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Introduction

Introduction. |

Moliere [1] and Landau [2] theories describe correspondingly multiple
Coulomb scattering and ionization energy loss by fast charged particles
in matter, but leave the question whether there is a correlation between
those processes unanswered.

For a high-energy charged particle, the dominant contribution to
correlation between its energy loss and deflection angle arises when
the fast particle hits an atomic electron, imparting it energy and
transverse momentum simultaneously.

The correlation must be the strongest when the incident particle is an
electron or positron, because having the same mass as the knocked-off
atomic electrons, it is kinematically allowed to transfer them a
substantial fraction of its energy in a single collision.
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Introduction

Introduction. Il

In a thick target, the angle-energy correlation generally disappears due
to successive interactions with many atoms.

But in multiple Coulomb scattering of pointlike particles there is a
significant contribution from single scatterings, purporting the
correlation.

The correlation is expected to be stronger for low-Z target materials,
because the relative contribution of incoherent scattering for them is
higher.
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Introduction

Vanishing of the correlation for normal multiple scattering. |

After N successive identical random collisions, with individual x4 and
Acey correlated for the same k, the correlation coefficient between the

aggregate energy loss e = Z,’L Aej, and the square of the deflection
angle 0 = Y°N_, ¥ is defined as

(6% = (8%)(e — (e))

SRl @R

If all the single-scattering mean values are finite (multiple scattering is
normal), evaluation of (1) gives

c— (x2Ae) — < 2) (Ae)
VO + (N=2)(@2\/((Ae — (8e)2) N>>1f

implying that in the large-N limit (multiple scattering) the correlation
must vanish.

(1)

()
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Introduction

Vanishing of the correlation for normal multiple scattering. Il

The joint distribution function then tends to a product of a Gaussian and
a delta function
- 1

0.6 2 7

e 15 (e — ().

Here the mean values are in proportion (62)/(e) = (x?)/{Ae), but no
correlation arises between 6 and e. In the presented derivation it was

essential that (¢) ~ N> \/((e — (€))2) ~ VN, whereas for ¢ the same

does not hold, because (#) = N(x) = 0 by axial symmetry.

But for multiple Coulomb scattering the diffusion is not normal
((x?) = ).
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Solution of the transport equation

Transport equation. |

The correlated process of small-angle scattering of a fast electron on atoms in
an amorphous substance, and of the associated ionization energy loss, is
governed by a transport equation

%f(e &) = /dae/ £(,e,1) — £(6 — X, e, 1)

[E—"

—n, / doin(x. ) [f(.e. )~ (T~ X~ D], (3)

which must be subjected to initial condition (4, ¢,0) = §(8)d(e).
The anomalous character of multiple inelastic Coulomb scattering enters
through the Rutherford asymptotics of the elastic scattering

222 ZdX7 (4)
X3

naldae/(x) ~ naldo-nu;h( )
X>Xa
and inelastic scattering differential cross-sections:

naldon(v. A -2 P 2\ dx
aldon( Ac) 22 22RO | Ae = g ) SFdhe ®
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Solution of the transport equation

Transport equation. Il

Here % = 8“222?:, with Ze the atom nucleus charge, and v the particle
X pPvex
velocity, p its momentum.
The factor [3]
> 4metn,l
Xe = 0212

incorporates all the properties of the target except Z.
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Solution of the transport equation

Correlated solution in the multiple scattering regime. |

The resulting distribution function depends on the following
dimensionless variables:

© =0/Zxec, (reduced deflection angle) (7)

2m P28 2
MNZ, €)= - A Ao = - 8
( ) ’6) ,02292%6 05 0 — /2 YEFTY ( )

with / —the mean ionization potential,

141/2 .
w(l,2)=4Z (Z;zﬁ/xf,ﬁ) e®/2 > 1 (thickness parameter),

4 1 (9)

Xat = Xaz“ X,,f“ (screening angle). (10)
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Solution of the transport equation

Correlated solution in the multiple scattering regime. |l

The solution of the transport equation (3) is given by a double integral

2
D Z9%46(Z2.1,0,) = F(Z,50,0,)

I Qo) 11 A uy/az.a)
—47r/0 dyJdo(\/y©)e 5 due , (11)

