs. (32) and (39) of Ref. [34].

The derivative and the spin density such as χ (−)∗
α ∇χ (+)

β and

χ (−)∗
α %σχ (+)

β are originated from %k12 and Pσ in Eq. (8) and the
Pauli-blocking factor (1 − PrPσ Pτ ). We remark that a factor
of effective particle-particle (or particle-hole) interactions,

cα = (α + 2)(α + 1)
2

, (11)

is multiplied in the three-body term (∝ t3) in Eq. (8) following
Refs. [51,52]. This factor of the three-body term corrects the
Skyrme force usually used in nuclear structure calculations
to that of nuclear reaction calculations. Among the various
terms in Eq. (10), two-body terms and the three-body terms
associated with bi, b′

i, b̃i, b̃′
i(i = 0, 3) that are proportional to

χ (−)∗
α χ (+)

β or χ (−)∗
α %σχ (+)

β play the dominant contribution to
the strength of the transition [51]. To simplify the calculation,
we ignore the terms including the derivatives of the distorted-
wave functions. This treatment enables the easy derivation
of the partial contribution from the multipole transitions in
Eq. (10) used for Eq. (6).

D. Multipole transitions

From the products χ (−)∗
α χ (+)

β and χ (−)∗
α %σχ (+)

β in Eq. (10),
we abstract operators for natural parity (0+, 1−, 2+, . . .) and
unnatural parity (1+, 2−, 3+, . . .) multipole transitions as in
Eq. (4). In the spherical coordinate (r, θ ,φ), the electric
EL(L = 0, 1, 2, . . .) transition is originated from the spher-
ical harmonics YLM (θ ,φ) [22]. However, the operator for the
magnetic ML(L = 1, 2, . . .) transition is described by a linear
combination of %σ · ∇(rLYLM ) and %l · ∇(rLYLM ) where %l is the
angular momentum operator [22].

The product χ (−)∗
α χ (+)

β is a function in the coordinate space
%r without any operator of ∇ and %σ . Therefore, this product
could be expanded by spherical harmonics only,

χ (−)∗
α χ (+)

β =
∑

LM

λ0
LM (r)YLM (θ ,φ), (12)

λ0
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α χ (+)

β . (13)

From the expansion of Eq. (12), the partial contribution from
natural parity transitions F M

inl (J-) (J- = 0+, 1−, 2+, . . .) in
Eq. (4) are calculated. For example, the partial contribution
of the J- = L(−)L

(L = 0, 1, ...) transition in the term pro-
portional to (b0 − δnqb′

0) in the right-hand side of Eq. (10) is

described by

(b0 − δnqb′
0)

∫
d3r φq∗

µ

∑

M

λ0
LM (r)YLMφq

ν . (14)

The gradient ∇ in the spherical coordinate (r, θ ,φ) is de-
scribed by

∇ = %er.r − i%er × %l
r

, (15)

which indicates that the terms proportional to ∇φ
q∗
µ · ∇φ

q
ν or

∇χ (−)∗
α · ∇χ (+)

β in Eq. (10) only induce natural parity tran-
sitions because the product of ∇ does not change both the
angular momentum and parity of the residual target nucleus:∫

d,∇Y ∗
L′M ′ · ∇YLM = −

∫
d, 1

r2 (%lY ∗
L′M ′ ) · (%lYLM ) ∝ δL′L. The

Laplacian ∇2 does not induce any unnatural parity transition.
Since the product %σ · %l is a scalar for spatial rotation, the
spin–orbit term of Eq. (10) only induces natural parity transi-
tions. In short, there is no contribution to the unnatural parity
transitions from the first-third lines in the right-hand side of
Eq. (10), and the partial contributions of J- = L(−)L

(L =
0, 1, ...) transitions are calculated in the same way as Eq. (14).

The unnatural parity transitions (1+, 2−, 3+..) are induced
by a vector term χ (−)∗

α %σχ (+)
β in the terms proportional to (b̃i −

δnqb̃′
i )(i = 0, 3) in Eq. (10). These terms are associated with

the spin terms of the Skyrme force [50]. The spin term could
be expanded by three different terms λ±,z

LM (r) in the spherical
coordinate,

χ (−)∗
α %σχ (+)

β = %ex − i%ey

2

(
χ (−)∗

α σ+χ (+)
β

)

+ %ex + i%ey

2

(
χ (−)∗

α σ−χ (+)
β

)
+ %ez

(
χ (−)∗

α σzχ
(+)
β

)

≡
∑

LM

YLM (θ ,φ)
{

%ex − i%ey

2
λ+

LM (r)

+ %ex + i%ey

2
λ−

LM (r) + %ezλ
z
LM (r)

}
, (16)

λms
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α σmsχ

(+)
β (ms = ±, z). (17)

The ML (L = 1, 2, . . . ) transition is induced by the vector of
∇(rLYLM (θ ,φ)) that satisfies the orthogonality,

∫
d,

∇(rL′
YL′M ′ )∗ · ∇(rLYLM )

r2(L−1)L(2L + 1)
= δL′LδM ′M . (18)

Therefore, the partial contribution from the J- = L(−)L−1
(L =

1, 2, . . .) transition in Eq. (16) is calculated from the inner
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Each operator in the right-hand side of Eq. (4) satisfies the
time-reversal invariance, T F M

inl (J!)T −1 = τF M
inl (J!)† with

τ = +1(−1) for the natural parity (unnatural parity) transi-
tion. Therefore, the QRPA equation in Eq. (1) is applicable
for the each operator of F M

inl (J!) and the double differential
cross-section of neutron-induced inelastic scattering for the
even-even target nucleus is derived from Eqs. (1)–(4),

d2σ

dExd$α

= µαµβ

(2π h̄2)2

kα

kβ

1
2

∑

(α(β

∑

J!M

dB
(
ω; F M

inl (J!)
)

dEx
,

(5)

dB
(
ω; F M

inl (J!)
)

dEx
= − 1

π
Im

∑

q

∑

µν∈q
µ!ν

ζ τ
µν

(
f q∗
µνX q

µν + f q∗
νµY q

µν

)
,

(6)

where d$α = d(cos ,kα
)dφkα

is the solid angle of $kα , µα and
µβ are reduced masses of final and initial channels, and
Ex = Re(ω) is the excitation energy of the residual nucleus
given by Ex = h̄2k2

β/2µβ − h̄2k2
α/2µα . The factor 1/2 and

the sum
∑

(β
in Eq. (5) represent the average over the ini-

tial neutron spin polarization. Equation (6) shows the partial
contribution from the J! transition strength. The differential
cross-section for the excitation to a discrete level J! at Ex is
given by

dσ

d$α

= µαµβ

(2π h̄2)2

kα

kβ

1
2

∑

(α(β M

∫ Ex+.

Ex−.

dE ′
x

dB
(
ω; F M

inl (J!)
)

dE ′
x

,

(7)

where . is the width for the energy integration of the discrete
level. The transition strength in Eq. (6) associated with the
discrete level is broadened and smoothed by the Lorentzian
width / = 2Im(ω). The value of . should be larger than that
of / for the energy integration in Eq. (7). However, . should
be small to separate the discrete level from other excitations.

C. Nuclear force

To calculate the external field in Eq. (3), we need
the nuclear force v12(r12) between the nucleons inside the
target nucleus (index 1) and the projectile or scattered
neutron (index 2). We assume that the nuclear force cor-
responds to the Skyrme force whose parameters such as

ti, xi(i = 0, 1, 2, 3),W0,α are determined from nuclear struc-
ture [22,47],

v12 = t0(1 + x0Pσ )δ($r1 − $r2)

+ 1
2

t1(1 + x1Pσ )
[$k†2

12δ($r1 − $r2) + δ($r1 − $r2)$k2
12

]

+ t2(1 + x2Pσ )$k†
12δ($r1 − $r2)$k12

+ 1
6

t3(1 + x3Pσ )δ($r1 − $r2)ρα

(
$r1 + $r2

2

)

+ iW0(σ1 + σ2)$k†
12δ($r1 − $r2)$k12, (8)

where $k12 = (∇1 − ∇2)/2i, Pσ = (1 + σ1σ2)/2, and ρ is the
total nucleon density. The Skyrme force is a local interaction
proportional to δ($r1 − $r2). Then this interaction satisfies the
zero-range approximation [48], and the integration in Eq. (3)
becomes an one-body operator including $r1,∇1, and σ1. The
exchange operator of the isospin Pτ in Eq. (3) is written as
δqn where the q is the isospin of the nucleon inside the target
nucleus.

