
PA R T I C L E  D I F F U S I O N  A N D  A C C E L E R AT I O N  
M O D E L I N G  W I T H  S T O C H A S T I C  D I F F E R E N T I A L  
E Q U AT I O N S

A S T R O PA R T I C L E  S Y M P O S I U M  2 0 2 5  -  1 8 . 1 1 . 2 0 2 5   

S O P H I E  A E R D K E R ,  A P C  PA R I S  &  R U B   
W I T H  L U K A S  M E R T E N ,  F R E D E R I C  E F F E N B E R G E R ,  H O R S T  F I C H T N E R ,  J U L I A  T J U S ,  R O A R K  

H A B E G G E R ,  E L L E N  Z W E I B E L ,  M A R T I N  L E M O I N E



C O S M I C  R AY  T R A N S P O R T

1

I N  T U R B U L E N T  M A G N E T I C  F I E L D S

PA R T I C L E  T R A N S P O R T  W I T H  S D E  -  A S T R O PA R T I C L E  S Y M P O S I U M  -  N O V E M B E R  1 8 ,  2 0 2 5  -  S O P H I E . A E R D K E R @ R U B . D E

mailto:sophie.aerdker@rub.de


C O S M I C  R AY  T R A N S P O R T

1

I N  T U R B U L E N T  M A G N E T I C  F I E L D S

Credit: Julien Dörner

• Charged particles follow magnetic field lines & 
scatter on inhomogeneties 

• Good knowledge of the magnetic field & 
turbulence  

• Scattering leads to diffusion of particles in space  

• Unfeasible to track individual particle trajectories 

J. Lübke, ... SA, et al. 2025
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• Charged particles follow magnetic field lines & 
scatter on inhomogeneties 

• Good knowledge of the magnetic field & 
turbulence  

• Scattering leads to diffusion of particles in space  

• Unfeasible to track individual particle trajectories 

Credit: Lukas Merten
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Pseudo-particles are 
propagated with Stochastic 
Differential Equations

                  
Cosmic Ray Propagation 
Framework

L. Merten & SA, 
CPC, 2025
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3

• Pure diffusion, integrated with Euler-Maruyama 
scheme:

⃗xt+1 = ⃗xt + 2 ̂κ Δt ⃗ηx,t

I N T E G R AT I N G  S T O C H A S T I C  D I F F E R E N T I A L  E Q U AT I O N S

B R O W N I A N  M O T I O N

Brownian motion

• Random numbers  drawn 
from a Gaussian distribution 

η
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I N T E G R AT I N G  S T O C H A S T I C  D I F F E R E N T I A L  E Q U AT I O N S

B R O W N I A N  M O T I O N

Brownian motion

• Random numbers  drawn 
from a Gaussian distribution 

η

• Recover macroscopic 
quantities
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F R O M  P I T C H - A N G L E  T O  S PAT I A L  D I F F U S I O N

PA R T I C L E  S C AT T E R I N G

• Properties of the turbulent magnetic field encoded 
into diffusion coefficient  and stochastic driver  

• Scattering in pitch-angle leads to diffusion along 
the magnetic field 

• Running diffusion coefficient: 

̂κ dWt

< (Δx)2 > /2t
dμ = − 2μD0dt + 2D0(1 − μ2)dWμ

ds = vμdt
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• Properties of the turbulent magnetic field encoded 
into diffusion coefficient  and stochastic driver  

• Scattering in pitch-angle leads to diffusion along 
the magnetic field 

• Running diffusion coefficient: 

̂κ dWt

< (Δx)2 > /2t

Particle transport in synthetic turbulence: Reichherzer, et al. 2020

Particle transport in MHD turbulence: Lübke, ... SA, et al. 2025
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• Properties of the turbulent magnetic field encoded 
into diffusion coefficient  and stochastic driver  

• Scattering in pitch-angle leads to diffusion along 
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Particle transport in synthetic turbulence: Reichherzer, et al. 2020
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A C C E L E R AT I O N  M O D E L S
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D I F F U S I V E  S H O C K  A C C E L E R AT I O N

PA R T I C L E  A C C E L E R AT I O N

dp = −
p
3

∇ ⋅ ⃗u dt

d ⃗x = (∇ ⋅ ̂κ + ⃗u(x)) dt + 2 ̂κ d ⃗ω x,t
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D I F F U S I V E  S H O C K  A C C E L E R AT I O N

PA R T I C L E  A C C E L E R AT I O N

dp = −
p
3

∂u
∂x

dt

dx = u(x)dt + 2κ dWx,t

SA, et al., JCAP 

PA R T I C L E  T R A N S P O R T  W I T H  S D E  -  A S T R O PA R T I C L E  S Y M P O S I U M  -  N O V E M B E R  1 8 ,  2 0 2 5  -  S O P H I E . A E R D K E R @ R U B . D E

https://iopscience.iop.org/article/10.1088/1475-7516/2024/01/068
mailto:sophie.aerdker@rub.de


