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PERIODICITY In Astronomical Systems:
Rotation ... Oscillation ... Revolution ... Waves

The Hunt for Periodicity In Time Series Data:

The PERIODOGRAM (Schuster, 1898) — power spectrum estimate
to “Find hidden periodocities”

Problems:
NOISE: does not get smaller as N increases

produces MANY confusing peaks in the periodogram

colored noise background thwarts significance analysis
TRIALS FACTORS — subjective, difficult to estimate

SPECTRAL LEAKAGE — systematic corruption of power spectra
UNEVEN SAMPLING




Yn = a cos(wty,) + b sin(wity,)

CC = Z wy,cos® (wty,) | N
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CS = Z wpcos(wty,) sin(wty,) XC=> wyzncos(wt, — )
XS = Z WnTynSin(wt, — 0)

CS = ancos(wtn — 0)sin(wt, —0) =0
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( SSkXC — CSkXS ) / (CCxSS - (CS*2)
( CCxkXS — CSkXC ) / (CCxSS - (CS*2) XC/CC

a
b = XS/SS




~ The Lomb-Scargle Periodogram

Any time series data — measurements, events (photons), etc.

Any sampling in time — random, systematic, gaps, jitter ...

Easy application of statistical weights

Window function

* different from sinc**2 if sampling not even

* Does not correct for the sampling; deconvolve the window in post
* Application of (multi-)tapers tames the spectral leakage

Derivable from a Fourier transform for arbitrarily sampled data

f IBP={FT] 2

* Complex FT enables cross-correlation functions, cross-spectra, co-spectra
* Invertible, with high frequencies (large effective Nyquist frequency)




Fourier Transform of Unevenly Spaced Time Series
time tags

weights amplitudes

frequencies
(arbitrary)

S

Zn WnZpn cos W( t, — T(w) ) | > . WnTy, sin w( t, — 7(w) )

FTxWw) = Fo { > Wy, €082 wW( b — T(w) ) |1/2 T [ S w,, sin® w( ¢, — 7(w) )]M/? j
where {
T(w) = o —arctan| ( an sin 2wt,,) (z Wy, COS 2wty,) |

where all sums are over n =1,2,..., N.



Fourier Transform of Unevenly Spaced Time Series
time tags

weights amplitudes

frequencies
(arbitrary)

S

Zn WnZpn €08 W( t, — T(w) ) | > . WnTy sin w( t, — 7(w) )

FTxw) = Fo { D> Wy, €082 w( ty — T(w) ) ]1/2 T [ S w,, sin® w( ¢, — 7(w) )]M/? j
where {
T(w) = o —arctan| ( an sin 2wt,,) (Z Wy, COS 2wt,,) |

Treat event (photon) data as o(t - t) ... thatis, xn =1
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Fermi Photon Data — 3C 279
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Generalizations of The Lomb-Scargle Periodogram

Non-sinusoidal periodic signals

Damped sinusoids (amplitude modulation)
* Additive Constant

Multivariate

Tapered, Stacked, etc.

Basis functions other than sinusoids
Corresponding Fourier Transform
Multi-frequency

Considered by many authors:

Barning (1963); Bretthorst; Lomb; Baluev;
Seilmayer, Wondrak and Garcia

What’s new in this talk? Explicit Algorithms ...
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Criticisms of The Lomb-Scargle Periodogram

*

*

*

*

Does not include weights

Window function complicated

Spectral Leakage

Nyquist Frequency not Defined

Restricted model: not good for non-white noise
Restricted model: single-frequency sinusoid
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Criticisms of The Lomb-Scargle Periodogram

Does not include weights. Yes it does! (Gillland and Baliunas, Scargle)
Window function complicated This was not promised; deconvolve it yourself.
Spectral Leakage LSP can reduce aliasing and other leakage.

Nyquist Frequency not Defined. Define your own! (vanderPlas)

Restricted model: not good for non-white noise. Try it, you'll like it!
Restricted model: single-frequency sinusoid. The rest of this talk ...
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Yn =Qa1 COS(Cdltn — 9) + by sz’n(wltn — 9)
+agy cos(waty, — 0) 4+ by sin(wat, —0) ,

R = a2 CC11 +b? SS11 + a2 CC22 + b2 5522
— 2(a1 XC1 4 b1 XS1 + a3 XC2 + by X S2) Pane)= [ [ [ [ L b bo)dasdndasdbs.
+ 2(a1b105’11 + a1a,CC12 + a1b,C S12
+ b1a2S5C12 4+ b1b55512 + a4b,C S22 ) /_o:o e (AT dy = \/ge(Bz/M)_C '

RC = coeffs(R, al)
A= RC(3)

B = RC(2)

