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This book presents a complete encyclopaedia of superconducting fluctuations,
summarising the last forty years of work in the field.The first part of the book is
devoted to an extended discussion of the Ginzburg-Landau phenomenology of 
fluctuations in its thermodynamical and time-dependent versions and its various
applications.The second part deals with microscopic justification of the Ginzburg-
Landau approach and presents the diagrammatic theory of fluctuations.The third
part is devoted to a less detailed review of the manifestation of fluctuations in
observables: diamagnetism, magnetoconductivity, various tunneling characteristics,
and NMR relaxation.The final chapters turn to the manifestation of fluctuations in
unconventional superconducting systems: nanodrops, nanorings, Berezinsky-
Kosterlitz-Thouless state, quantum phase transition between superconductor 
and insulator, and thermal and quantum fluctuations in weak superconducting 
systems.The book ends with a brief discussion on theories of high temperature
superconductivity, where fluctuations appear as the possible protagonist of this 
exciting phenomenon.

From reviews of the hardback edition:
‘Theory of Fluctuations in Superconductors is a thorough and timely book aimed at
both theorists and experimentalists interested in current topics in superconduct-
ivity.The book will be a useful guide and reference for graduate students and 
established workers in the field.’ Physics Today

ALSO PUBLISHED BY OXFORD UNIVERSITY PRESS

Quantum Liquids
A. J. Leggett

Superconductivity, Superfluids, and Condensates
J. Annett

Quantum Field Theory of Many Body Systems
X. G.Wen

Many-Body Quantum Theory in Condensed Matter Physics
H. Bruus and K. Flensberg

Bose-Einstein Condensation
L. Pitaevskii and S. Stringari

9 780199 564835

INTERNATIONAL SERIES OF MONOGRAPHS 
ON PHYSICS • 127

Theory of Fluctuations
in Superconductors

Revised Edition

ANATOLY LARKIN
ANDREI VARLAMOV

OXFORD SCIENCE PUBLICATIONS

L
A

R
K

IN
V

A
R

L
A

M
O

V
T

h
eo

ry
o

fF
lu

ctu
atio

n
s

in
Su

p
erco

n
d

u
cto

rs
R

evised
E

d
itio

n

2



�

�

“TFSpbk081125” — 2009/4/18 — 16:15 — page i — #1
�

�

�

�

�

�

INTERNATIONAL SERIES OF MONOGRAPHS
ON PHYSICS

SERIES EDITORS

J. BIRMAN CITY UNIVERSITY OF NEW YORK
S. F. EDWARDS UNIVERSITY OF CAMBRIDGE
R. FRIEND UNIVERSITY OF CAMBRIDGE
M. REES UNIVERSITY OF CAMBRIDGE
D. SHERRINGTON UNIVERSITY OF OXFORD
G. VENEZIANO CERN, GENEVA



�

�

“TFSpbk081125” — 2009/4/18 — 16:15 — page ii — #2
�

�

�

�

�

�

International Series of Monographs on Physics

144. T. R. Field: Electromagnetic scattering from random media
143. W. Götze: Complex dynamics of glass-forming liquids – a mode-coupling theory
142. V. M. Agranovich: Excitations in organic solids
141. W. T. Grandy: Entropy and the time evolution of macroscopic systems
140. M. Alcubierre: Introduction to 3 + 1 numerical relativity
139. A. L. Ivanov, S. G. Tikhodeev: Problems of condensed matter physics – quantum

coherence phenomena in electron–hole and coupled matter–light systems
138. I. M. Vardavas, F. W. Taylor: Radiation and climate
137. A. F. Borghesani: Ions and electrons in liquid helium
136. C. Kiefer: Quantum gravity, Second edition
135. V. Fortov, I. Iakubov, A. Khrapak: Physics of strongly coupled plasma
134. G. Fredrickson: The equilibrium theory of inhomogeneous polymers
133. H. Suhl: Relaxation processes in micromagnetics
132. J. Terning: Modern supersymmetry
131. M. Mariño: Chern–Simons theory, matrix models, and topological strings
130. V. Gantmakher: Electrons and disorder in solids
129. W. Barford: Electronic and optical properties of conjugated polymers
128. R. E. Raab, O. L. de Lange: Multipole theory in electromagnetism
127. A. Larkin, A. Varlamov: Theory of fluctuations in superconductors
126. P. Goldbart, N. Goldenfeld, D. Sherrington: Stealing the gold
125. S. Atzeni, J. Meyer-ter-Vehn: The physics of inertial fusion
123. T. Fujimoto: Plasma spectroscopy
122. K. Fujikawa, H. Suzuki: Path integrals and quantum anomalies
121. T. Giamarchi: Quantum physics in one dimension
120. M. Warner, E. Terentjev: Liquid crystal elastomers
119. L. Jacak, P. Sitko, K. Wieczorek, A. Wojs: Quantum Hall systems
118. J. Wesson: Tokamaks, Third edition
117. G. E. Volovik: The universe in a helium droplet
116. L. Pitaevskii, S. Stringari: Bose–Einstein condensation
115. G. Dissertori, I. G. Knowles, M. Schmelling: Quantum chromodynamics
114. B. DeWitt: The global approach to quantum field theory
113. J. Zinn-Justin: Quantum field theory and critical phenomena, Fourth edition
112. R. M. Mazo: Brownian motion – fluctuations, dynamics, and applications
111. H. Nishimori: Statistical physics of spin glasses and information processing – an

introduction
110. N. B. Kopnin: Theory of nonequilibrium superconductivity
109. A. Aharoni: Introduction to the theory of ferromagnetism, Second edition
108. R. Dobbs: Helium three
107. R. Wigmans: Calorimetry
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PREFACE

The theory of phase transitions and the theory of superconductivity are the
two summits of statistical physics which were conquered in the second part of
the twentieth century. They are described in detail in many books. These two
summits are connected by the mountain-range, which is called the theory of
superconducting fluctuations. We hope that this book will serve as the guide
along this mountain-range.

The storm of the first summit was started by Landau [1], who proposed his
phenomenological description of the second-order phase transition that is widely
known today. But in any business it is important to have certain corner stones,
meaning the results, which leave no doubts about their correctness. Such a corner
stone for the physics of phase transitions was provided by Onsager in 1944 by
his exact solution of the two–dimensional (2D) Ising model [2].

We now live in an artificial world and it is often easier to make an experiment
on a 2D object than on a 3D one. Moreover, the theory of phase transitions for
the Ising model is now used not only in natural sciences, but also in other areas,
such as money counting [3]. Forty years ago physics still was a natural science,
which studied our 3D world. So, the majority of physicists at that time knew
neither the Ising model nor the Onsager solution and believed in the Landau
theory [1]. Landau himself was among the first who clearly understood that the
Onsager solution gives an example of what is happening close to critical points
in real materials, violating the orthodox Landau theory.

The physicists continued to climb the peak of phase transitions from two
directions. The first direction was to utilize Onager’s exact solution to find the
general laws of phase transitions. The hypothesis of universality was formulated
in the papers of Vaks et al. [4] and Kadanoff [5]. According to this hypothesis
all physical systems are divided into classes of a different symmetry of the order
parameter, and the critical behavior for all the systems belonging to the same
class are, essentially, identical. Even more important was the hypothesis of scaling
proposed by Pokrovsky and Patashinskii, Kadanoff, Gribov and Migdal (Jr.)
and Polyakov [5–8]. According to this hypothesis all physical parameters close
to the phase transition point are determined by a single correlation length which
increases when the system approaches the phase transition point. The scaling
hypothesis enabled Halperin and Hohenberg [9] to find singularities of kinetic
coefficients.