5

D I F F U S I V E  S H O C K  A C C E L E R AT I O N

PA R T I C L E  A C C E L E R AT I O N

dp = −
p
3

∂u
∂x

dt

dx = u(x)dt + 2κ dWx,t

PA R T I C L E  T R A N S P O R T  W I T H  S D E  -  A S T R O PA R T I C L E  S Y M P O S I U M  -  N O V E M B E R  1 8 ,  2 0 2 5  -  S O P H I E . A E R D K E R @ R U B . D E

SA, et al., JCAP 

mailto:sophie.aerdker@rub.de
https://iopscience.iop.org/article/10.1088/1475-7516/2024/01/068


5

D I F F U S I V E  S H O C K  A C C E L E R AT I O N

PA R T I C L E  A C C E L E R AT I O N

dp = −
p
3

∂u
∂x

dt

dx = u(x)dt + 2κ dWx,t

uΔt < Lsh ≲ 2κΔt

PA R T I C L E  T R A N S P O R T  W I T H  S D E  -  A S T R O PA R T I C L E  S Y M P O S I U M  -  N O V E M B E R  1 8 ,  2 0 2 5  -  S O P H I E . A E R D K E R @ R U B . D E

mailto:sophie.aerdker@rub.de


5

D I F F U S I V E  S H O C K  A C C E L E R AT I O N

PA R T I C L E  A C C E L E R AT I O N

dp = −
p
3

∂u
∂x

dt

dx = u(x)dt + 2κ dWx,t

PA R T I C L E  T R A N S P O R T  W I T H  S D E  -  A S T R O PA R T I C L E  S Y M P O S I U M  -  N O V E M B E R  1 8 ,  2 0 2 5  -  S O P H I E . A E R D K E R @ R U B . D E

uΔt < Lsh ≲ 2κΔt

mailto:sophie.aerdker@rub.de


5

D I F F U S I V E  S H O C K  A C C E L E R AT I O N

PA R T I C L E  A C C E L E R AT I O N

dp = −
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∂u
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dx = u(x)dt + 2κ dWx,t
wi = 1/nsplit

• Importance sampling
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D S A  AT  1 D  P L A N A R  S H O C K

T I M E - D E P E N D E N T  S P E C T R A

SA, et al., JCAP (2024)

κ ∝ E
• Validation: Comparison against 

grid code VLUGR3 solving the 
transport equation

PA R T I C L E  T R A N S P O R T  W I T H  S D E  -  A S T R O PA R T I C L E  S Y M P O S I U M  -  N O V E M B E R  1 8 ,  2 0 2 5  -  S O P H I E . A E R D K E R @ R U B . D E

https://iopscience.iop.org/article/10.1088/1475-7516/2024/01/068
mailto:sophie.aerdker@rub.de


6

D S A  AT  1 D  P L A N A R  S H O C K

T I M E - D E P E N D E N T  S P E C T R A

κ ∝ E

κ ∝ pα

• Validation: Comparison against 
grid code VLUGR3 solving the 
transport equation
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S P H E R I C A L  B L A S T  W AV E S

M O V I N G  S H O C K S

• Blast wave moving out into medium with 
decreasing density (Isenberg, 1977) 

• Bohm diffusion coefficient,  

• Spectrum between knee and ankle? 

B ∝ r−2
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L E V Y  F L I G H T S

S U P E R D I F F U S I O N

Brownian motion Lévy Flights

PA R T I C L E  T R A N S P O R T  W I T H  S D E  -  A S T R O PA R T I C L E  S Y M P O S I U M  -  N O V E M B E R  1 8 ,  2 0 2 5  -  S O P H I E . A E R D K E R @ R U B . D E

d ⃗x = 2 ̂κ1/α d ⃗L α,t
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L E V Y  F L I G H T S

S U P E R D I F F U S I O N

Brownian motion Lévy Flights
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W I T H  S T O C H A S T I C  D I F F E R E N T I A L  E Q U AT I O N S

T I M E - D E P E N D E N T  PA R T I C L E  T R A N S P O R T

• Fast & flexible approach: 

• Not dependent on source: Re-weighting and recycling of simulation data 

• Extension to anomalous diffusion 

• Part of the CRPropa framework: 

• Magnetic field integration & magnetic field models 

• Interaction modules from CRPropa  

• New application: 

• Stay tuned & reach out! 

