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In memory of N.F. Shul’ga.
Lord rest his soul.
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Scattering Problem

xj = aj ;

g(yn) =

{
1
Ly
, −Ly

2 ≤ yn ≤ Ly
2 ;

0, |yn| > Ly
2 .
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Differential Scattering Cross Section in Eikonal
Approximation

d2σ

dqxdqy
= |a(q⃗⊥)|2,

a(q⃗⊥) =

∫ ∞

−∞
d2ρe

i
ℏ q⃗ρ⃗

{
1− exp

[
i

ℏ
χ
(N)
0 (ρ⃗)

]}
,

where ρ⃗ = (x , y), q⃗⊥ = (qx , qy ).

For q⊥ ̸= 0: dσ
d2q⊥

= 1
4π2

∫
R4 d

2ρd2ρ′e i q⃗⊥ρ⃗e i [χ
(N)
0 (ρ⃗)−χ

(N)
0 (ρ⃗′)],

χ
(N)
0 = −e

∫ ∞

−∞
dzU(N)(ρ⃗, z),

χ
(N)
0 (ρ⃗) =

N∑
n=1

χ0(ρ⃗− ρ⃗n),

χ0(ρ⃗− ρ⃗n) = −e

∫ ∞

−∞
dzu(ρ⃗− ρ⃗n, z).
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Differential Scattering Cross Section in Eikonal
Approximation

⟨e i [χ
(N)
0 (ρ⃗)−χ

(N)
0 (ρ⃗′)]⟩ =

(
N∏

n=1

∫ ∞

−∞
dyng(yn)

)
×

×
Nx∏
j=1

Np∏
k=1

exp
(
i [χ0(x − aj , y − yn)]− χ0(x

′ − aj , y ′ − yn)]
)
.

⟨e i [χ
(N)
0 (ρ⃗)−χ

(N)
0 (ρ⃗′)]⟩ = exp

Np

i Nx∑
j=1

⟨χ(j) − χ′
(j)⟩−

−1

2

Nx∑
j=1

⟨
(
χ(j) − χ′

(j)

)2
⟩+ 1

2

Nx∑
j=1

⟨χ(j) − χ′
(j)⟩

2 + ...

 ,

where χ(j) = χ0(x − aj , y − y0), χ
′
(j) = χ0(x

′ − aj , y ′ − y0), the

brackets ⟨...⟩ denote averaging.
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Differential Scattering Cross Section in Eikonal
Approximation

dσ

d2q⊥
=

1

4π2
|ã(q⃗⊥)|2,

ã(q⃗⊥) =

∫ ∞

−∞
dx

∫ ∞

−∞
dye i q⃗⊥ρ⃗

1− exp

i Nx∑
j=1

⟨χ0(ρ⃗− ρ⃗j)⟩

 .
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Differential Cross Section of Scattering on Isolated
”Substructures”

ã(q⃗⊥) =

∫ ∞

−∞
dx

∫ ∞

−∞
dye i q⃗⊥ρ⃗

{
1− exp

[
i

M∑
k=1

χ0(ρ⃗− ρ⃗k)

]}
.

ã(q⃗⊥) ≈
∫ l1

−∞
dx

∫ s1

−∞
dye i q⃗⊥ρ⃗ {1− exp [iχ0(ρ⃗− ρ⃗1)]}+

+

∫ l2

l1

dx

∫ s2

s1

dye i q⃗⊥ρ⃗ {1− exp [iχ0(ρ⃗− ρ⃗2)]}+

+...+

∫ lm

lm−1

dx

∫ sm

sm−1

dye i q⃗⊥ρ⃗ {1− exp [iχ0(ρ⃗− ρ⃗m)]}+ ...+

+

∫ ∞

lM−1

dx

∫ ∞

sM−1

dye i q⃗⊥ρ⃗ {1− exp [iχ0(ρ⃗− ρ⃗M)]} .
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Differential Cross Section of Scattering on Isolated
”Substructures”