The second trail to the peak began from the Landau theory and included
systematic analysis of the fluctuation corrections to it. Lee and Yang [10] con-
sidered a weakly non-ideal Bose-gas, taking the interaction into account by means
of perturbation theory. They have found that a first-order transition occurs in
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Bose-gas. It became clear pretty soon that this result was an artifact of the per-
turbation theory, which does not work close to the phase transition point. The
fluctuation corrections to Landau’s theory not very close to the transition point,
where they are still small, were found by Levanyuk [11].

The methods of quantum field theory allowed Khmelnitsky and Larkin to
segregate the most divergent fluctuation contributions appearing from so-called
parquet diagrams and sum up these contributions [12]. They studied phase tran-
sition in uni-axial ferroelectric or ferromagnet with dipole–dipole interactions,
where the angular dependence of the interaction increased the effective dimen-
sionality of the real 3D system up to four. This circumstance allowed them to
solve the problem of accounting for the fluctuations close to the phase transition
exactly and to find that the specific heat singularity has the form of the power
of logarithm.

The paper by Larkin et al. [12] had two important appendices of a method-
ical nature. In one the effect of the symmetry of the order parameter on the
singularity at the transition point of a non-physical 4D system was considered.
For the order parameter being an n-component vector the specific heat has more
complex singularity depending on the number of the order parameter compo-
nents n. In the second appendix the same result as in the body of paper was
obtained using the new to condensed matter theory, method of multiplicative
renormalization group (RG). Being equivalent to the summation of parquet dia-
grams, this method was simpler and later it found applications in different fields
of condensed matter theory.

At the same time Di Castro and Iona-Lasinio [13] also applied the general
ideas of the RG method to the theory of phase transitions and showed that
the presence of the fixed point in the RG equation at a finite coupling constant
confirms the scaling hypothesis.

The next step in the study of the cross-over from logarithmic laws in the
4D case to power-laws in any lower dimension was performed for dimension
D = 4 − ε by Wilson and Fisher [14]. Their single-loop RG approach gave the
critical indices in the leading order in ε. Next order corrections, ∼ ε2, were
calculated by Wilson [15] and Abrahams and Tzuneto [16].

After these works the scaling hypothesis became a theory. Papers by Wil-
son [17] signified the passage through the summit. The significance of Wilson’s
theory goes far beyond the physics of phase transitions. He demonstrated that
the renormalization of the action had better be done, while earlier people had
renormalized the Green functions. After that, the renormalization group became
a real working tool, which gave jobs to many theorists.

Another important summit of statistical physics is the theory of superconduc-
tivity. Between the discovery, by Kamerling–Onnes in 1911, of the phenomenon
of superconductivity [18] and the formulation in 1957 of the microscopic the-
ory [19] almost half a century passed. Let us remember that the creation of the
theory of superfluidity in liquid helium took only four years.
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The first theories of superconductivity were phenomenological. So in 1934
brothers F. and H. London wrote down the equations [20] for the electrodynam-
ics of a superconductor which explained the Meissner–Ochsenfeld effect: complete
expulsion of the magnetic flux from the bulk superconductor [21]. This discovery
was especially important in superconductivity, namely, this effect demonstrated
that superconductivity is a new state of matter. In 1936 Landau and Peierls
created the theory of intermediate state [22]. Soon Landau formulated his phe-
nomenological theory of the second-order phase transitions [1]. In 1950, Ginzburg
and Landau (GL) successfully applied the ideas of this theory to superconduc-
tivity [23]. They did not have a clear understanding about the physical origin
of the order parameter of such phase transition and just supposed that it was
described by some complex charged field. This allowed them to derive the equa-
tions which described almost all properties of superconductors known at the
moment. According to De Gennes [24] the GL theory is a bright example of the
manifestation of the physical intuition. The greatest success of the GL theory
became Abrikosov’s explanation [25] of the Shubnikov’s phase [26] where super-
conductivity and the magnetic field peacefully coexist. Abrikosov demonstrated
that the magnetic field can penetrate into superconductor in the form of vortices
ordering in the perfect lattice.

In order to create the theory of superconductivity it was enough to demon-
strate how the gap appears in the excitations spectrum. Such a gap does not
exist in the spectrum of the ideal electron gas. A perturbative accounting for the
interaction also did not result in the gap opening. But such approximation was
not really justified, the interelectron interaction in metals is not small. Therefore
it was necessary to give up the ideas of the perturbation approach and to work
out the theory of the strongly interacting electron system in a metal. At this time
similar problems rose in high energy physics and they had been successfully re-
solved in the framework of the new Feynman diagrammatic technique. These
ideas were transferred to statistical physics and soon the methods of quantum
field theory were applied to problems of condensed matter theory.

At the beginning of the 1950s the isotopic effect was discovered in super-
conductors [27–29] and it became clear that for the theory of superconductivity
not only was the electron system important, but the phonon one too. Migdal
constructed the theory of strong electron-phonon interaction [30] but even in
this way he did not succeed to find the gap in the excitation spectrum. This
is due to the fact, that in all these efforts the important phenomenon of the
Bose condensation had been lost. It was difficult to involve it in the theoretical
models: electrons in metals obey the Fermi statistics and, in view of their strong
Coulomb repulsion, it seemed there was no way to unify them into composed
Bose particles.

In 1956, Cooper [31] found that it was enough to have a weak attraction
between particles of the degenerate Fermi liquid to obtain the formation of the
bound states, now called Cooper pairs. Soon after this discovery Bardeen, Cooper
and Schrieffer proposed the microscopic theory (BCS theory) of superconductiv-
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ity as the theory of the Cooper pairs Bose condensation [19].
Almost at the same time in Russia, Bogolyubov succeeded in solving the

problem of superconductivity by the method of the approximate second quanti-
zation [32], and a little bit later Gor’kov proposed the solution of the problem
in the framework of the Green functions formalism [33]. This method was very
effective and it gave to Gor’kov the possibility of demonstrating that the phe-
nomenological GL equations follow from the BCS theory in the limit T → Tc [34].

Both GL and BCS theories are formulated within the framework of the mean-
field approximation (MFA). Here it is necessary to mention that usually the MFA
allows one to get only the qualitative picture of a phenomenon. Fortunately in the
case of superconductivity, this method works quantitatively. It was Ginzburg [35]
who demonstrated that in clean bulk superconductors the fluctuation phenom-
ena become important only in a very narrow (∼ 10−12K) region in the vicinity
of the transition temperature. Aslamazov and Larkin [36] demonstrated that
the fluctuation region in dirty superconducting films is determined by the resis-
tance per film unit square and could be much wider than in bulk samples. Even
more importantly they demonstrated the presence of fluctuation effects beyond
the critical region, and not only in thermodynamic but in kinetic characteristics
of superconductors too. They have discovered the phenomenon which is called
paraconductivity today: the decrease of the resistance of superconductor in the
normal phase, still at T > Tc. Simultaneously this phenomenon was experimen-
tally observed by Glover [37] and his results were found in perfect agreement
with the Aslamazov–Larkin (AL) theory. Since this time the variety of fluctu-
ation effects have been discovered. Their manifestation have been investigated
also today, especially in new superconducting systems.