PA R T I C L E  T R A N S P O R T  W I T H  S D E  -  A S T R O PA R T I C L E  S Y M P O S I U M  -  N O V E M B E R  1 8 ,  2 0 2 5  -  S O P H I E . A E R D K E R @ R U B . D E

mailto:sophie.aerdker@rub.de
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S O LV I N G  F R A C T I O N A L  T R A N S P O R T  E Q U AT I O N S

S U P E R D I F F U S I O N

subdiffusion

ξ > 1 :

0 < ξ < 1 :

ξ = 1 : normal (Gaussian) diffusion

superdiffusion
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S O LV I N G  F R A C T I O N A L  T R A N S P O R T  E Q U AT I O N S

S U P E R D I F F U S I O N

Brownian motion Lévy Flights
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S U P E R D I F F U S I V E   
S H O C K  A C C E L E R AT I O N

Brownian motion Lévy Flights 100 101 102
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Effenberger, SA, et al., A&A (2024) SA, et al., A&A (2025)

https://www.aanda.org/articles/aa/pdf/2024/06/aa49334-24.pdf
https://www.aanda.org/articles/aa/pdf/2025/01/aa51765-24.pdf
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t = 10

S U B D I F F U S I O N  
I N T R O D U C I N G  " W A I T I N G  T I M E S "

α = 2 α = 1.7 α = 1.5Gaussian diffusion 
  

SDE with random numbers drawn from 
normal distribution

< (Δx)2 > ∝ κt
Superdiffusion, Lévy flights

 
SDE with random numbers drawn from 

alpha-stable Lévy distribution

< (Δx)2 > ∝ καt2/α
Subdiffusion, "waiting times"  

 
Algorithm from Magdziarz, Weron 

2007

< (Δx)2 > ∝ κβtβ
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t = 10

S U P E R D I F F U S I O N  
T R A N S P O R T  A N D  A C C E L E R AT I O N  AT  S H O C K S
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https://www.aanda.org/articles/aa/pdf/2024/06/aa49334-24.pdf
https://www.aanda.org/articles/aa/pdf/2025/01/aa51765-24.pdf


42

S U B D I F F U S I O N  I N  P I T C H  A N G L E  

S U P E R D I F F U S I O N  I N  S PA C E

• Trapping in pitch-angle 
leads to superdiffusive 
behavior in space 

• Bounded by the particle 
speed
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Summed distribution of 
pseudo-particles 

 

approximating the time 
integrated solution

f(x, t) = ∑
i

ft(x)ΔTi

Distribution  of 
pseudo-particles at time  
with  

ft(x)
t

S(x, t) = δ(x)δ(t)

A P P R O X I M AT I N G  S TAT I O N A R Y  S TAT E S

C O N T I N U O U S  I N J E C T I O N

• Time integration approach: Superposition of 
the Green's function leads to general source 
term  

➡ Different sources can be realized with a 
single simulation (by adjusting path 
amplitude) 

➡ The resolution of the time integration  can 
be larger than the simulation time step  

• Works when solution does not change much 
during the time 

ΔT
Δt

ΔT
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T I M E  S T E P  &  S H O C K  W I D T H

T I M E - D E P E N D E N T  D S A
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s 0• Adaptive step that calculates the best 
time step for a given shock width 
according to

[(∇ ⋅ ̂κ)∥
+ u∥] Δt < Lsh ≲ 2κ∥Δt

• Alternative: Adaptive shockwidth 
depending on energy

• Model shocks with finite width and 
different compression ratios
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AchterbergSchure2011

Parallel Shock, ∑ = ∑k

Transversal Shock, ∑ = ∑?

SA, et al., JCAP (2024)

L. Merten & SA, CPC, 2025

https://iopscience.iop.org/article/10.1088/1475-7516/2024/01/068
https://arxiv.org/abs/2410.01472
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F U R T H E R  E X A M P L E S

T I M E - D E P E N D E N T  D S A
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F U R T H E R  E X A M P L E S

T I M E - D E P E N D E N T  D S A
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( I N ) D E P E N D E N T  P S E U D O - PA R T I C L E S

U N C E R TA I N T I E S

• Underlying Poisson noise 

• Pseudo-particles can depend on each other  

➡Candidate splitting 

➡Time integration 

• Uncertainty due to time integration 
depends on  

• number of independent candidates 

• resolution in observing times ΔT

L. Merten & SA, 
CPC, 2025

https://arxiv.org/abs/2410.01472
https://arxiv.org/abs/2410.01472
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F R O M  S TAT I O N A R Y  T O  L A B  F R A M E

M O V I N G  S H O C K S
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Time evolution of energy spectra at the (moving) shock

SA, et al., arXiv:2501.14331

https://doi.org/10.48550/arXiv.2501.14331
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B L A S T  W AV E S

M O V I N G  S H O C K S
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• Shock speed changes over time: 

R(t) = (
Einj

ρ0 )
1/5

t2/5

• Adiabatic cooling in the expanding wind behind 
the shock 

• Fast acceleration early in time when the shock 
speed is high 
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SA, et al., arXiv:2501.14331

https://doi.org/10.48550/arXiv.2501.14331
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T I M E - D E P E N D E N T  E F F E C T S

S P H E R I C A L  B L A S T  W AV E

a = 4 [1 + (3 + b)( κ1

Ru1
+

κ2

Ru2 ) +
κ2

Ru2 ] + O(ϵ2)

• Time-dependent advection  given by 
Sedov-Taylor similarity solution 

• Corrections to the spectral slope  
(Drury, 1983) 

u(t, r)

f ∝ p−a
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SA, et al., arXiv:2501.14331

https://doi.org/10.48550/arXiv.2501.14331