The calculation of f q
µν in Eq. (2) is straightforward by using

Eqs. (3) and (8). For example, the first line on the right-hand
side of Eq. (8) is symmetric toward the exchange between
$r1 and $r2, which results in Pr = 1 for this term. Then the
contribution to f q

µν in Eq. (2) is written as
∫

d3rd3r2φ
q∗
µ χ (−)∗

α t0(1 + x0Pσ )δ($r − $r2)(1 − PrPσ Pτ )χ (+)
β φq

ν

=
∫

d3rφq∗
µ χ (−)∗

α t0(1 + x0Pσ )(1 − Pσ δnq)χ (+)
β φq

ν

= (b0 − b′
0δnq)

∫
d3r χ (−)∗

α χ (+)
β φq∗

µ φq
ν

+ (b̃0 − b̃′
0δnq)

∫
d3r (χ (−)∗

α $σχ (+)
β ) ·

(
φq∗

µ $σφq
ν

)
, (9)

where $r = $r1 and P2
σ = 1. In the third and forth lines, we

use b parameters of the Skyrme force, b0 = t0(1 + x0
2 ), b′

0 =
t0( 1

2 + x0), b̃0 = t0x0
2 , and b̃′

0 = t0
2 given in Refs. [49,50]. The

contributions to f q
µν from other terms in Eq. (8) are calculated

with the Skyrme b parameters as in Eq. (9). The sign of
the exchange operator Pr = ±1 is negative and positive for
the Skyrme forces including $k12 and $k2

12 in Eq. (8) due to
$k21 = −$k12. As done in Ref. [34], we ignore the tensor terms
which maybe proportional to b̃1 or b̃′

1 from the second and
third lines of Eq. (8). Then, the f q

µν in Eq. (2) is given by

f q
µν = (b0 − δnqb′

0)
∫

d3r φq∗
µ φq

νχ
(−)∗
α χ (+)

β +
(
b1 − δnqb′

1

) ∫
d3r

(
φq∗

µ φq
ν∇χ (−)∗

α · ∇χ (+)
β + χ (−)∗

α χ (+)
β ∇φq∗

µ · ∇φq
ν

)

− (b2 − δnqb′
2)

∫
d3r ∇2(φq∗

µ φq
ν

)
χ (−)∗

α χ (+)
β + cα (b3 − δnqb′

3)
∫

d3r
2
3

(ρ0)αφq∗
µ φq

νχ
(−)∗
α χ (+)

β

− (b4 + δnqb′
4)

∫
d3r

{
φq∗

µ φq
ν∇χ (−)∗

α · (−i)(∇ × $σ )χ (+)
β + χ (−)∗

α χ (+)
β ∇φq∗

µ · (−i)(∇ × $σ )φq
ν

}

− 2(b1 − δnqb′
1)

∫
d3r

{
1
2i

(
φq∗

µ ∇φq
ν − φq

ν∇φq∗
µ

)
· 1

2i

(
χ (−)∗

α ∇χ (+)
β − χ (+)

β ∇χ (−)∗
α

)}
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− (b4 + δnqb′
4)

∫
d3r

{
1
2i

(
φq∗

µ ∇φq
ν − φq

ν∇φq∗
µ

)
· ∇ ×

(
χ (−)∗

α %σχ (+)
β

)
+ 1

2i

(
χ (−)∗

α ∇χ (+)
β − χ (+)

β ∇χ (−)∗
α

)
· ∇ ×

(
φq∗

µ %σφq
ν

)}

+ (b̃0 − δnqb̃′
0)

∫
d3r (χ (−)∗

α %σχ (+)
β ) ·

(
φq∗

µ %σφq
ν

)
+ cα (b̃3 − δnqb̃′

3)
∫

d3r
2
3

(ρ0)α
(
χ (−)∗

α %σχ (+)
β

)
·
(
φq∗

µ %σφq
ν

)

+ (b̃2 − δnqb̃′
2)

∫
d3r ∇

(
χ (−)∗

α %σχ (+)
β

)
· ∇

(
φq∗

µ %σφq
ν

)
, (10)

where ρ0 =
∑

qi φ
q∗
i φ

q
i is the density of the nucleon inside

the target nucleus. The above equation can be calculated in
the similar procedure to obtain RPA matrices by replacing
φ

q′∗
j φ

q′

n with χ (−)∗
α χ (+)

β in the Eqs. (32) and (39) of Ref. [34].

The derivative and the spin density such as χ (−)∗
α ∇χ (+)

β and

χ (−)∗
α %σχ (+)

β are originated from %k12 and Pσ in Eq. (8) and the
Pauli-blocking factor (1 − PrPσ Pτ ). We remark that a factor
of effective particle-particle (or particle-hole) interactions,

cα = (α + 2)(α + 1)
2

, (11)

is multiplied in the three-body term (∝ t3) in Eq. (8) following
Refs. [51,52]. This factor of the three-body term corrects the
Skyrme force usually used in nuclear structure calculations
to that of nuclear reaction calculations. Among the various
terms in Eq. (10), two-body terms and the three-body terms
associated with bi, b′

i, b̃i, b̃′
i(i = 0, 3) that are proportional to

χ (−)∗
α χ (+)

β or χ (−)∗
α %σχ (+)

β play the dominant contribution to
the strength of the transition [51]. To simplify the calculation,
we ignore the terms including the derivatives of the distorted-
wave functions. This treatment enables the easy derivation
of the partial contribution from the multipole transitions in
Eq. (10) used for Eq. (6).

D. Multipole transitions

From the products χ (−)∗
α χ (+)

β and χ (−)∗
α %σχ (+)

β in Eq. (10),
we abstract operators for natural parity (0+, 1−, 2+, . . .) and
unnatural parity (1+, 2−, 3+, . . .) multipole transitions as in
Eq. (4). In the spherical coordinate (r, θ ,φ), the electric
EL(L = 0, 1, 2, . . .) transition is originated from the spher-
ical harmonics YLM (θ ,φ) [22]. However, the operator for the
magnetic ML(L = 1, 2, . . .) transition is described by a linear
combination of %σ · ∇(rLYLM ) and %l · ∇(rLYLM ) where %l is the
angular momentum operator [22].

The product χ (−)∗
α χ (+)

β is a function in the coordinate space
%r without any operator of ∇ and %σ . Therefore, this product
could be expanded by spherical harmonics only,

χ (−)∗
α χ (+)

β =
∑

LM

λ0
LM (r)YLM (θ ,φ), (12)

λ0
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α χ (+)

β . (13)

From the expansion of Eq. (12), the partial contribution from
natural parity transitions F M

inl (J-) (J- = 0+, 1−, 2+, . . .) in
Eq. (4) are calculated. For example, the partial contribution
of the J- = L(−)L

(L = 0, 1, ...) transition in the term pro-
portional to (b0 − δnqb′

0) in the right-hand side of Eq. (10) is

described by

(b0 − δnqb′
0)

∫
d3r φq∗

µ

∑

M

λ0
LM (r)YLMφq

ν . (14)

The gradient ∇ in the spherical coordinate (r, θ ,φ) is de-
scribed by

∇ = %er.r − i%er × %l
r

, (15)

which indicates that the terms proportional to ∇φ
q∗
µ · ∇φ

q
ν or

∇χ (−)∗
α · ∇χ (+)

β in Eq. (10) only induce natural parity tran-
sitions because the product of ∇ does not change both the
angular momentum and parity of the residual target nucleus:∫

d,∇Y ∗
L′M ′ · ∇YLM = −

∫
d, 1

r2 (%lY ∗
L′M ′ ) · (%lYLM ) ∝ δL′L. The

Laplacian ∇2 does not induce any unnatural parity transition.
Since the product %σ · %l is a scalar for spatial rotation, the
spin–orbit term of Eq. (10) only induces natural parity transi-
tions. In short, there is no contribution to the unnatural parity
transitions from the first-third lines in the right-hand side of
Eq. (10), and the partial contributions of J- = L(−)L

(L =
0, 1, ...) transitions are calculated in the same way as Eq. (14).