The characteristic feature of superconducting fluctuations is their strong de-
pendence on temperature and magnetic fields in the vicinity of phase transition.
This allows us to definitely separate the fluctuation effects from other contri-
butions and to use them as the source of information about the microscopic
parameters of a material. Accounting for fluctuation effects is necessary in the
design of superconducting devices. Many ideas of the theory of superconducting
fluctuations have been used in other fields of condensed matter theory, e.g. in
developing of the theory of quantum fluctuations. Finally, the theory of fluctu-
ations is itself simply very beautiful and we hope that the reader will enjoy it
reading this book.

In the fluctuation theory, as in modern statistical physics on the whole, two
methods have been mainly used: they are the diagrammatic technique and the
method of functional (continual) integration over the order parameter. Each of
them has its own advantages and disadvantages and in different parts of this
book we will use the former or the latter.

The years of the fluctuation boom coincided with the greatest development
of the diagrammatic methods of many body theory in condensed matter physics.
These methods turned out to be extremely powerful: any physical problem, after
its clear formulation and the writing down of the Hamiltonian, can be reduced
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to the summation of some classes of diagrams. The diagrammatic technique al-
lows us in a unique way to describe the quantum and classical fluctuations, the
thermodynamical, and transport effects. The diagrammatic technique is espe-
cially suited to problems containing a small parameter: in this case it is possible
to restrict their summation to the ladder approximation only. In the theory of
superconducting fluctuations one such small parameter exists: as we will show
below, it is the so-called Ginzburg–Levanyuk number Gi(D) which is expressed
as some power of the small parameters Tc/EF and �/EF τ , with τ as the elec-
tron scattering time. In the vicinity of transition, superconducting fluctuations
influence different physical properties of metal and lead to the appearance of
small corrections to corresponding physical characteristics in a wide range of
temperatures. Due to the above mentioned smallness of Gi(D) these corrections
can be evaluated quantitatively in the wide enough temperature region. On the
other hand, their specific dependence on the nearness to the critical temperature
T − Tc allows us to separate them in experiments from other effects.

In the description of the effect of fluctuations on thermodynamic properties
of the system the method of functional integration turned out to be simpler.
The ladder approximation in the diagrammatic approach is equivalent to the
Gaussian approximation in functional integration. The method of functional in-
tegration turns out to be more effective in the case of strong fluctuations, for
instance, in the immediate vicinity of the phase transition. The final equations of
the renormalization group carried out by means of functional integrations turn
out to be equivalent to the result of the summation of the parquet diagrams
series. Nevertheless, the former derivation is much simpler.

There is one other reason why we will use both methods and will carry out
some results in both ways. In its explosive development the last decades physics
became an “oral science.” In the process of communication near a blackboard it
is difficult to write and to read some cumbersome formulae. The language of dia-
grams is much more comprehensive: by drawing them the speaker demonstrates
that this one is small, and that this one has to be taken into account for this and
so on reasons clear to the experienced listener. The success of the diagrammatic
technique, in some sense, is similar to the success of geometry in Ancient Greece,
where the science was “oral” too.

This advantage of the diagrammatic technique becomes its disadvantage
when there is no direct communication between the speaker and listener. It
is difficult to learn the diagrammatic technique by reading a textbook on your
own, when no one helps you to find the necessary insight on a complex graph.
Maybe, because of similar reasons geometry disappeared in Middle Ages when
direct communication between scientists was minimal while “written” algebra
had continued to develop.

The layout of the book is the following. It consists of four parts. The first
part is devoted to the description of the phenomenological method, while the
second is devoted to the presentation of the tools of microscopic theory. These
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two parts are written in detail and may serve as a textbook. Two last parts
can be considered as a hand book and guide to the numerous recent results of
the theory of fluctuations.1 They are devoted to the description of supercon-
ducting fluctuation manifestations of different physical properties in a variety of
superconducting systems: conventional superconductors, layered superconduct-
ing systems, superconducting nanodrops, tunnel and Josephson structures, thin
and nano- wires, superconductors in the Berezinskii–Kosterlitz–Thouless state,
strongly disordered superconductors, etc. Here we have done our best to provide
the necessary details but it is supposed that in the case of particular interest
the reader will refer to the original articles cited in corresponding sections. The
book is concluded by the concise presentation of the recent theories of HTS
superconductivity in this or that way involving the ideas of fluctuations.

Finally, we want to acknowledge here all the people without whose inputs
this book would not have appeared. These are all our coauthors of the original
papers used in the book. We are specially grateful to our colleagues and friends B.
Altshuler, G. Balestrino, V. Galitski, D. Geshkenbein, L. Glazman, D. Livanov,
Yu. N. Ovchinnikov, R. S. Thompson, A. Rigamonti, L. Romano, V. Tognetti,
collaboration and discussions with whom helped us in writing this work. We want
to remember our colleague and friend, the late Lev Aslamazov. One of us (A.V.)
would like to acknowledge the hospitality of the W. B. Fine Theoretical Physics
Institute of Minnesota University, Landau Institute for Theoretical Physics and
personally Tatiana Larkina. The authors acknowledge financial support of NSF
Grant No.DRM-0439026 (USA), projects COFIN2004 and FIRB of the Italian
Ministry of Science and Education, the hospitality of the International Center
for Theoretical Physics (Trieste, Italy), Aspen Center for Physics (USA) and
Kavli Institute for Theoretical Physics (Santa Barbara, USA).

Anatoly Larkin, Andrei Varlamov
Minneapolis – Moscow – Rome
2001–2004

1The total number of publications in the field of superconducting fluctuations is measured
by tens of thousands, so we do not pretend in any degree to the completeness of the relative
bibliography. Our references sooner have the service role, providing readers the omitted details.
More references one can find in the Proceedings of relatively recent congresses devoted to
fluctuation phenomena in superconductors [38, 39].



�

�

“TFSpbk081125” — 2009/4/18 — 16:15 — page xiii — #13
�

�

�

�

�

�

PREFACE TO THE PAPERBACK EDITION

Four years passed since the first publication of this book. Unfortunately, one of
its authors, Anatoly Larkin, deceased in 2005.

For the paperback edition the book was revised, and the revealed misprints
and mistakes were corrected. Chapter 4 (Chapter 10 in the hardback edition) was
rewritten in view of the considerable progress achieved recently in investigations
of the Nernst–Ettingshausen effect in high-temperature superconductors above
critical temperature, as well as in conventional superconductors in the fluctuating
regime. Chapter 11 was also extended, and a few new figures were added.

I would like to express my thanks to the colleagues who made comments
about the first edition of the book, which I took into account when revising the
text for the paperback edition.

Andrei Varlamov
Rome
November, 2008
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INTRODUCTION

A major success in low temperature physics was achieved with the introduction
by Landau of the notion of quasiparticles. According to his hypothesis, the prop-
erties of many body interacting systems at low temperatures are determined by
the spectra of some low-energy, long-living excitations (quasiparticles). Another
milestone of many-body theory is the mean field approximation (MFA), which
allowed considerable progress to be made in the theory of phase transitions.
Phenomena which cannot be described by the quasiparticle method or by MFA
are usually called fluctuations. The Bardeen–Cooper–Schrieffer (BCS) theory of
superconductivity is a successful example of the use of both MFA and the qua-
siparticle description. The success of the theory for traditional superconductors
was determined by the fact that fluctuations give small corrections to the MFA
results.