ã(q⃗⊥) ≈
∫ ∞

−∞
dx

∫ ∞

−∞
dye i q⃗⊥ρ⃗ {1− exp [iχ0(ρ⃗− ρ⃗1)]}+

+

∫ ∞

−∞
dx

∫ ∞

−∞
dye i q⃗⊥ρ⃗ {1− exp [iχ0(ρ⃗− ρ⃗2)]}+

+...+

∫ ∞

−∞
dx

∫ ∞

−∞
dye i q⃗⊥ρ⃗ {1− exp [iχ0(ρ⃗− ρ⃗m)]}+ ...+

+

∫ ∞

−∞
dx

∫ ∞

−∞
dye i q⃗⊥ρ⃗ {1− exp [iχ0(ρ⃗− ρ⃗M)]} .

ãm = exp[i(qxxm + qyym)]×

×
∫ ∞

−∞
dξ

∫ ∞

−∞
dη exp[i(qxξ + qyη)]

{
1− e [iχ0(ξ,η)]

}
ãm = exp[i(qxxm + qyym)]ã

(1).
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Differential Cross Section of Scattering on Isolated
”Substructures”

ã = ã(1)SM ,

where SM =
∑M

k=1 e
i q⃗⊥ρ⃗k .

dσ
(M)
eik

d2q⊥
=

dσ
(1)
eik

d2q⊥
DM ,

where DM =
∣∣∣∑M

k=1 e
i q⃗⊥ρ⃗k

∣∣∣2.
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Scattering on Periodic Planes of Atoms

{xk}Mk=1 =

{
{ak}(M−1)/2

k=−(M−1)/2, M = 2m + 1;

{a(k − 1/2)}M/2
k=−M/2+1, M = 2m.

SM =

{
1 + 2

∑(M−1)/2
k=1 cos[qxak], M = 2m + 1;

2
∑M/2

k=1 cos[qxa(k − 1/2)], M = 2m.

For screened Coulomb potential
u(r⃗) = Ze

r exp(− r
R ):

χ0 = A exp

[
−|x |

R

]
,

where A = 2ZαNp
R
Ly
.
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Scattering on a Single Plane of Atoms

ã = − A

qxR

{
(−iA)−1+iqxRγ(1− iqxR,−iA)−

−(−iA)−1−iqxRγ(1 + iqxR,−iA)
}
,

where γ(s, x) is the lower
incomplete gamma function.

ã = −2
∞∑
k=0

(iA)k+1

k! [(k + 1)2 + q2xR
2]
.
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Differential Cross Section of Scattering on 2 Planes of
Atoms

(a) qx ∈ [0, 10.2] keV (b) qx ∈ [2.04, 4.08] keV

12 / 18



Differential Cross Section of Scattering on 3 Planes
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Differential Cross Section of Scattering on 4 Planes
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Differential Cross Section of Scattering on 2-5 Planes of
Atoms

15 / 18



Differential Cross Section of Scattering on Large Number
of Planes of Atoms

The differential scattering cross section for Nx ≫ 1 planes in the
eikonal approximation:

dσ

dqx
=

LyNx

a
|ã(1)|2

∞∑
j=−∞

δ (qx − g(j)) .

The differential scattering cross section for Nx ≫ 1 planes in the
Born approximation:

⟨ dσ

d2q⊥
⟩ = N

{
1 + n⊥Lz

(2π)2

a
δ
(qy
ℏ

)∑
g

δ
(qx
ℏ

− g
)}

⟨dσ
(1)

d2q⊥
⟩.
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Conclusions

▶ We obtained the differential cross section in the Eikonal
approximation for a fast charged particle scattering on sets of
periodic planes of atoms numerically and analytically.

▶ Numerically and analytically obtained results agree well.

▶ Suggested analytical approach allows considering scattering on
targets of complicated structure in a relatively easy way using
less computing power and time comparing to the numerical
approach.

▶ Obtained cross sections are sensitive to number of planes in
the target.

▶ The case large number of planes in the target was also
considered.
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