The unnatural parity transitions (1+, 2−, 3+..) are induced
by a vector term χ (−)∗

α %σχ (+)
β in the terms proportional to (b̃i −

δnqb̃′
i )(i = 0, 3) in Eq. (10). These terms are associated with

the spin terms of the Skyrme force [50]. The spin term could
be expanded by three different terms λ±,z

LM (r) in the spherical
coordinate,

χ (−)∗
α %σχ (+)

β = %ex − i%ey

2

(
χ (−)∗

α σ+χ (+)
β

)

+ %ex + i%ey

2

(
χ (−)∗

α σ−χ (+)
β

)
+ %ez

(
χ (−)∗

α σzχ
(+)
β

)

≡
∑

LM

YLM (θ ,φ)
{

%ex − i%ey

2
λ+

LM (r)

+ %ex + i%ey

2
λ−

LM (r) + %ezλ
z
LM (r)

}
, (16)

λms
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α σmsχ

(+)
β (ms = ±, z). (17)

The ML (L = 1, 2, . . . ) transition is induced by the vector of
∇(rLYLM (θ ,φ)) that satisfies the orthogonality,

∫
d,

∇(rL′
YL′M ′ )∗ · ∇(rLYLM )

r2(L−1)L(2L + 1)
= δL′LδM ′M . (18)

Therefore, the partial contribution from the J- = L(−)L−1
(L =

1, 2, . . .) transition in Eq. (16) is calculated from the inner
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− (b4 + δnqb′
4)

∫
d3r

{
1
2i

(
φq∗

µ ∇φq
ν − φq

ν∇φq∗
µ

)
· ∇ ×

(
χ (−)∗

α %σχ (+)
β

)
+ 1

2i

(
χ (−)∗

α ∇χ (+)
β − χ (+)

β ∇χ (−)∗
α

)
· ∇ ×

(
φq∗

µ %σφq
ν

)}

+ (b̃0 − δnqb̃′
0)

∫
d3r (χ (−)∗

α %σχ (+)
β ) ·

(
φq∗

µ %σφq
ν

)
+ cα (b̃3 − δnqb̃′

3)
∫

d3r
2
3

(ρ0)α
(
χ (−)∗

α %σχ (+)
β

)
·
(
φq∗

µ %σφq
ν

)

+ (b̃2 − δnqb̃′
2)

∫
d3r ∇

(
χ (−)∗

α %σχ (+)
β

)
· ∇

(
φq∗

µ %σφq
ν

)
, (10)

where ρ0 =
∑

qi φ
q∗
i φ

q
i is the density of the nucleon inside

the target nucleus. The above equation can be calculated in
the similar procedure to obtain RPA matrices by replacing
φ

q′∗
j φ

q′

n with χ (−)∗
α χ (+)

β in the Eqs. (32) and (39) of Ref. [34].

The derivative and the spin density such as χ (−)∗
α ∇χ (+)

β and

χ (−)∗
α %σχ (+)

β are originated from %k12 and Pσ in Eq. (8) and the
Pauli-blocking factor (1 − PrPσ Pτ ). We remark that a factor
of effective particle-particle (or particle-hole) interactions,

cα = (α + 2)(α + 1)
2

, (11)

is multiplied in the three-body term (∝ t3) in Eq. (8) following
Refs. [51,52]. This factor of the three-body term corrects the
Skyrme force usually used in nuclear structure calculations
to that of nuclear reaction calculations. Among the various
terms in Eq. (10), two-body terms and the three-body terms
associated with bi, b′

i, b̃i, b̃′
i(i = 0, 3) that are proportional to

χ (−)∗
α χ (+)

β or χ (−)∗
α %σχ (+)

β play the dominant contribution to
the strength of the transition [51]. To simplify the calculation,
we ignore the terms including the derivatives of the distorted-
wave functions. This treatment enables the easy derivation
of the partial contribution from the multipole transitions in
Eq. (10) used for Eq. (6).

D. Multipole transitions

From the products χ (−)∗
α χ (+)

β and χ (−)∗
α %σχ (+)

β in Eq. (10),
we abstract operators for natural parity (0+, 1−, 2+, . . .) and
unnatural parity (1+, 2−, 3+, . . .) multipole transitions as in
Eq. (4). In the spherical coordinate (r, θ ,φ), the electric
EL(L = 0, 1, 2, . . .) transition is originated from the spher-
ical harmonics YLM (θ ,φ) [22]. However, the operator for the
magnetic ML(L = 1, 2, . . .) transition is described by a linear
combination of %σ · ∇(rLYLM ) and %l · ∇(rLYLM ) where %l is the
angular momentum operator [22].

The product χ (−)∗
α χ (+)

β is a function in the coordinate space
%r without any operator of ∇ and %σ . Therefore, this product
could be expanded by spherical harmonics only,

χ (−)∗
α χ (+)

β =
∑

LM

λ0
LM (r)YLM (θ ,φ), (12)

λ0
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α χ (+)

β . (13)

From the expansion of Eq. (12), the partial contribution from
natural parity transitions F M

inl (J-) (J- = 0+, 1−, 2+, . . .) in
Eq. (4) are calculated. For example, the partial contribution
of the J- = L(−)L

(L = 0, 1, ...) transition in the term pro-
portional to (b0 − δnqb′

0) in the right-hand side of Eq. (10) is

described by

(b0 − δnqb′
0)

∫
d3r φq∗

µ

∑

M

λ0
LM (r)YLMφq

ν . (14)

The gradient ∇ in the spherical coordinate (r, θ ,φ) is de-
scribed by

∇ = %er.r − i%er × %l
r

, (15)

which indicates that the terms proportional to ∇φ
q∗
µ · ∇φ

q
ν or

∇χ (−)∗
α · ∇χ (+)

β in Eq. (10) only induce natural parity tran-
sitions because the product of ∇ does not change both the
angular momentum and parity of the residual target nucleus:∫

d,∇Y ∗
L′M ′ · ∇YLM = −

∫
d, 1

r2 (%lY ∗
L′M ′ ) · (%lYLM ) ∝ δL′L. The

Laplacian ∇2 does not induce any unnatural parity transition.
Since the product %σ · %l is a scalar for spatial rotation, the
spin–orbit term of Eq. (10) only induces natural parity transi-
tions. In short, there is no contribution to the unnatural parity
transitions from the first-third lines in the right-hand side of
Eq. (10), and the partial contributions of J- = L(−)L

(L =
0, 1, ...) transitions are calculated in the same way as Eq. (14).

The unnatural parity transitions (1+, 2−, 3+..) are induced
by a vector term χ (−)∗

α %σχ (+)
β in the terms proportional to (b̃i −

δnqb̃′
i )(i = 0, 3) in Eq. (10). These terms are associated with

the spin terms of the Skyrme force [50]. The spin term could
be expanded by three different terms λ±,z

LM (r) in the spherical
coordinate,

χ (−)∗
α %σχ (+)

β = %ex − i%ey

2

(
χ (−)∗

α σ+χ (+)
β

)

+ %ex + i%ey

2

(
χ (−)∗

α σ−χ (+)
β

)
+ %ez

(
χ (−)∗

α σzχ
(+)
β

)

≡
∑

LM

YLM (θ ,φ)
{

%ex − i%ey

2
λ+

LM (r)

+ %ex + i%ey

2
λ−

LM (r) + %ezλ
z
LM (r)

}
, (16)

λms
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α σmsχ

(+)
β (ms = ±, z). (17)

The ML (L = 1, 2, . . . ) transition is induced by the vector of
∇(rLYLM (θ ,φ)) that satisfies the orthogonality,

∫
d,

∇(rL′
YL′M ′ )∗ · ∇(rLYLM )

r2(L−1)L(2L + 1)
= δL′LδM ′M . (18)

Therefore, the partial contribution from the J- = L(−)L−1
(L =

1, 2, . . .) transition in Eq. (16) is calculated from the inner
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− (b4 + δnqb′
4)

∫
d3r

{
1
2i

(
φq∗

µ ∇φq
ν − φq

ν∇φq∗
µ

)
· ∇ ×

(
χ (−)∗

α %σχ (+)
β

)
+ 1

2i

(
χ (−)∗

α ∇χ (+)
β − χ (+)

β ∇χ (−)∗
α

)
· ∇ ×

(
φq∗

µ %σφq
ν

)}

+ (b̃0 − δnqb̃′
0)

∫
d3r (χ (−)∗

α %σχ (+)
β ) ·

(
φq∗

µ %σφq
ν

)
+ cα (b̃3 − δnqb̃′

3)
∫

d3r
2
3

(ρ0)α
(
χ (−)∗

α %σχ (+)
β

)
·
(
φq∗

µ %σφq
ν

)

+ (b̃2 − δnqb̃′
2)

∫
d3r ∇

(
χ (−)∗

α %σχ (+)
β

)
· ∇

(
φq∗

µ %σφq
ν

)
, (10)

where ρ0 =
∑

qi φ
q∗
i φ

q
i is the density of the nucleon inside

the target nucleus. The above equation can be calculated in
the similar procedure to obtain RPA matrices by replacing
φ

q′∗
j φ

q′

n with χ (−)∗
α χ (+)

β in the Eqs. (32) and (39) of Ref. [34].