During the first half of the century, after the discovery of superconductiv-
ity, the problem of fluctuation smearing of the superconducting transition was
not even considered. In bulk samples of traditional superconductors the critical
temperature Tc sharply divides the superconducting and the normal phases. It
is worth mentioning that such behavior of the physical characteristics of super-
conductors is in perfect agreement with both the GL phenomenological theory
(1950) [23] and the BCS microscopic theory of superconductivity (1957) [19].

The characteristics of high temperature and organic superconductors, low-
dimensional and amorphous superconducting systems studied today strongly
differ from those of the traditional superconductors discussed in textbooks. The
transitions turn out to be much more smeared out. The appearance of super-
conducting fluctuations above the critical temperature leads to precursor effects
of the superconducting phase occurring while the system is still in the normal
phase, sometimes far from Tc. The conductivity, the heat capacity, the diamag-
netic susceptibility, the sound attenuation, etc. may increase considerably in the
vicinity of the transition temperature.

The first numerical estimation of the fluctuation contribution to the heat
capacity of a superconductor in the vicinity of Tc was done by Ginzburg in
1960 [35]. In that paper he showed that superconducting fluctuations increase
the heat capacity even above Tc. In this way fluctuations change the temperature
dependence of the specific heat in the vicinity of the critical temperature where,
according to the phenomenological Landau theory of second-order phase transi-
tions, a jump should take place. The range of temperatures where the fluctuation
correction to the heat capacity of a bulk, clean, conventional superconductor is
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relevant was estimated by Ginzburg2 to be

Gi =
δT

Tc
∼
(
Tc

EF

)4

∼ 10−12 ÷ 10−14, (1.1)

where EF is the Fermi energy. The correction occurs in a temperature range δT
many orders of magnitude smaller than that accessible in real experiments.

In the 1950s and 1960s the formulation of the microscopic theory of super-
conductivity, the theory of type-II superconductors, and the search for high-Tc

superconductivity attracted the attention of researchers to dirty systems, super-
conducting films and filaments. In 1968, in papers by Aslamazov and Larkin [36],
and Maki [40], and a little later in a paper by Thompson [41], the fundament
of the microscopic theory of fluctuations in the normal phase of a superconduc-
tor in the vicinity of the critical temperature were formulated. This microscopic
approach confirmed Ginzburg’s evaluation [35] for the width of the fluctuation
region in a bulk clean superconductor. Moreover, it was found that the fluctua-
tion effects increase drastically in thin dirty superconducting films and whiskers.
In the cited papers it was demonstrated that fluctuations affect not only the
thermodynamical properties of a superconductor but its dynamics too. Simulta-
neously the fluctuation smearing of the resistive transition in bismuth amorphous
films was found experimentally by Glover [37], and it was perfectly fitted by the
microscopic theory.

In the BCS theory [19] only the Cooper pairs forming a Bose-condensate
are considered. Fluctuation theory deals with the Cooper pairs out of the con-
densate. In some phenomena these fluctuation Cooper pairs behave similarly
to quasiparticles but with one important difference. While for the well defined
quasiparticle the energy has to be much larger than its inverse life time, for the
fluctuation Cooper pairs the “binding energy” E0 turns out to be of the same
order. The Cooper pair life time τGL is determined by its decay into two free
electrons. Evidently, at the transition temperature the Cooper pairs start to con-
dense and τGL = ∞. Therefore it is natural to suppose from dimensional analysis
that τGL ∼ �/kB(T − Tc). The microscopic theory confirms this hypothesis and
gives the exact coefficient:

τGL =
π�

8kB(T − Tc)
. (1.2)

Another important difference of the fluctuation Cooper pairs from quasiparti-
cles lies in their large size ξ(T ). This size is determined by the distance by which
the electrons forming the fluctuation Cooper pair move apart during the pair

2The expression for the width of the strong fluctuation region in terms of the Landau
phenomenological theory of phase transitions was obtained by Levanyuk [11]. So in the modern
theory of phase transitions the relative temperature width of the fluctuation region is called
the Ginzburg–Levanyuk parameter Gi(D), where D is the effective sample dimensionality.
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lifetime τGL. In the case of an impure superconductor the electron motion is dif-
fusive with the diffusion coefficient D ∼ v2

F τ (τ is the electron scattering time3),
and ξd(T ) =

√
DτGL ∼ vF

√
ττGL. In the case of a clean superconductor, where

kBTτ � �, impurity scattering no longer affects the electron correlations. In this
case the time of electron ballistic motion turns out to be less than the electron–
impurity scattering time τ and is determined by the uncertainty principle: τbal ∼
�/kBT . Then this time has to be used in this case for the determination of the
effective size instead of τ : ξc(T ) ∼ vF

√
�τGL/kBT . In both cases the coherence

length grows with the approach to the critical temperature as ε−1/2, where

ε = ln
T

Tc
≈ T − Tc

Tc
(1.3)

is the reduced temperature.4 We will write down coherence length in the unique
way (ξ = ξc,d):

ξ(T ) =
ξ√
ε
. (1.4)

The microscopic theory in the case of an isotropic Fermi surface gives for the
coherence length ξ the precise expression (see Appendix A).

Finally it is necessary to recognize that fluctuation Cooper pairs can really be
treated as classical objects, but that these objects instead of Boltzmann particles
appear as classical fields in the sense of Rayleigh–Jeans. This means that in the
general Bose–Einstein distribution function only small energies E(p) are involved
and the exponent can be expanded:

n(p) =
1

exp(E(p)/kBT ) − 1
=
kBT

E(p)
. (1.5)

That is why the more appropriate tool to study fluctuation phenomena is not
the Boltzmann transport equation but the GL equation for classical fields. Nev-
ertheless, at the qualitative level the treatment of fluctuation Cooper pairs as
particles with the concentration n(D)

s =
∫

n(p)dDp/(2π�)D often turns out to be
useful.5

Below it will be demonstrated, in the framework of both the phenomeno-
logical GL theory and the microscopic BCS theory, that in the vicinity of the
transition

3Strictly speaking τ in the majority of future results should be understood as the electron
transport scattering time τtr. Nevertheless, as is well known, in the case of isotropic scattering
these values coincide; so for the sake of simplicity we will use hereafter the symbol τ .

4In the literature the reduced temperature is often denoted as τ . We will use here the
notation ε since the symbol τ is used to represent the relaxation time.

5This particle density is defined in the (D)-dimensional space. This means that it determines
the normal volume density of pairs in the 3D case, the density per square unit in the 2D case
and the number of pairs per unit length in 1D. The real 3D concentration n can be defined

too: n = n
(2)
s /d, where d is the thickness of the film and n = n

(1)
s /S, where S is the wire

cross-section.
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E(p) = αkB(T − Tc) +
p2

2m∗ =
1

2m∗
[
�

2/ξ2 (T ) + p2
]
. (1.6)

Far from the transition temperature the dependence n(p) turns out to be more
sophisticated than (1.5), nevertheless one can always write it in the form

n(p) =
m∗kBT

�2
ξ2 (T ) f

(
ξ(T )p

�

)
. (1.7)

In classical field theory the notions of the particle distribution function n(p)
(proportional to E−1(p) in our case) and Cooper pair mass m∗ are poorly deter-
mined. At the same time, the characteristic value of the Cooper pair center
of mass momentum can be defined and it turns out to be of the order of p0 ∼
�/ξ(T ). So for the combinationm∗E(p0) one can writem∗E(p0) ∼ p2

0 ∼ �
2/ξ2(T ).