T J_jso
with Jy the Bessel function,

Qei(Yo,Y) = —% In};) (the function appearing in the Moliére theory),

(12)
Qin(Y,u) = (u+ Y)[Inu+ Ein(Y/u)] + u (1 - e’y/“) . (13)
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Computed distributions
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Figure 1: Correlated angle-energy loss distribution of electrons multiple scattered in hydrogen (Z = 1) target of
reduced thickness y, = 10%. a). Contour plot of log F, with F given by Eq. (11). Dashed parabola, A = Z&2. b).
Angular distributions at fixed values of the ionization energy loss straggling variable A. Solid curves, calculation
by exact formula (11), at A = 0 (red), A = 7 (yellow), A = 20 (green), A = 50 (blue). c). lonization energy loss

distribution at fixed values of the scattering angle. Solid curve, ©® = 0 (red), © = 4 (yellow), © = 8 (green),
© = 16 (blue).
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Computed distributions
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Figure 2: Angular distributions of
electrons multiple scattered in a Figure 3: The same as Fig. 2, for
carbon (Z = 6) target of reduced silicon (Z = 14) target of reduced
thickness y, = 104, at fixed thickness y = 10%.

values of the ionization energy
loss straggling variable A: A =0
(red), A =7 (yellow), A = 20
(green), A = 50 (blue).
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Computed distributions

Normalized correlation function

The magnitude of the correlation may be quantified by intro-

ducing the normalized correlation function o
Z+1  F(Z,y%,0,A o4
g(Z, yo,@,)\) — + ( , Y0, 9, ) . (14) 0.050
Zz ()\) 4x3 6 0020
pLA)PM X;2t ’ Xec 0010
0.005
Here in the denominator
> 1 foo AU+Qip(0 v
or / JOOF(Z,10,0.)) = - / ~ e 0w
0 Tl J —jco
— L,DL()\) 0.001
104
is the Landau distribution, and
2 4 6 8 10 12 14
e V4 442 0
AdNF(Z,Y5,0,\) = —— R @+1(g-1)
| aFz.p.0. ZHwM(Xg XC)
with x2 = Z(Z + 1)X2, o
1 frimex —2pp T N T
eulm V) = o= [ anh (v e it ) -

is the Moliere distribution.
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Angular dependence of the mean energy loss

Angular dependence of the mean energy loss

An alternative possibility to express the correlation is to evaluate the
conditional (fixed-angle) mean energy loss:

B Jo© decf(6, ¢)  PPZRE

€0) = = Ao+ A 1
6( ) fooo dﬁf(e,e) om [ 0o+ (e)]v ( 6)
with
_ * dMF(Z, y5,0, )
(o) - La D200 (17)
ffoo (Zyy07ea/\)
_ 27 AWy (ng, V) T 42
MZ, 10,8/ x0) = —Xe - . =X (8
( 7o, /XC) <PM(T]0,9/X0) n4(Z+1) YE, 7o X,azt ( )

It expresses, in the integral form, solely through the Moliére distribution ¢y.

AZ, 1m0, 0/ xo)-INZ+1)

Figure 4: Solid curve, dependence
of the mean energy loss defined
by Eq. (18) on the scattering
angle, for a reduced target
thickness 79 = 10%.
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Summary

o The amalgamation of Moliére and Landau theories reveals a
substantial correlation between the deflection angle and ionization
energy loss for relativistic electrons in amorphous matter.

The correlation arises at the single-scattering level, but is not erased
by multiple Coulomb scattering, because of the anomalous
character of the latter.

o The domain of applicability of the combined theory is just the
intersection of the domains of applicability of Moliere and Landau
theories.

e The experimental verification of the expected correlation must be
feasible with silicon targets (the lowest-Z industrial semiconductor),
by looking for ~ Z=1 ~ 10% differences between the angular
distributions measured at different values of the ionization energy
loss.

Stronger correlation effects (~ Z~! ~ 20%) are expected for organic
semiconductors, used nowadays for flexible electronics [7].
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