The derivative and the spin density such as χ (−)∗
α ∇χ (+)

β and

χ (−)∗
α %σχ (+)

β are originated from %k12 and Pσ in Eq. (8) and the
Pauli-blocking factor (1 − PrPσ Pτ ). We remark that a factor
of effective particle-particle (or particle-hole) interactions,

cα = (α + 2)(α + 1)
2

, (11)

is multiplied in the three-body term (∝ t3) in Eq. (8) following
Refs. [51,52]. This factor of the three-body term corrects the
Skyrme force usually used in nuclear structure calculations
to that of nuclear reaction calculations. Among the various
terms in Eq. (10), two-body terms and the three-body terms
associated with bi, b′

i, b̃i, b̃′
i(i = 0, 3) that are proportional to

χ (−)∗
α χ (+)

β or χ (−)∗
α %σχ (+)

β play the dominant contribution to
the strength of the transition [51]. To simplify the calculation,
we ignore the terms including the derivatives of the distorted-
wave functions. This treatment enables the easy derivation
of the partial contribution from the multipole transitions in
Eq. (10) used for Eq. (6).

D. Multipole transitions

From the products χ (−)∗
α χ (+)

β and χ (−)∗
α %σχ (+)

β in Eq. (10),
we abstract operators for natural parity (0+, 1−, 2+, . . .) and
unnatural parity (1+, 2−, 3+, . . .) multipole transitions as in
Eq. (4). In the spherical coordinate (r, θ ,φ), the electric
EL(L = 0, 1, 2, . . .) transition is originated from the spher-
ical harmonics YLM (θ ,φ) [22]. However, the operator for the
magnetic ML(L = 1, 2, . . .) transition is described by a linear
combination of %σ · ∇(rLYLM ) and %l · ∇(rLYLM ) where %l is the
angular momentum operator [22].

The product χ (−)∗
α χ (+)

β is a function in the coordinate space
%r without any operator of ∇ and %σ . Therefore, this product
could be expanded by spherical harmonics only,

χ (−)∗
α χ (+)

β =
∑

LM

λ0
LM (r)YLM (θ ,φ), (12)

λ0
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α χ (+)

β . (13)

From the expansion of Eq. (12), the partial contribution from
natural parity transitions F M

inl (J-) (J- = 0+, 1−, 2+, . . .) in
Eq. (4) are calculated. For example, the partial contribution
of the J- = L(−)L

(L = 0, 1, ...) transition in the term pro-
portional to (b0 − δnqb′

0) in the right-hand side of Eq. (10) is

described by

(b0 − δnqb′
0)

∫
d3r φq∗

µ

∑

M

λ0
LM (r)YLMφq

ν . (14)

The gradient ∇ in the spherical coordinate (r, θ ,φ) is de-
scribed by

∇ = %er.r − i%er × %l
r

, (15)

which indicates that the terms proportional to ∇φ
q∗
µ · ∇φ

q
ν or

∇χ (−)∗
α · ∇χ (+)

β in Eq. (10) only induce natural parity tran-
sitions because the product of ∇ does not change both the
angular momentum and parity of the residual target nucleus:∫

d,∇Y ∗
L′M ′ · ∇YLM = −

∫
d, 1

r2 (%lY ∗
L′M ′ ) · (%lYLM ) ∝ δL′L. The

Laplacian ∇2 does not induce any unnatural parity transition.
Since the product %σ · %l is a scalar for spatial rotation, the
spin–orbit term of Eq. (10) only induces natural parity transi-
tions. In short, there is no contribution to the unnatural parity
transitions from the first-third lines in the right-hand side of
Eq. (10), and the partial contributions of J- = L(−)L

(L =
0, 1, ...) transitions are calculated in the same way as Eq. (14).

The unnatural parity transitions (1+, 2−, 3+..) are induced
by a vector term χ (−)∗

α %σχ (+)
β in the terms proportional to (b̃i −

δnqb̃′
i )(i = 0, 3) in Eq. (10). These terms are associated with

the spin terms of the Skyrme force [50]. The spin term could
be expanded by three different terms λ±,z

LM (r) in the spherical
coordinate,

χ (−)∗
α %σχ (+)

β = %ex − i%ey

2

(
χ (−)∗

α σ+χ (+)
β

)

+ %ex + i%ey

2

(
χ (−)∗

α σ−χ (+)
β

)
+ %ez

(
χ (−)∗

α σzχ
(+)
β

)

≡
∑

LM

YLM (θ ,φ)
{

%ex − i%ey

2
λ+

LM (r)

+ %ex + i%ey

2
λ−

LM (r) + %ezλ
z
LM (r)

}
, (16)

λms
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α σmsχ

(+)
β (ms = ±, z). (17)

The ML (L = 1, 2, . . . ) transition is induced by the vector of
∇(rLYLM (θ ,φ)) that satisfies the orthogonality,

∫
d,

∇(rL′
YL′M ′ )∗ · ∇(rLYLM )

r2(L−1)L(2L + 1)
= δL′LδM ′M . (18)

Therefore, the partial contribution from the J- = L(−)L−1
(L =

1, 2, . . .) transition in Eq. (16) is calculated from the inner
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FIG. 1. Strength functions of E2 (dash-dotted line), E3 (solid
line), and E5 (dashed line) transitions for photoabsorption reactions
on 208Pb, which is calculated from the QRPA equation in Eq. (1) with
the external fields of EL operators.

following the method in Sec. II. The single-particle states
are obtained from the HF+BCS calculation in the cylindrical
coordinate by using the numerical setup in Ref. [61]. Prod-
ucts of the single-particle states, such as φ

q∗
µ φν , ∇φ

q∗
µ · ∇φ

q
ν ,

∇2(φq∗
µ φ

q
ν ), ∇φ

q∗
µ · (−i)(∇ × %σ )φq

ν , and φ
q∗
µ %σφ

q
ν in Eq. (10)

are calculated as in Ref. [34]. We employ the Skyrme param-
eters of SLy4 [62] for both the QRPA matrices in Eq. (1)
and the external field in Eq. (10). The size of the config-
uration space of quasiparticle pairs is determined following
Ref. [35]. To obtain the distorted waves of the incoming
and outgoing neutrons, we solve the optical model using
the coupled-channels Hauser-Feshbach code CoH3 [63]. The
calculation employs the neutron optical potential parameters
from Ref. [64], and includes the nonlocal Perey effect (β =
0.85) [65].

For the benchmark calculation, we demonstrate neutron-
induced direct inelastic scattering to the low-lying discrete
levels of 208Pb at various incident neutron energies. To cal-
culate the inelastic scattering to these discrete levels, first we
calculate the excitation energies by the QRPA for the photoab-
sorption reaction. Later these calculated excitation energies
will be adjusted to the experimental values. Figure 1 shows
the transition strengths of the E2, E3, and E5 transitions for
208Pb obtained from the QRPA equation in Eq. (1) with the
external fields of e( 1

2 − τ
q
z )rLYLM (L = 2, 3, 5, |M| ! L) as

given in Eq. (2). The photon energy grid is set to 62.5 keV,
and the strength is calculated from 62.5 keV to 20 MeV
using a fixed Lorentzian width γ = 2Im(ω) = 125 keV as
in Ref. [35]. The prominent resonances at low energies cor-
respond to excitations to low-lying states in 208Pb, such as
3−

1 (2.615 MeV), 5−
1 (3.198 MeV), and 2+

1 (4.086 MeV). Our
QRPA calculations overestimate the excitation energy by at
most 1.5 MeV. Such overestimation is also seen in a previous
study [23]. The transition strengths of the low-energy reso-
nances are calculated by integrating over the energy region
around the peak, as described in Eq. (7), with ( = 1 MeV
for the E3 and E2 transitions, and ( = 0.5 MeV for the E5

TABLE I. Comparison of the QRPA results with the evaluated
values [56] for the strengths and the excitation energies of low-lying
discrete levels in 208Pb. The units of the strengths and excitation
energies are e2bL and MeV, respectively, for the EL transitions (L =
2, 3, 5).

Level Bexp(EL) BQRPA(EL) Eexp EQRPA

3−
1 0.611 0.656 2.615 3.625

5−
1 0.0447 0.0415 3.198 4.625

2+
1 0.318 0.298 4.086 4.938

transition. The obtained values shown in Table I are consistent
with the adopted values [56] within 10%.

For the excitation to a discrete level, the differential cross-
section is calculated using Ex = Eexp in Eq. (7) where Eexp is
the evaluated value of the excitation energy in Table I. To cor-
rect the overestimation of the excitation energy, we introduce
the energy shift (N [23]. This correction is implemented by
modifying Eq. (1) with the replacement ω → ω + (N . The
value of the energy shift is defined as (N = EQRPA − Eexp,
where EQRPA is the QRPA-calculated excitation energy as in
Table I.