In fact, the particles’s density enters into many physical values in the combination
n/m∗. As a consequence of the above observation it can be expressed in terms
of the coherence length:

n
(D)
s

m∗ =
kBT

m∗E(p0)
(
p0

�
)D ∼ kBT

�2
ξ2−D(T ). (1.8)

pD
0 here estimates the result of momentum integration.

For example, we can evaluate the fluctuation Cooper pair’s contribution to
conductivity by using the Drude formula:

σ =
n

(D)
s e2τ

m∗ ⇒ kBT

�2
dD−3ξ2−D(T )(2e)2τGL(ε) ∼ εD/2−2. (1.9)

Analogously a qualitative understanding of the increase in the diamagnetic sus-
ceptibility above the critical temperature may be obtained from the well-known
Langevin expression for the atomic susceptibility:6

χ = −e
2

c2
n

(D)
s

m∗
〈
R2
〉
⇒ −4e2

c2
kBT

�2
dD−3ξ4−D(T ) ∼ −εD/2−2. (1.10)

Here we used the ratio (1.8).
Besides these examples of the direct influence of fluctuations on supercon-

ducting properties, indirect manifestations by means of quantum interference in
the pairing process and of renormalization of the density of one-electron states
in the normal phase of a superconductor take place. These effects, being much
more sophisticated, have a purely quantum nature, and in contrast to the direct
Cooper pair contributions require microscopic consideration.

6This formula is valid for the dimensionalities D = 2, 3, when the fluctuation Cooper pair has
the ability to “rotate” in the applied magnetic field and the average square of the rotation radius
is < R2 >∼ ξ2(T ). “Size” effects, important for low-dimensional samples, will be discussed
later on.
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FLUCTUATION THERMODYNAMICS

2.1 Ginzburg–Landau theory

2.1.1 GL functional

Let us consider the model of metal being close to transition to the supercon-
ducting state. The complete description of its thermodynamic properties can be
done through the calculation of the partition function:7

Z = tr

{
exp

(
−Ĥ
T

)}
. (2.1)

As discussed in the Introduction, in the vicinity of the superconducting tran-
sition, side by side with the fermionic electron excitations, fluctuation Cooper
pairs of a bosonic nature appear in the system. As already mentioned, they can be
described by means of classical bosonic complex fields Ψ(r) which can be treated
as “Cooper pair wave functions”. Therefore the calculation of the trace in (2.1)
can be separated into a summation over the “fast” electron degrees of freedom
and a further functional integration carried out over all possible configurations
of the “steady flow” Cooper pairs wave functions:

Z =
∫

D2Ψ(r)Z[Ψ(r)], (2.2)

where

Z[Ψ(r)] = exp
(
− F [Ψ(r)]

T

)
(2.3)

is the system partition function in a fixed bosonic field Ψ(r), already summed
over the electronic degrees of freedom.

The “steady flow” of wave functions means that they are supposed to vary
over a scale much larger than the interatomic distances. The classical part of
the Hamiltonian, dependent on bosonic fields, may be chosen in the spirit of
the Landau theory of phase transitions. However, in view of the space depen-
dence of wave functions, Ginzburg and Landau included in it additionally the
first nonvanishing term of the expansion over the gradient of the fluctuation
field. Symmetry analysis shows that it should be quadratic. The weakness of
the field coordinate dependence allows us to omit the high order terms of such

7Hereafter � = kB = c = 1.
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8 Fluctuation thermodynamics

an expansion. Therefore, the classical part of the Hamiltonian of a metal close
to superconducting transition related to the presence of the fluctuation Cooper
pairs in it (so-called GL functional) can be written as:8

F [Ψ(r)] = FN +
∫
dV

{
a|Ψ(r)|2 +

b

2
|Ψ(r)|4 +

1
4m

|∇Ψ(r)|2
}
. (2.4)

Let us discuss the coefficients of this functional. In accordance with the Lan-
dau hypothesis, the coefficient a goes to zero at the transition point Tc and
depends linearly on T − Tc. Then a = αTcε; all the coefficients α, b and m are
supposed to be positive and temperature independent. Concerning the magni-
tude of the coefficients, it is necessary to make the following comment. One of
these coefficients can always be chosen arbitrarily: this option is related to the
arbitrariness of the Cooper pair wave function normalization. Nevertheless, the
product of two of them is fixed by dimensional analysis: ma ∼ ξ−2(T ). Another
combination of the coefficients, independent of the wave function normalization
and temperature, is α2/b. One can see that it has the dimensionality of the den-
sity of states (DOS). Since these coefficients were obtained by a summation over
the electronic degrees of freedom, the only reasonable candidate for this value is
the one electron DOS ν (for one spin at the Fermi level). One can notice that the
arbitrariness of the order parameter amplitude results in the ambiguity in the
choice of the Cooper pair mass, introduced in (2.4) as 2m. Indeed, this value en-
ters in (2.6) as the product with the coefficient α, hence one of these parameters
has to be set down.

In the phenomenological GL theory normalization of the order parameter Ψ
is usually chosen in such a way that the coefficient m corresponds to the free
electron mass. At that the coefficient α for D-dimensional clean superconductor
is determined by the expression

α(D) =
2Dπ2

7ζ(3)
Tc

EF
. (2.5)

Yet, the other normalization when the order parameter, denoted as Δ (r),
coincides with the value of the gap in spectrum of one-particle excitations of
a homogeneous superconductor turns out to be more convenient. As it will be
shown below, in vicinity of Tc the microscopic theory allows to present the free
energy of superconductor in the form of the GL expansion namely over the powers
of Δ (r). At that turn out to be defined also the exact values of the coefficients
α and b:

4mαTc = ξ−2;α2/b =
8π2

7ζ(3)
ν, (2.6)

where ζ(x) is the Riemann zeta function, ζ(3) = 1.202.

8For simplicity in this subsection the magnetic field is assumed to be zero.
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Let us stress that at such choice of the order parameter normalization the
GL parameter C = 1/4m turns out to be dependent on the concentration of
impurities.

2.1.2 Heat capacity jump
As the first step in the Landau theory of phase transitions Ψ is supposed to be
independent of position. This assumption in the limit of sufficiently large volume
V of the system allows us a calculation of the functional integral in (2.2) by the
method of steepest descent. Its saddle point determines the equilibrium value of
the order parameter

|Ψ̃|2 =
{
−αT cε/b, when ε < 0,

0, when ε > 0. (2.7)

The part of the free energy related to the transition is determined by the mini-
mum of the functional (2.4):

F = (F [Ψ])min = F [Ψ̃] =

{
FN − α2T 2

c ε2

2b V, when ε < 0,
FN , when ε > 0.

(2.8)

From the second derivative of Eq. (2.8) one can find an expression for the jump
of the specific heat capacity at the phase transition point:

ΔC = CS − CN =
Tc

V

(
∂SS

∂T

)
− Tc

V

(
∂SN

∂T

)

= − 1
V Tc

(
∂2F

∂ε2

)
=
α2

b
Tc =

8π2

7ζ(3)
νTc. (2.9)

Let us mention that the jump of the heat capacity was obtained because of the
system volume was taken to infinity first, and after this the reduced temperature
ε was set equal to zero.