C = RC(1)
R=—(B?/(4A))+C

CC11 =Y wpcos?()
SS11 =Y wysin?(y)
CC22 =) wycos?(Qy)
S$S522 =3 w,sin?(Qs)
XCl =) wypxncos(§2)
XS1 =) wyz,sin(Qy)
XC2 =) wpzycos(§2)
X852 =) wypx,sin(s)
CC12= > wy,cos(1)cos(£22)
CS12= ) wycos(Qq)sin(s)
SC12= > wysin(1)cos(Q2)
S512= > wy,sin(;)sin(22)
CS11= "> wpcos(y)sin(;)
CS22 =" wycos(Q2)sin(s)




Yn =Qa1 COS(UJ1tn — 0) + b1 sz’n(wltn — 9)
+agy cos(waty, — 0) 4+ by sin(wat, —0) ,

R = a2 CC11 +b? SS11 + a2 CC22 + b2 5522
— 2(a1 XC1 4 b1 XS1 + a3 XC2 + by X S2) Pane)= [ [ [ [ L b bo)dasdndasdbs.
+ 2(a1b10.5'11 + a1a,CC12 + a1b,C S12 ~
+ b1a2SC12 + b152SS12 + a2b,C.S22 ) [ oy [,

CC11 = wycos?(Q) RC = coeffs(R, al)

SS11 =Y w,sin?(Q) A= RC()
CC22 =5 wycos?(Qa) B =RC(2)
$822 =S w,sin?(Qs) ¢ =kC{)
XC1l =) wpzycos() R =-(B/@)+C
XS1 =) wyz,sin(Qy)
XC2 =) wpzncos(Q)
XS82 =) wpz,sin(s)
CC12= > wy,cos(1)cos(£22)
CS12= > wy,cos(Qy)sin(Q2) = a1 cos((w1 + w2)t,) cos((w1 — wo
SC12= > wpsin(Q1)cos(Q2) +b1 sin((w1 +wa)t
SS512=">" wysin(Qy)sin(2s) +as cos((wy + wo)ty,) sin((wy — wo)t
CS11= "> wpcos(y)sin(;) +bo sin((wy + w2)ty) sin((w; — ws)t
CS22= "> wy,cos(Qs)sin(s)




denominator

(= CC12702*%5812 "2 4+ S511*5822%€€C12 2"+ 2+CCI12*CS512+5C12*5512 ...

— €812°2*5C12"°2 + CC22*58 L1 +C8E2 2 it CCL1*SS22+8C12 2 ...
+ CC1l1*CC22*8512"2 - CCl1*CC22*SS11*SS22)

al numerator = (CC22*SS1272*XXCl - CCl2*SS1272*XXC2 - CS12*SC12"2*XXS2 ...
+ SC1l272%85822*XXC1l + CC1l2*SC12*SS12*XXS2
+ CC22*CS12*5S11*XXS2 - CC22*CS12*5S512*XXS1
— CC12*SC12*SS522*XXS1 + CS12*SC12*5S12*XXC2
+ CC12*SS11*SS22*XXC2 - CC22*SS11*SS22*XXC1)

bl numerator = (CC22*CS127°2*XXS1l - CS12"2*SC12*XXC2 - CC1l2"2*SS12*XXS2 ...
+ CC1272%SS22*XXS1 + CC1l2*CS12*SC12*XXS2 + CCl1*CC22*SS12*XXS2 ...
— CCl1*CC22%SS22*XXS1 + CC1l2*CS12*SS12*XXC2
— CC22*CS12*SS12*XXC1l + CCl1*SC12*SS22*XXC2
~ CC1l2*SC12%*SS22*XXC1)

a2 numerator = (CC1l1*SS1272*XXC2 - CS127°2*SC12*XXS1l - CCl2*SS12"2*XXCl ...
+ CS1272*SS11*XXC2 - CCl2*CS12*SS11*XXS2
+ CC12*CS12*S5S12*XXS1 - CC1l1*SC12*%5S12*XXS2
+ CC1l1*SC12*SS22*XXS1 + CS12*SC12*%SS12*XXC1
- CC1l1#%SS511*SS522*XXC2 + CCl2#S511*SS22*%XXC1)

b2 numerator = (CCl1#*SC1272*XXS2 - CS12*SC12"2*XXCl + CCl272*SS11*XXS2 ...
— CC1272*5S12*XXS1 + CCl2*CS12*SC12*XXS1 - CCl1*CC22*SS11*XXS2 ...
+ CC1l1*CC22*5S12*XXS1 - CC1l2*CS12*%SS11*XXC2
— CC1l1*SC12*SS12*XXC2 + CC1l2*SC12*SS12*XXCl1
+ CC22*CS12*SS11*XXCl)

al
bl
a2
b2

Double Periodogram

+
+

al numerator / denominator
bl numerator / denominator
a2 numerator / denominator
b2 numerator / denominator