Figure 2 shows the differential cross-sections for excitation
to the 3−

1 (2.615 MeV) state at incident neutron energies of
7.0, 11.0, and 25.7 MeV. The results for 7.0 and 11.0 MeV are
scaled by 104 and 102 times. The dotted lines in Fig. 2 rep-
resent the differential cross-sections calculated from Eq. (7),
corresponding to the direct reaction contribution. The solid
lines show the sum of the contributions from direct reactions
and compound nucleus decays. The compound process is cal-
culated using CoH3 [63], and its contribution dominates at low
incident neutron energies. At the 7.0 MeV neutron incident,
the sum of the direct reaction process of Eq. (7) and the
compound nuclear reaction agrees with the experimental data.
While the compound reaction contribution is negligible for the
11.0 and 25.7 MeV cases. The calculated result for 11.0 MeV
reproduces both the shape and strength of the experimental
data. The strength is entirely determined by the values of
the Skyrme b parameters in Eq. (10), without any fitting of
deformation parameters for vibrations, as is typically done in
the collective model within the DWBA framework. The result
for 25.7 MeV reproduces the shape of the distribution, which
is similar to the result in Ref. [26]. The overestimation of
the strength could be improved by including various terms in
Eq. (10) that are neglected in this study and by using a larger
parameter β for the nonlocal Perey effect.

Figures 3 and 4 show the differential cross-sections for
excitation to the 5−

1 (3.198 MeV) and 2+
1 (4.086 MeV) states.

As seen in Fig. 3, the compound inelastic scattering process
is larger than the direct process at 7.5 MeV. The calculated
results of Eq. (7) reproduce well both the shapes and strengths
of the differential cross-sections at 25.7 MeV in Fig. 3 and 9.5
MeV in Fig. 4.

Figure 5 demonstrates the sensitivity to two-body and
three-body Skyrme forces, which are proportional to t0 and
t3 in Eq. (8). At an incident neutron energy of 22.0 MeV, the
contribution from the compound process is negligible. The

054607-6

SASAKI, KAWANO, AND DUPUIS PHYSICAL REVIEW C 112, 054607 (2025)

FIG. 1. Strength functions of E2 (dash-dotted line), E3 (solid
line), and E5 (dashed line) transitions for photoabsorption reactions
on 208Pb, which is calculated from the QRPA equation in Eq. (1) with
the external fields of EL operators.

following the method in Sec. II. The single-particle states
are obtained from the HF+BCS calculation in the cylindrical
coordinate by using the numerical setup in Ref. [61]. Prod-
ucts of the single-particle states, such as φ

q∗
µ φν , ∇φ

q∗
µ · ∇φ

q
ν ,

∇2(φq∗
µ φ

q
ν ), ∇φ

q∗
µ · (−i)(∇ × %σ )φq

ν , and φ
q∗
µ %σφ

q
ν in Eq. (10)

are calculated as in Ref. [34]. We employ the Skyrme param-
eters of SLy4 [62] for both the QRPA matrices in Eq. (1)
and the external field in Eq. (10). The size of the config-
uration space of quasiparticle pairs is determined following
Ref. [35]. To obtain the distorted waves of the incoming
and outgoing neutrons, we solve the optical model using
the coupled-channels Hauser-Feshbach code CoH3 [63]. The
calculation employs the neutron optical potential parameters
from Ref. [64], and includes the nonlocal Perey effect (β =
0.85) [65].

For the benchmark calculation, we demonstrate neutron-
induced direct inelastic scattering to the low-lying discrete
levels of 208Pb at various incident neutron energies. To cal-
culate the inelastic scattering to these discrete levels, first we
calculate the excitation energies by the QRPA for the photoab-
sorption reaction. Later these calculated excitation energies
will be adjusted to the experimental values. Figure 1 shows
the transition strengths of the E2, E3, and E5 transitions for
208Pb obtained from the QRPA equation in Eq. (1) with the
external fields of e( 1

2 − τ
q
z )rLYLM (L = 2, 3, 5, |M| ! L) as

given in Eq. (2). The photon energy grid is set to 62.5 keV,
and the strength is calculated from 62.5 keV to 20 MeV
using a fixed Lorentzian width γ = 2Im(ω) = 125 keV as
in Ref. [35]. The prominent resonances at low energies cor-
respond to excitations to low-lying states in 208Pb, such as
3−

1 (2.615 MeV), 5−
1 (3.198 MeV), and 2+

1 (4.086 MeV). Our
QRPA calculations overestimate the excitation energy by at
most 1.5 MeV. Such overestimation is also seen in a previous
study [23]. The transition strengths of the low-energy reso-
nances are calculated by integrating over the energy region
around the peak, as described in Eq. (7), with ( = 1 MeV
for the E3 and E2 transitions, and ( = 0.5 MeV for the E5

TABLE I. Comparison of the QRPA results with the evaluated
values [56] for the strengths and the excitation energies of low-lying
discrete levels in 208Pb. The units of the strengths and excitation
energies are e2bL and MeV, respectively, for the EL transitions (L =
2, 3, 5).

Level Bexp(EL) BQRPA(EL) Eexp EQRPA

3−
1 0.611 0.656 2.615 3.625

5−
1 0.0447 0.0415 3.198 4.625

2+
1 0.318 0.298 4.086 4.938

transition. The obtained values shown in Table I are consistent
with the adopted values [56] within 10%.

For the excitation to a discrete level, the differential cross-
section is calculated using Ex = Eexp in Eq. (7) where Eexp is
the evaluated value of the excitation energy in Table I. To cor-
rect the overestimation of the excitation energy, we introduce
the energy shift (N [23]. This correction is implemented by
modifying Eq. (1) with the replacement ω → ω + (N . The
value of the energy shift is defined as (N = EQRPA − Eexp,
where EQRPA is the QRPA-calculated excitation energy as in
Table I.

Figure 2 shows the differential cross-sections for excitation
to the 3−

1 (2.615 MeV) state at incident neutron energies of
7.0, 11.0, and 25.7 MeV. The results for 7.0 and 11.0 MeV are
scaled by 104 and 102 times. The dotted lines in Fig. 2 rep-
resent the differential cross-sections calculated from Eq. (7),
corresponding to the direct reaction contribution. The solid
lines show the sum of the contributions from direct reactions
and compound nucleus decays. The compound process is cal-
culated using CoH3 [63], and its contribution dominates at low
incident neutron energies. At the 7.0 MeV neutron incident,
the sum of the direct reaction process of Eq. (7) and the
compound nuclear reaction agrees with the experimental data.
While the compound reaction contribution is negligible for the
11.0 and 25.7 MeV cases. The calculated result for 11.0 MeV
reproduces both the shape and strength of the experimental
data. The strength is entirely determined by the values of
the Skyrme b parameters in Eq. (10), without any fitting of
deformation parameters for vibrations, as is typically done in
the collective model within the DWBA framework. The result
for 25.7 MeV reproduces the shape of the distribution, which
is similar to the result in Ref. [26]. The overestimation of
the strength could be improved by including various terms in
Eq. (10) that are neglected in this study and by using a larger
parameter β for the nonlocal Perey effect.

Figures 3 and 4 show the differential cross-sections for
excitation to the 5−

1 (3.198 MeV) and 2+
1 (4.086 MeV) states.

As seen in Fig. 3, the compound inelastic scattering process
is larger than the direct process at 7.5 MeV. The calculated
results of Eq. (7) reproduce well both the shapes and strengths
of the differential cross-sections at 25.7 MeV in Fig. 3 and 9.5
MeV in Fig. 4.

Figure 5 demonstrates the sensitivity to two-body and
three-body Skyrme forces, which are proportional to t0 and
t3 in Eq. (8). At an incident neutron energy of 22.0 MeV, the
contribution from the compound process is negligible. The

054607-6

H. Sasaki, T. Kawano, and M. Dupuis, PRC112, 054607(2025)

0.1

1

10

100

0 20 40 60 80 100 120 140 160 180

208Pb(n,n')208Pb*, SLy4
3-1,E*=2.615 MeV, En=11 MeV

dσ
/d
Ω
[m
b/
st
r]

θc.m. [deg]

Bainum1977 11MeV
QRPA+DWBA

Differential cross section for the discrete 
level excitation

MODELING DIRECT AND PRE-EQUILIBRIUM PROCESSES … PHYSICAL REVIEW C 112, 054607 (2025)

Each operator in the right-hand side of Eq. (4) satisfies the
time-reversal invariance, T F M

inl (J!)T −1 = τF M
inl (J!)† with

τ = +1(−1) for the natural parity (unnatural parity) transi-
tion. Therefore, the QRPA equation in Eq. (1) is applicable
for the each operator of F M

inl (J!) and the double differential
cross-section of neutron-induced inelastic scattering for the
even-even target nucleus is derived from Eqs. (1)–(4),

d2σ

dExd$α

= µαµβ

(2π h̄2)2

kα

kβ

1
2

∑

(α(β

∑

J!M

dB
(
ω; F M

inl (J!)
)

dEx
,

(5)

dB
(
ω; F M

inl (J!)
)

dEx
= − 1

π
Im

∑

q

∑

µν∈q
µ!ν

ζ τ
µν

(
f q∗
µνX q

µν + f q∗
νµY q

µν

)
,

(6)

where d$α = d(cos ,kα
)dφkα

is the solid angle of $kα , µα and
µβ are reduced masses of final and initial channels, and
Ex = Re(ω) is the excitation energy of the residual nucleus
given by Ex = h̄2k2

β/2µβ − h̄2k2
α/2µα . The factor 1/2 and

the sum
∑

(β
in Eq. (5) represent the average over the ini-

tial neutron spin polarization. Equation (6) shows the partial
contribution from the J! transition strength. The differential
cross-section for the excitation to a discrete level J! at Ex is
given by

dσ

d$α

= µαµβ

(2π h̄2)2

kα

kβ

1
2

∑

(α(β M

∫ Ex+.