2.1.3 GL equations
Introduced by Ginzburg and Landau the free energy functional in the form (2.4)
became the cornerstone of their phenomenological theory of superconductivity
[23] which was later rederived by Gor’kov [34] in the framework of the microscopic
theory [19]. Due to its relative simplicity GL theory has been successfully used
until now.

Let us start from the discussion of the generalization of the functional (2.4)
which is necessary to make in the presence of magnetic field. First of all the
functional must be gauge invariant, therefore the momentum operator −i∇ must
be substituted by its gauge invariant form −i∇−2eA(r).9 Moreover, the presence

9The precise value of the effective charge e∗ = 2e could not be determined in the framework
of the GL phenomenology. It was found in the Gor’kov’s microscopic rederivation of their
equations [34].
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10 Fluctuation thermodynamics

of a magnetic field results in the accumulation of some residual energy of the
magnetic field in the volume of superconductor. Finally, the superconductor itself
interacts with the external magnetic field H. Taking into account these three
observations one can write the generalization of the functional (2.4) in the form

F [Ψ(r)] = Fn +
∫
dV

{
a|Ψ(r)|2 +

b

2
|Ψ(r)|4 +

1
4m

| (−i∇−2eA(r))Ψ(r)|2

+
[∇× A(r)]2

8π
− ∇× A(r) ·H

4π

}
. (2.10)

The equations of the GL theory of superconductivity appear as the conditions
of minimization of Eq. (2.10) over Ψ∗(r) and the vector-potential A(r). They
describe the distribution of the order parameter, currents and magnetic field in
superconductor being placed in the external magnetic field H and staying in
equilibrium.

In our further presentation we will be mostly interested in accounting for
fluctuations, i.e. will consider the deviations from such equilibrium. This will be
performed by functional integration of the proper expressions over fluctuation
fields. Nevertheless for the convenience of the further reading we will present
here the derivation of the GL equations.

Let us start from the calculation of the variation of the functional (2.10)
under the variation of Ψ∗(r):

δΨF =
∫
dV
{
aΨ(r)δΨ∗(r) + bΨ(r)|Ψ(r)|2δΨ∗(r)

+
1

4m
[i∇δΨ∗(r)−2eA(r)δΨ∗(r)] [−i∇Ψ(r)−2eA(r)Ψ(r)]

}
= 0. (2.11)

In order to move δΨ∗(r) out of the parentheses one can use the identity

∇ · (δΨ∗ · a) = δΨ∗∇ · a + a · ∇ (δΨ∗(r)) , (2.12)

where a = −i∇Ψ(r)−2eA(r)Ψ(r) and to present the corresponding integral in
the second line of (2.11) as

∫
dV (∇δΨ∗(r) · a) = −

∫
dV δΨ∗∇ · a +

∫
dV∇· (δΨ∗(r) · a) . (2.13)

The last integral can be transformed according to the Gauss theorem into a
surface integral and finally one gets:

δΨF =
∫
dV

{
aΨ(r) + bΨ(r)|Ψ(r)|2 +

1
4m

(i∇−2eA(r))2 �(r)
}
δΨ∗(r)
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+
∮

S

{−i∇Ψ(r)−2eA(r)Ψ(r)} δΨ∗(r)dS

This expression can be set identically equal to zero for an arbitrary δΨ∗(r)
only in the case when both expressions in the parentheses are equal to zero. Such
a requirement gives us the first GL equation and the boundary condition for it:

aΨ(r) + bΨ(r)|Ψ(r)|2 +
1

4m
(i∇−2eA(r))2 Ψ(r) = 0, (2.14)

[−i∇Ψ(r)−2eA(r)Ψ(r)] · n = 0, (2.15)

where n is the unit vector normal to the superconductor surface. The minimiza-
tion of the functional (2.10) over Ψ(r) results in the equation for Ψ∗(r) which is
complex conjugate to (2.14).

The obtained equation contains two variables: the order parameter and the
vector-potential. In order to obtain the complete system of the GL differential
equations one has to perform the variation procedure over the last variable A(r)
that results in the Maxwell type equation relating the vector-potential with the
superconducting current:

∇×∇× A(r) = 4πjs, (2.16)

js = − ie

2m
(Ψ∇Ψ∗ − Ψ∗∇Ψ) − 2e2

m
|Ψ|2A. (2.17)

In the homogeneous case the order parameter Ψ = Ψ̃ = const does not
depend on coordinates and the system of equations (2.16)-(2.17) is reduced to:

4πjs = λ−2A, (2.18)

λ−2 =
8πe2

m
|Ψ̃|2. (2.19)

The value |Ψ̃|2 in this case is determined by Eq. (2.7). Choosing the coeffi-
cient α in it according to (A.12) one finds that the equilibrium value of the
order parameter |Ψ̃|2 coincides with the superfluid density ns

10 which relates
the supercurrent js with the vector-potential A in the microscopic theory of
superconductivity [19]:

js = −ns
(2e)2

2m
A. (2.20)

Let us notice that applying the operation ∇× to both sides of (2.16) one can
obtain the London equation:

10the superfluid density ns = 1/2Ns, where Ns is the density of superconducting electrons
of the London theory.
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12 Fluctuation thermodynamics

∇×∇× B = λ−2B. (2.21)

The value λ is the penetration depth of magnetic field in superconductor and it
is related to the superfluid density by means of (2.20).

The system of GL equations (2.14), (2.16), (2.17) takes an especially simple
form for the dimensionless order parameter, normalized on its equilibrium value
in homogeneous case (2.7) ψ (r) = Ψ(r)/Ψ̃ = (b/ |a|)1/2 Ψ(r):

ξ2 (T )
(
i∇−2π

Φ0
A
)2

ψ − ψ + ψ |ψ|2 = 0, (2.22)

∇×∇× A(r) = − Φ0

4πλ2
(ψ∇ψ∗ − ψ∗∇ψ) − |ψ|2

λ2
A, (2.23)

[
i∇+

2π
Φ0

A
]
ψ · n = 0. (2.24)

2.2 Fluctuation contribution to heat capacity

2.2.1 Zero dimensionality: the exact solution

In a system of finite volume the fluctuations smear out the jump of the heat
capacity. Let us demonstrate this in the example of a small superconducting
sample with the characteristic size d� ξ(T ).

In this case the space independent mode Ψ0 = Ψ
√
V defines the main con-

tribution to the free energy:

Z(0) =
∫
d2Ψ0 exp

(
−F [Ψ0]

T

)
= π

∫
d|Ψ0|2 exp

(
−

( a|Ψ0|2 + b
2V |Ψ0|4)

T

)

=

√
π3V T

2b
exp(x2)(1 − erf(x))|

x=a
√

V
2bT

. (2.25)

By evaluating the second derivative of this exact result [42] one can find the
temperature dependence of the heat capacity of the superconducting granule
(see Fig. 2.1 taken from [42]). One can see that this function is analytic in
temperature, therefore fluctuations remove phase transition in the 0D system.
The smearing of the heat capacity jump takes place in the region of temperatures
in the vicinity of Tc0 where x ∼ 1, i.e.

εcr = Gi(0) =

√
7ζ(3)
2π

1√
νTc0V

≈ 13.3
(
Tc0

EF

)√
ξ30
V
.