= CCll*al”"2 + 2*CCl2*al*a2 + 2*CSl2*al*b2 - 2*XXCl*al + CC22*a2”2 ...
2*SCl2*a2*bl - 2*XXC2*a2 + SS11*bl"2
2*SS12*bl*b2 - 2*XXS1l*bl + SS22*b2"2 - 2*XXS2*b2;
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Bayes Numerator = :
- 2*CC1l272*SS12*XXS1*XXS2 + SS22*CC1l272*XXS1"2
+ SS11*CC1l272*XXS2"2 + 2*CCl2*CS11*CS22*XXS1*XXS2
— 2*CC12*CS11*SC12*XXS272 + 2*CC1l2*CS11*SS12*XXC2*XXS2
- 2*8S522*CC12*CS11*XXC2*XXS1 - 2*CCl2*CS12*CS22*XXS1"2
+ 2*CC1l2*CS12*SC12*XXS1*XXS2 + 2*CC1l2*CS12*SS12*XXC2*XXS1
— 2*SS11*CC12*CS12*XXC2*XXS2 + 2*CCl2*CS22*SS12*XXC1*XXS1
— 2*SS11*CC12*CS22*XXC1l*XXS2 + 2*CC1l2*SC12*SS12*XXC1*XXS2
- 2*8S522*CC12*SC1l2*XXC1*XXS1 - 2*CCl2*SS12"2*XXC1*XXC2

+ 2*SS11*SS22*CC12*XXC1*XXC2 - 2*CS1172*CS22*XXC2*XXS2 Bayes Denominator = ...

+ SS22*CS1172*XXC2"2 + CC22*CS1172*XXS2"2 - CC1l272#*%581272 + SS11*%SS22*CC1272 + 2*CC1l2*CS11*CS22*SS12
+ 2*CS11*CS12*CS22*XXC2*XXS1 + 2*CS11*CS12*SC12*XXC2*XXS2 - 2*%SS22*CC12*CS11*SC12 - 2*SS11*CC12*CS12*CS22

— 2*CS11*CS12*SS12*XXC272 - 2*CC22*CS11*CS12*XXS1*XXS2 + 2*CC12*CS12*SC12*SS12 - CS1172*CS2272 + CC22*SS22*CS11°2
— 2*CS11*CS2272*XXC1*XXS1 + 2*CS11*CS22*SC12*XXC1*XXS2 + 2*CS11*CS12*CS22*SC1l2 - 2*CC22*CS11*CS12*SS12

+ 2*CS11*CS22*SS12*XXC1*XXC2 - 2*SS22*CS11*SC12*XXC1*XXC2 - CS1272*%SC1272 + CC22*%SS11*CS1272 + CC1l1*SS11*CS2272

— 2*CC22*%CS11*SS12*XXC1*XXS2 + 2*CC22*SS22*CS11*XXC1*XXS1 — 2*CC1l1*CS22*SC12*SS12 + CCl1*SS22*SC12"2

— 2*CS1272*SC12*XXC2*XXS1 + SS11*CS1272*XXC2"2 + CC1l1*CC22*SS12"2 - CCl1*CC22*SS11*SS22

+ CC22*CS1272*XXS1°2 + 2*CS12*CS22*SC12*XXC1*XXS1

2%SS11*CS12*CS22*XXC1*XXC2 - 2*CS12*SC12"2*XXC1*XXS2

2*CS12*SC12*SS12*¥XXC1*XXC2 - 2*CC22*CS12*SS12*¥XXC1*XXS1

2%CC22%SS11*CS12*XXC1*XXS2 + SS11*CS22°2*XXC1"2

CC11*CS22°2*XXS1"2 - 2*CS22*SC12*SS12*XXC1"2

2%CC11*CS22*SC12*XXS1*XXS2 — 2*CCl1*CS22*SS12*XXC2*XXS1 Double Bayesian Periodogram
2%CC11*SS11*CS22*XXC2*XXS2 + SS22*SC1272*XXC1"2

CC11*SC1272*XXS2"2 - 2*CCLl1*SC12*SS12*XXC2*XXS2

2%CC11*SS22*SC12*XXC2*XXS1 + CC22*SS12°2*XXC1"2 :
CCl1l1*SS1272*XXC2"2 + 2*CC1l1*CC22*%SS12*XXS1*XXs2 — Bayes NumeratOr / Bayes DenomlnatOr
CC22*SS11*SS22*XXC1"2 — CCl1*SS11*SS22*XXC2"2

~ CC11*CC22*SS22*XXS1"2 - CC11*CC22*SS11*XXS2"2

+ 4+ + F 0+ A+
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» Super Resolution

« Harmonics
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