Ex−.

dE ′
x

dB
(
ω; F M

inl (J!)
)

dE ′
x

,

(7)

where . is the width for the energy integration of the discrete
level. The transition strength in Eq. (6) associated with the
discrete level is broadened and smoothed by the Lorentzian
width / = 2Im(ω). The value of . should be larger than that
of / for the energy integration in Eq. (7). However, . should
be small to separate the discrete level from other excitations.

C. Nuclear force

To calculate the external field in Eq. (3), we need
the nuclear force v12(r12) between the nucleons inside the
target nucleus (index 1) and the projectile or scattered
neutron (index 2). We assume that the nuclear force cor-
responds to the Skyrme force whose parameters such as

ti, xi(i = 0, 1, 2, 3),W0,α are determined from nuclear struc-
ture [22,47],

v12 = t0(1 + x0Pσ )δ($r1 − $r2)

+ 1
2

t1(1 + x1Pσ )
[$k†2

12δ($r1 − $r2) + δ($r1 − $r2)$k2
12

]

+ t2(1 + x2Pσ )$k†
12δ($r1 − $r2)$k12

+ 1
6

t3(1 + x3Pσ )δ($r1 − $r2)ρα

(
$r1 + $r2

2

)

+ iW0(σ1 + σ2)$k†
12δ($r1 − $r2)$k12, (8)

where $k12 = (∇1 − ∇2)/2i, Pσ = (1 + σ1σ2)/2, and ρ is the
total nucleon density. The Skyrme force is a local interaction
proportional to δ($r1 − $r2). Then this interaction satisfies the
zero-range approximation [48], and the integration in Eq. (3)
becomes an one-body operator including $r1,∇1, and σ1. The
exchange operator of the isospin Pτ in Eq. (3) is written as
δqn where the q is the isospin of the nucleon inside the target
nucleus.

The calculation of f q
µν in Eq. (2) is straightforward by using

Eqs. (3) and (8). For example, the first line on the right-hand
side of Eq. (8) is symmetric toward the exchange between
$r1 and $r2, which results in Pr = 1 for this term. Then the
contribution to f q

µν in Eq. (2) is written as
∫

d3rd3r2φ
q∗
µ χ (−)∗

α t0(1 + x0Pσ )δ($r − $r2)(1 − PrPσ Pτ )χ (+)
β φq

ν

=
∫

d3rφq∗
µ χ (−)∗

α t0(1 + x0Pσ )(1 − Pσ δnq)χ (+)
β φq

ν

= (b0 − b′
0δnq)

∫
d3r χ (−)∗

α χ (+)
β φq∗

µ φq
ν

+ (b̃0 − b̃′
0δnq)

∫
d3r (χ (−)∗

α $σχ (+)
β ) ·

(
φq∗

µ $σφq
ν

)
, (9)

where $r = $r1 and P2
σ = 1. In the third and forth lines, we

use b parameters of the Skyrme force, b0 = t0(1 + x0
2 ), b′

0 =
t0( 1

2 + x0), b̃0 = t0x0
2 , and b̃′

0 = t0
2 given in Refs. [49,50]. The

contributions to f q
µν from other terms in Eq. (8) are calculated

with the Skyrme b parameters as in Eq. (9). The sign of
the exchange operator Pr = ±1 is negative and positive for
the Skyrme forces including $k12 and $k2

12 in Eq. (8) due to
$k21 = −$k12. As done in Ref. [34], we ignore the tensor terms
which maybe proportional to b̃1 or b̃′

1 from the second and
third lines of Eq. (8). Then, the f q

µν in Eq. (2) is given by

f q
µν = (b0 − δnqb′

0)
∫

d3r φq∗
µ φq

νχ
(−)∗
α χ (+)

β +
(
b1 − δnqb′

1

) ∫
d3r

(
φq∗

µ φq
ν∇χ (−)∗

α · ∇χ (+)
β + χ (−)∗

α χ (+)
β ∇φq∗

µ · ∇φq
ν

)

− (b2 − δnqb′
2)

∫
d3r ∇2(φq∗

µ φq
ν

)
χ (−)∗

α χ (+)
β + cα (b3 − δnqb′

3)
∫

d3r
2
3

(ρ0)αφq∗
µ φq

νχ
(−)∗
α χ (+)

β

− (b4 + δnqb′
4)

∫
d3r

{
φq∗

µ φq
ν∇χ (−)∗

α · (−i)(∇ × $σ )χ (+)
β + χ (−)∗

α χ (+)
β ∇φq∗

µ · (−i)(∇ × $σ )φq
ν

}

− 2(b1 − δnqb′
1)

∫
d3r

{
1
2i

(
φq∗

µ ∇φq
ν − φq

ν∇φq∗
µ

)
· 1

2i

(
χ (−)∗

α ∇χ (+)
β − χ (+)

β ∇χ (−)∗
α

)}
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− (b4 + δnqb′
4)

∫
d3r

{
1
2i

(
φq∗

µ ∇φq
ν − φq

ν∇φq∗
µ

)
· ∇ ×

(
χ (−)∗

α %σχ (+)
β

)
+ 1

2i

(
χ (−)∗

α ∇χ (+)
β − χ (+)

β ∇χ (−)∗
α

)
· ∇ ×

(
φq∗

µ %σφq
ν

)}

+ (b̃0 − δnqb̃′
0)

∫
d3r (χ (−)∗

α %σχ (+)
β ) ·

(
φq∗

µ %σφq
ν

)
+ cα (b̃3 − δnqb̃′

3)
∫

d3r
2
3

(ρ0)α
(
χ (−)∗

α %σχ (+)
β

)
·
(
φq∗

µ %σφq
ν

)

+ (b̃2 − δnqb̃′
2)

∫
d3r ∇

(
χ (−)∗

α %σχ (+)
β

)
· ∇

(
φq∗

µ %σφq
ν

)
, (10)

where ρ0 =
∑

qi φ
q∗
i φ

q
i is the density of the nucleon inside

the target nucleus. The above equation can be calculated in
the similar procedure to obtain RPA matrices by replacing
φ

q′∗
j φ

q′

n with χ (−)∗
α χ (+)

β in the Eqs. (32) and (39) of Ref. [34].

The derivative and the spin density such as χ (−)∗
α ∇χ (+)

β and

χ (−)∗
α %σχ (+)

β are originated from %k12 and Pσ in Eq. (8) and the
Pauli-blocking factor (1 − PrPσ Pτ ). We remark that a factor
of effective particle-particle (or particle-hole) interactions,

cα = (α + 2)(α + 1)
2

, (11)

is multiplied in the three-body term (∝ t3) in Eq. (8) following
Refs. [51,52]. This factor of the three-body term corrects the
Skyrme force usually used in nuclear structure calculations
to that of nuclear reaction calculations. Among the various
terms in Eq. (10), two-body terms and the three-body terms
associated with bi, b′

i, b̃i, b̃′
i(i = 0, 3) that are proportional to

χ (−)∗
α χ (+)

β or χ (−)∗
α %σχ (+)

β play the dominant contribution to
the strength of the transition [51]. To simplify the calculation,
we ignore the terms including the derivatives of the distorted-
wave functions. This treatment enables the easy derivation
of the partial contribution from the multipole transitions in
Eq. (10) used for Eq. (6).

D. Multipole transitions

From the products χ (−)∗
α χ (+)

β and χ (−)∗
α %σχ (+)

β in Eq. (10),
we abstract operators for natural parity (0+, 1−, 2+, . . .) and
unnatural parity (1+, 2−, 3+, . . .) multipole transitions as in
Eq. (4). In the spherical coordinate (r, θ ,φ), the electric
EL(L = 0, 1, 2, . . .) transition is originated from the spher-
ical harmonics YLM (θ ,φ) [22]. However, the operator for the
magnetic ML(L = 1, 2, . . .) transition is described by a linear
combination of %σ · ∇(rLYLM ) and %l · ∇(rLYLM ) where %l is the
angular momentum operator [22].