Here Tc0 and ξ0 are the mean field critical temperature and the zero tempera-
ture coherence length (see Appendix A) of the appropriate bulk material. It is
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Fluctuation contribution to heat capacity 13

Fig. 2.1. Temperature dependence of the heat capacity of superconducting
grains in the region of the critical temperature [42].

interesting that the width of this smearing does not depend on impurities concen-
tration. From this formula one can see that the smearing of the transition is very
narrow (εcr � 1) when the granule volume V � (νTc)

−1. This criterion means
that the average spacing between the levels of the dimensional quantization:

δ = (νV )−1 (2.26)

still remains much less than the value of the mean field critical temperature, Tc0.
Far above the critical region, where Gi(0) � ε � 1, one can use the asymp-

totic expression for the erf(x) function and find

F(0) = −T lnZ(0) = −T ln
π

αε
. (2.27)

Calculation of the second derivative gives an expression for the fluctuation part
of the heat capacity in this region:

δC(0) =
1
V ε2

. (2.28)

The experimental study of the heat capacity of small Sn particles in the
vicinity of the transition was done in [43].

2.2.2 Arbitrary dimensionality: case T ≥ Tc

Let us start with the discussion of the fluctuation contribution to the heat ca-
pacity in the normal phase of a superconductor of arbitrary dimensionality. In
this case the functional integral in Eq. (2.3) with the free energy in the form
(2.4) due to the presence of the depending on ∇Ψ term cannot be carried out
exactly and the problem turns out to be much more difficult than in the 0D case
discussed above.
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14 Fluctuation thermodynamics

One can estimate the fluctuation contribution to heat capacity for a specimen
of an arbitrary effective dimensionality on the basis of the following observation.
The volume of the specimen may be divided into regions of size ξ(T ), which are
weakly correlated to each other. Then the whole free energy can be estimated
as the free energy of one such 0D specimen (2.27), multiplied by their number
N(D) = V ξ−D(T ):

F(D) = −TV ξ−D(T ) ln
π

αε
. (2.29)

This formula gives the correct temperature dependence of the free energy not too
close to Tc for the specimens of the even dimensionalities. As we will demonstrate
below, a more accurate treatment removes the ln ε dependence from it in the case
of the odd dimensions.

Let us restrict ourselves to the region of temperatures beyond the immediate
vicinity of transition, where this correction is still small. In this region one can
omit the fourth-order term in Ψ(r) with respect to the quadratic one and write
down the GL functional, expanding the order parameter in a Fourier series:

F [Ψk] = FN +
∑
k

[a+
k2

4m
]|Ψk|2 = FN + αTc

∑
k

(
ε+ ξ2k2

)
|Ψk|2. (2.30)

Here Ψk = 1√
V

∫
Ψ(r)e−ikrdV and the summation is carried out over the wave

vectors k (fluctuation modes). For the specimen of dimensions Lx, Ly, Lz kiLi =
2πni. The functional integral for the partition function (2.3) can be factored out
to a product of Gaussian type integrals over these modes:

Z =
∏
k

∫
d2Ψk exp

{
−α(ε+

k2

4mαTc
)|Ψk|2

}
. (2.31)

Carrying out these integrals, one gets the fluctuation contribution to the free
energy:

F (ε > 0) = −T lnZ = −T
∑
k

ln
π

α(ε+ k2

4mαTc
)
. (2.32)

The appropriate correction to the heat capacity of a superconductor at temper-
atures above the critical temperature may thus be calculated. We are interested
in the most singular term in ε−1, therefore the differentiation over temperature
can be again replaced by that over ε:

δC+ = − 1
V T c

(
∂2F

∂ε2

)
=

1
V

∑
k

1
(ε+ k2

4mαTc
)2
. (2.33)

The result of the summation over k strongly depends on the linear sizes of the
sample, i.e. on its effective dimensionality. As is clear from (2.33), the scale with
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Fluctuation contribution to heat capacity 15

which one has to compare these sizes is determined by the value (4mαTcε)−1/2

which, as was already mentioned above, coincides with the effective size of the
Cooper pair, ξ(T ). Thus, if all dimensions of the sample considerably exceed
ξ(T ), one can integrate over (2π)−3LxLyLzdkxdkydkz instead of summing over
nx, ny, nz. In the case of arbitrary dimensionality the fluctuation correction to
the heat capacity turns out to be

δC+ =
VD

V

∫
1

(ε+ k2

4mαTc
)2

dDk
(2π)D

= ϑD
VD

V

(4mαTc)
D
2

ε2−
D
2

, (2.34)

where VD = V, S, L, 1 for D = 3, 2, 1, 0. For the coefficients ϑD it is convenient
to write an expression valid for an arbitrary dimensionality D, including frac-
tional ones. For a space of fractional dimensionality we just mention that the
momentum integration in spherical coordinates is carried out according to the
rule:

∫
dDk/ (2π)D =μD

∫
kD−1dk, where

μD =
D

2DπD/2Γ (1 +D/2)
(2.35)

and Γ(x) is a gamma-function. The coefficient ϑD in (2.34) can be also expressed
in terms of the gamma function:

ϑD =
Γ(2 −D/2)

2DπD/2
(2.36)

yielding ϑ1 = 1/4, ϑ2 = 1/4π and ϑ3 = 1/8π.
In the case of small particles with characteristic sizes d � ξ(ε) the appropriate

fluctuation contribution to the free energy and the heat capacity coincides with
the asymptotics of the exact results (2.27) and (2.28). From the formula given
above it is easy to see that the role of fluctuations increases when the effective
dimensionality of the sample or parameter mα decrease. As it follows from the
microscopic theory such a decrease of mα takes place in dirty superconductors
with a short electron mean free path.

2.2.3 Arbitrary dimensionality: case T < Tc

The general expressions (2.2) and (2.4) allow one to find the fluctuation con-
tribution to heat capacity below Tc. In order to this let us restrict ourselves to
the region of temperatures not very close to Tc from below, where fluctuations
are sufficiently weak. The order parameter can be written as the sum of the
equilibrium Ψ̃ (see (2.7)) and fluctuation, ψ(r), parts:

Ψ(r) = Ψ̃ + ψ(r). (2.37)

Keeping in (2.4) the terms up to the second order in ψ(r) and up to the fourth
order in Ψ̃, one can find
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16 Fluctuation thermodynamics

Z[Ψ̃] = exp(−aΨ̃
2 + b/2Ψ̃4

T
)
∏
k

∫
dReψkd Imψk × (2.38)

× exp
{
− 1
T

[(3bΨ̃2 + a+
k2

4m
) Re 2 ψk + (bΨ̃2 + a+

k2

4m
) Im2 ψk]

}
.

Let us remind, that the value Ψ̃ we chose as real. Carrying out the integral over
the real and imaginary parts of the order parameter one can find an expression
for the fluctuation part of the free energy:

F = −T
2

∑
k

{
ln

πTc

3bΨ̃2+a+ k2

4m

+ ln
πTc

bΨ̃2 + a+ k2

4m

}
. (2.39)

Let us discuss this result. It is valid both above and below Tc. The two terms in
it correspond to the contributions of the modulus and phase fluctuations of the
order parameter. Above Tc Ψ̃ ≡ 0 and these contributions are equal: phase and
modulus fluctuations in the absence of Ψ̃ represent just two equivalent degrees of
freedom of the scalar, complex order parameter. Below Tc, the symmetry of the
system decreases (see (2.7)). The order parameter modulus fluctuations remain
of the same type as those above Tc, while the character of the phase fluctuations,
in accordance with the Goldstone theorem, changes dramatically. The energy of
such fluctuations tends zero when k → 0 and in this limit it does not depend
more on the phase ψ.