The product χ (−)∗
α χ (+)

β is a function in the coordinate space
%r without any operator of ∇ and %σ . Therefore, this product
could be expanded by spherical harmonics only,

χ (−)∗
α χ (+)

β =
∑

LM

λ0
LM (r)YLM (θ ,φ), (12)

λ0
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α χ (+)

β . (13)

From the expansion of Eq. (12), the partial contribution from
natural parity transitions F M

inl (J-) (J- = 0+, 1−, 2+, . . .) in
Eq. (4) are calculated. For example, the partial contribution
of the J- = L(−)L

(L = 0, 1, ...) transition in the term pro-
portional to (b0 − δnqb′

0) in the right-hand side of Eq. (10) is

described by

(b0 − δnqb′
0)

∫
d3r φq∗

µ

∑

M

λ0
LM (r)YLMφq

ν . (14)

The gradient ∇ in the spherical coordinate (r, θ ,φ) is de-
scribed by

∇ = %er.r − i%er × %l
r

, (15)

which indicates that the terms proportional to ∇φ
q∗
µ · ∇φ

q
ν or

∇χ (−)∗
α · ∇χ (+)

β in Eq. (10) only induce natural parity tran-
sitions because the product of ∇ does not change both the
angular momentum and parity of the residual target nucleus:∫

d,∇Y ∗
L′M ′ · ∇YLM = −

∫
d, 1

r2 (%lY ∗
L′M ′ ) · (%lYLM ) ∝ δL′L. The

Laplacian ∇2 does not induce any unnatural parity transition.
Since the product %σ · %l is a scalar for spatial rotation, the
spin–orbit term of Eq. (10) only induces natural parity transi-
tions. In short, there is no contribution to the unnatural parity
transitions from the first-third lines in the right-hand side of
Eq. (10), and the partial contributions of J- = L(−)L

(L =
0, 1, ...) transitions are calculated in the same way as Eq. (14).

The unnatural parity transitions (1+, 2−, 3+..) are induced
by a vector term χ (−)∗

α %σχ (+)
β in the terms proportional to (b̃i −

δnqb̃′
i )(i = 0, 3) in Eq. (10). These terms are associated with

the spin terms of the Skyrme force [50]. The spin term could
be expanded by three different terms λ±,z

LM (r) in the spherical
coordinate,

χ (−)∗
α %σχ (+)

β = %ex − i%ey

2

(
χ (−)∗

α σ+χ (+)
β

)

+ %ex + i%ey

2

(
χ (−)∗

α σ−χ (+)
β

)
+ %ez

(
χ (−)∗

α σzχ
(+)
β

)

≡
∑

LM

YLM (θ ,φ)
{

%ex − i%ey

2
λ+

LM (r)

+ %ex + i%ey

2
λ−

LM (r) + %ezλ
z
LM (r)

}
, (16)

λms
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α σmsχ

(+)
β (ms = ±, z). (17)

The ML (L = 1, 2, . . . ) transition is induced by the vector of
∇(rLYLM (θ ,φ)) that satisfies the orthogonality,

∫
d,

∇(rL′
YL′M ′ )∗ · ∇(rLYLM )

r2(L−1)L(2L + 1)
= δL′LδM ′M . (18)

Therefore, the partial contribution from the J- = L(−)L−1
(L =

1, 2, . . .) transition in Eq. (16) is calculated from the inner
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− (b4 + δnqb′
4)

∫
d3r

{
1
2i

(
φq∗

µ ∇φq
ν − φq

ν∇φq∗
µ

)
· ∇ ×

(
χ (−)∗

α %σχ (+)
β

)
+ 1

2i

(
χ (−)∗

α ∇χ (+)
β − χ (+)

β ∇χ (−)∗
α

)
· ∇ ×

(
φq∗

µ %σφq
ν

)}

+ (b̃0 − δnqb̃′
0)

∫
d3r (χ (−)∗

α %σχ (+)
β ) ·

(
φq∗

µ %σφq
ν

)
+ cα (b̃3 − δnqb̃′

3)
∫

d3r
2
3

(ρ0)α
(
χ (−)∗

α %σχ (+)
β

)
·
(
φq∗

µ %σφq
ν

)

+ (b̃2 − δnqb̃′
2)

∫
d3r ∇

(
χ (−)∗

α %σχ (+)
β

)
· ∇

(
φq∗

µ %σφq
ν

)
, (10)

where ρ0 =
∑

qi φ
q∗
i φ

q
i is the density of the nucleon inside

the target nucleus. The above equation can be calculated in
the similar procedure to obtain RPA matrices by replacing
φ

q′∗
j φ

q′

n with χ (−)∗
α χ (+)

β in the Eqs. (32) and (39) of Ref. [34].

The derivative and the spin density such as χ (−)∗
α ∇χ (+)

β and

χ (−)∗
α %σχ (+)

β are originated from %k12 and Pσ in Eq. (8) and the
Pauli-blocking factor (1 − PrPσ Pτ ). We remark that a factor
of effective particle-particle (or particle-hole) interactions,

cα = (α + 2)(α + 1)
2

, (11)

is multiplied in the three-body term (∝ t3) in Eq. (8) following
Refs. [51,52]. This factor of the three-body term corrects the
Skyrme force usually used in nuclear structure calculations
to that of nuclear reaction calculations. Among the various
terms in Eq. (10), two-body terms and the three-body terms
associated with bi, b′

i, b̃i, b̃′
i(i = 0, 3) that are proportional to

χ (−)∗
α χ (+)

β or χ (−)∗
α %σχ (+)

β play the dominant contribution to
the strength of the transition [51]. To simplify the calculation,
we ignore the terms including the derivatives of the distorted-
wave functions. This treatment enables the easy derivation
of the partial contribution from the multipole transitions in
Eq. (10) used for Eq. (6).

D. Multipole transitions

From the products χ (−)∗
α χ (+)

β and χ (−)∗
α %σχ (+)

β in Eq. (10),
we abstract operators for natural parity (0+, 1−, 2+, . . .) and
unnatural parity (1+, 2−, 3+, . . .) multipole transitions as in
Eq. (4). In the spherical coordinate (r, θ ,φ), the electric
EL(L = 0, 1, 2, . . .) transition is originated from the spher-
ical harmonics YLM (θ ,φ) [22]. However, the operator for the
magnetic ML(L = 1, 2, . . .) transition is described by a linear
combination of %σ · ∇(rLYLM ) and %l · ∇(rLYLM ) where %l is the
angular momentum operator [22].

The product χ (−)∗
α χ (+)

β is a function in the coordinate space
%r without any operator of ∇ and %σ . Therefore, this product
could be expanded by spherical harmonics only,

χ (−)∗
α χ (+)

β =
∑

LM

λ0
LM (r)YLM (θ ,φ), (12)

λ0
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α χ (+)

β . (13)

From the expansion of Eq. (12), the partial contribution from
natural parity transitions F M

inl (J-) (J- = 0+, 1−, 2+, . . .) in
Eq. (4) are calculated. For example, the partial contribution
of the J- = L(−)L

(L = 0, 1, ...) transition in the term pro-
portional to (b0 − δnqb′

0) in the right-hand side of Eq. (10) is

described by

(b0 − δnqb′
0)

∫
d3r φq∗

µ

∑

M

λ0
LM (r)YLMφq

ν . (14)

The gradient ∇ in the spherical coordinate (r, θ ,φ) is de-
scribed by

∇ = %er.r − i%er × %l
r

, (15)

which indicates that the terms proportional to ∇φ
q∗
µ · ∇φ

q
ν or

∇χ (−)∗
α · ∇χ (+)

β in Eq. (10) only induce natural parity tran-
sitions because the product of ∇ does not change both the
angular momentum and parity of the residual target nucleus:∫

d,∇Y ∗
L′M ′ · ∇YLM = −

∫
d, 1

r2 (%lY ∗
L′M ′ ) · (%lYLM ) ∝ δL′L. The

Laplacian ∇2 does not induce any unnatural parity transition.
Since the product %σ · %l is a scalar for spatial rotation, the
spin–orbit term of Eq. (10) only induces natural parity transi-
tions. In short, there is no contribution to the unnatural parity
transitions from the first-third lines in the right-hand side of
Eq. (10), and the partial contributions of J- = L(−)L

(L =
0, 1, ...) transitions are calculated in the same way as Eq. (14).

The unnatural parity transitions (1+, 2−, 3+..) are induced
by a vector term χ (−)∗

α %σχ (+)
β in the terms proportional to (b̃i −

δnqb̃′
i )(i = 0, 3) in Eq. (10). These terms are associated with

the spin terms of the Skyrme force [50]. The spin term could
be expanded by three different terms λ±,z

LM (r) in the spherical
coordinate,

χ (−)∗
α %σχ (+)

β = %ex − i%ey

2

(
χ (−)∗

α σ+χ (+)
β

)

+ %ex + i%ey

2

(
χ (−)∗

α σ−χ (+)
β

)
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χ (−)∗
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(+)
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≡
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+ %ex + i%ey

2
λ−
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λms
LM (r) =

∫
d,Y ∗

LM (θ ,φ)χ (−)∗
α σmsχ

(+)
β (ms = ±, z). (17)

The ML (L = 1, 2, . . . ) transition is induced by the vector of
∇(rLYLM (θ ,φ)) that satisfies the orthogonality,

∫
d,

∇(rL′
YL′M ′ )∗ · ∇(rLYLM )

r2(L−1)L(2L + 1)
= δL′LδM ′M . (18)

Therefore, the partial contribution from the J- = L(−)L−1
(L =

1, 2, . . .) transition in Eq. (16) is calculated from the inner
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Results of excitations to the low-lying states in 208Pb
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Results of excitations to continuum states
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The QRPA result incorporates both contributions from direct and pre-equilibrium 
processes in a consistent manner

The QRPA result is more consistent with experimental data in backward direction
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Spin distributions of the residual nucleus

Spin distribution The spin distribution reflects the 
partial contribution from each JP 
in the double differential cross 
section 
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FIG. 7. Partial contributions from different Jπ in the direct and
pre-equilibrium processes of 208Pb(n, xn) with a 14.1 MeV inci-
dent neutron at θc.m. = 150o. The solid line represents the result
of Eq. (5), including both natural and unnatural parity transitions,
corresponding to the line of “QRPA” in Fig. 6(d). The dotted line
shows the result of Eq. (5) considering only natural parity transitions
(Jπ = 0+, 1−, .., 10+). The dashed line shows the result considering
only unnatural parity transitions (Jπ = 1+, 2−, .., 10−). In addition,
partial contributions from the 2+ and 3− transitions to Eq. (5) are also
plotted in the figure.

one-step pre-equilibrium processes in a consistent manner.
This method was applied to the neutron-induced inelastic
scattering on 208Pb. The Skyrme force was used as the in-
teraction between the projectile neutron and the nucleons
inside the target nucleus. We demonstrated that the calculated
differential cross-section for excitations to low-lying states
reproduced well the experimental data. We also showed that
the two-body and three-body terms in the Skyrme force in-
terfere destructively as reported in Ref. [51]. The calculated
double differential cross-section in the energy regions relevant
to the direct and pre-equilibrium processes shows good agree-
ment with experimental data especially at backward scattering

FIG. 8. Spin distributions of the residual nucleus for different
emitted neutron energies through the direct and one-step pre-
equilibrium processes of 208Pb(n, xn) with a 14.1 MeV incident
neutron, calculated from Eq. (26).

FIG. 9. Energy dependence of the spin cut off parameter σ 2 in
Eq. (27) obtained from the correlation between the cut-off parameter
and the average spin. The dotted line shows the result considering
only natural parity transitions in Eq. (26), while the solid line shows
the result considering both natural and unnatural parity transitions.

angles. The calculations at forward scattering angles some-
what underestimate the experimental data, which might be
improved by including the neglected terms in the Skyrme
force used for neutron scatterings. We investigated the spin
distribution of populated states in the residual nucleus by sum-
ming the partial contributions from individual J$ transition.
The values of the spin cut-off parameter seem to be similar
to that of the 1p-1h excitation estimated by the combinatorial
calculation for the single-particle states.

FIG. 10. Calculated spin distributions for each of particle-hole
configurations expressed in terms of the spin cut-off parameter. The
solid and dashed curves are systematics of the parameters as a func-
tion of mass number (see text).
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what underestimate the experimental data, which might be
improved by including the neglected terms in the Skyrme
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distribution of populated states in the residual nucleus by sum-
ming the partial contributions from individual J$ transition.
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FIG. 10. Calculated spin distributions for each of particle-hole
configurations expressed in terms of the spin cut-off parameter. The
solid and dashed curves are systematics of the parameters as a func-
tion of mass number (see text).
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FIG. 7. Partial contributions from different Jπ in the direct and
pre-equilibrium processes of 208Pb(n, xn) with a 14.1 MeV inci-
dent neutron at θc.m. = 150o. The solid line represents the result
of Eq. (5), including both natural and unnatural parity transitions,
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shows the result of Eq. (5) considering only natural parity transitions
(Jπ = 0+, 1−, .., 10+). The dashed line shows the result considering
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FIG. 6. Double differential cross-sections for neutron-induced reaction on 208Pb with a 14.1 MeV incident neutron at the neutron scattering
angles: (a) θc.m. = 30o, (b) θc.m. = 60o, (c) θc.m. = 120o and (d) θc.m. = 150o. The dotted lines show the results of Eq. (5). The dashed lines
show the compound nucleus decay contributions. The solid lines represent the sum of both the dotted and dashed lines. The symbols represent
the experimental data [67].

contribution from excitation to the 5−
1 (3.198 MeV) state. For

the Eout = 10 MeV neutron, excitation to the 2+
1 (4.086 MeV)

state dominates the spin distribution. As the outgoing neutron
energy decreases, the excitation to continuum states becomes
more prominent, and the spin distribution broadens to higher
J . The spread of the spin distribution is quantitatively charac-
terized by the value of the spin cut-off parameter σ 2. The spin
distribution of the 1p–1h state derived from Eq. (26) can be
fitted by an analytical Gaussian formula [71],

R(J ) = 2J + 1
2σ 2

exp

{

−
(
J + 1

2

)2

2σ 2

}

, (27)

where σ 2 is the spin cut-off parameter, and the distribution
is normalized as

∑
J R(J ) ≈ 1. The spin average is calculated

from 〈J〉 =
∑

J JR(J ). The spin average and σ in Eq. (27) are
strongly correlated, and a linear correlation is found numer-
ically: 〈J〉 = 1.25σ − 0.52. This correlation along with the
average spin calculated from Eq. (26) is used to estimate the
spin cut-off parameters. The results are shown in Fig. 9 for
various outgoing neutron energies. The dotted line behaves
similarly to the solid line due to the small contribution from
unnatural parity transitions for Eout > 6 MeV as seen in Fig. 7.
The unnatural parity transition may have an impact on σ 2

around Eout = 5 MeV, where the one-step pre-compound re-
action becomes comparable to the compound nucleus decay.
The increase in σ 2 as Eout decreases from 10 MeV to 8 MeV in

Fig. 9 reflects the broadening of the spin distribution as shown
in Fig. 8.

One of the simplest approaches to evaluate the particle-
hole state density is a combinatorial calculation for the
single-particle states generated in a one-body potential. We
performed the combinatorial calculations for the single-
particle spectra in the folding Yukawa potential for various
stable isotopes from Z = 10 to 95, A = 20 to 244. The
axial-symmetric deformation is assumed, and the deforma-
tion parameters are taken from the finite-range droplet model
[72,73]. Since we noticed that the calculated spin-distributions
for the particle-hole state densities are relatively insensitive
to the excitation energy, we averaged in the excitation en-
ergy range 0–50 MeV. The calculated spin distributions are
expressed in terms of the spin cut-off parameter and shown in
Fig. 10. It is known that the spin cut-off parameter is roughly
estimated to be σ 2(n) = 0.24nA2/3 [74], where n is the num-
ber of particles and holes. Although this estimation, shown
by the dashed curves in Fig. 10, reasonably fits the combi-
natorial calculation, the fitting can be improved by σ 2(n) =
0.11(n2A)2/3. This improved fitting provides σ 2(2) = 9.73 for
the 1p-1h excitation of 208Pb, which is similar to the values for
the pre-equilibrium process in Fig. 9.

IV. CONCLUSION
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show the compound nucleus decay contributions. The solid lines represent the sum of both the dotted and dashed lines. The symbols represent
the experimental data [67].
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Zr isotopes
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The QRPA model works well for 90,92,94Zr

The deformation parameter b fitted to
QRPA results will be transferred to Zr data
evaluation  

The QRPA model can predict the 
deformation parameter for nucleus whose
experimental data are missing (e.g. 88Zr)
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Conclusion

Future Perspectives

・Challenge to nuclear structure calculations for odd nuclei and the application
     to reaction calculations (e.g. Y (Z=39), Tl (Z=81))

・Unifying both nuclear structure and reaction frameworks

・Application of microscopic calculation framework to nuclear data evaluation

・ We develop a calculation method for direct and pre-equilibrium processes in
neutron-induced reactions based on noniterative FAM/QRPA and DWBA 

・ We reproduce the shape and strength of differential cross sections for excitations 
to low-lying states of 208Pb without fitting of deformation parameters for vibrations

・ The calculated double differential cross-section to the continuum state also 
agrees with the experimental data in the energy region relevant to the direct and 
pre-equilibrium processes

・ The calculated double differential cross-section are used to investigate the
spin distribution of the populated states in the residual nucleus