Substitution of Eq. (2.7) into Eq. (2.39) results in the disappearance of the
temperature dependence of the phase fluctuation contribution and, calculating
the second derivative, one sees that only the fluctuations of the order parameter
modulus contribute to the heat capacity. As a result the heat capacity, calculated
below Tc, turns out to be proportional to that found above:

δC− = 2
D
2 −1δC+.

Hence, in the framework of the theory proposed we found that the heat
capacity of the superconductor tends to infinity at the transition temperature.
Strictly speaking, the restrictions of the above approach do not allow us to discuss
seriously this divergence at the critical point itself. The calculations in principle
are valid only in that region of temperatures where the fluctuation correction is
small. We will discuss below the quantitative criteria for the applicability of this
perturbation theory.

2.3 Fluctuation diamagnetism

2.3.1 Qualitative preliminaries

In this section we discuss the effect of fluctuations on the magnetization and the
susceptibility of a superconductor above the transition temperature. Being the
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Fluctuation diamagnetism 17

precursor effect to the Meissner diamagnetism, the fluctuation-induced magnetic
susceptibility has to be a small correction with respect to the diamagnetism of
a superconductor but it can be comparable to or can even exceed the value of
the normal metal diamagnetic or paramagnetic susceptibility and can be easily
measured experimentally. As was already mentioned in the Introduction the
temperature dependence of the fluctuation induced diamagnetic susceptibility
can be qualitatively analyzed on the basis of the Langevin formula, but some
precautions in the case of low-dimensional samples have to be made.

As regards the 3D case we would like to mention here that Eq. (1.10), pre-
sented in terms of ξ(T ), has a wider region of applicability than the GL one.
Indeed, in the GL region (|ε| � Gi) ξ(ε) ∼ ε−1/2 and such presentation is trivial.
The situation changes in the immediate vicinity of the transition point where the
Cooper pair interaction becomes important. The presence of fluctuation Cooper
pairs themselves effects on the value of coherence length. In accordance with the
scaling hypothesis (we will discuss it below) the coherence length is the only scale
of length at these temperatures ( |ε| � Gi,). It still depends on temperature as a
power function: ξ(ε) ∼ ε−ν , but the interaction of fluctuations changes its critical
exponent ν with respect to the GL value ν = 1/2. The same scaling hypothesis
allows us to write down for diamagnetic susceptibility the general relation

χ(3) ∼ −e2Tξ(T ) = −χP ε
−1/2

{
1, when ε� Gi,(

ε
Gi

)1/2−ν
, when ε� Gi.

(2.40)

Let us stress that this expression is valid also in the region of critical fluc-
tuations, i.e. in the immediate vicinity of the transition temperature. Here, in
order to define the scale of fluctuation effects, we have introduced the Pauli
paramagnetic susceptibility χP = e2vF /4π2.

Moreover, the Langevin formula allows us to extend the estimation of the
fluctuation diamagnetic effect to the other side beyond the GL region: to high
temperatures T � Tc. The coherence length far from the transition becomes a
slow function of temperature. In a clean superconductor, far from Tc, ξ(T ) ∼
vF /T , so one can write

χ(3c)(T � Tc) ∼ −e2Tξ(T ) ∼ −χP (2.41)

and see that the fluctuation diamagnetism turns out to be of the order of the
Pauli paramagnetism even far from the transition. More precise microscopic cal-
culations of χ(3)(T � Tc) lead to the appearance of ln2(T/Tc) in the denominator
of (2.41).

In the 2D case, Eq. (1.10) is applicable for the estimation of χ(2) in the
case when the magnetic field is applied perpendicular to the plane, allowing 2D
rotations of fluctuation Cooper pairs in it:

χ(2c)(T ) ∼ e2
n

m
< R2 >∼ e2Tξ2(T ) ∼ −χP

EF

T − Tc
. (2.42)
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18 Fluctuation thermodynamics

This result is valid for a wide range of temperatures and exceeds the Pauli para-
magnetism by factor EF /T even far from the critical temperature (we consider
the clean case here).

For a thin film (d � ξ(T )) placed perpendicular to the magnetic field the
fluctuation Cooper pairs behave like effective 2D rotators. The formula (1.10)
still can be used, though one has to take into account that the susceptibility in
this case is calculated per unit square of the film. So for the realistic case (from
the experimental point of view) of the dirty film, one has to just use in (2.42)
the expression (A.4) for the coherence length:

χ(2d) ∼
e2T

d
ξ2(T ) ∼ −χP

(
l

d

)
Tc

T − Tc
. (2.43)

Let us discuss now the important case of a layered superconductor (e.g. exam-
ple, a HTS). It is usually supposed that the electrons move freely in conducting
planes separated by a distance s. Electron motion in the perpendicular direc-
tion has a tunneling character, with effective energy J . The related velocity
and coherence length can be estimated as vz = ∂E(p)/∂p⊥ ∼ J/p⊥ ∼ sJ and
ξz,(c) ∼ sJ/T for the clean case. In the dirty case the anisotropy can be taken
into account in the spirit of formula (A.4) yielding ξz,(d) ∼

√
D⊥/T ∼ sJ

√
τ/T .

We start from the case of a weak magnetic field applied perpendicular to
layers. The effective area of a rotating fluctuation pair is ξx(ε)ξy(ε). The den-
sity of Cooper pairs in the conducting layers (1.8) has to be modified for the
anisotropic case. Its isotropic 3D value is proportional to 1/ξ(ε), that now has
to be read as ∼ 1/

√
ξx(ε)ξy(ε). The anisotropy of the electron motion leads to

a concentration of fluctuation Cooper pairs in the conducting layers and hence,
to an effective increase of the Cooper pairs density of

√
ξx(ε)ξy(ε)/ξz(ε) times

with respect to its isotropic value. This increase is saturated when ξz(ε) reaches
the interlayer distance s, so finally the anisotropy factor appears in the form√
ξx(ε)ξy(ε)/max{s, ξz(ε)} and the square root in its numerator is removed in

the Langevin formula (1.10), rewritten for this case

χ(layer,⊥)(ε,H → 0) ∼ −e2T ξx(ε)ξy(ε)
max{s, ξz(ε)}

. (2.44)

The existence of a crossover between the 2D and 3D temperature regimes in
this formula is evident: as the temperature tends to Tc the diamagnetic suscep-
tibility temperature dependence changes from 1/ε to 1/

√
ε. This happens when

the reduced temperature reaches its crossover value εcr = r (ξz(εcr) ∼ s). The
anisotropy parameter

r =
4ξ2z(0)
s2

=
J 2

T

{ π τ
4 , when Tτ � 1

7ζ(3)
8π2T , when Tτ � 1

(2.45)

plays an important role in the theory of layered superconductors.11

11We use here a definition of r following from microscopic theory (see section 8.3).
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It is interesting to note that this intrinsic crossover, related to the spectrum
anisotropy, has an opposite character to the geometric crossover which happens
in thick enough films when ξ(T ) reaches d. In the latter case the characteristic
3D 1/

√
ε dependence taking place far enough from Tc (where ξ(T ) � d), is

changed to the 2D 1/ε law (see (2.43)) in the immediate vicinity of transition
( where ξ(T ) � d) [44]. It is worth mentioning that in a strongly anisotropic
layered superconductor the fluctuation-induced susceptibility may considerably
exceed the normal metal dia- and paramagnetic effects even relatively far from
Tc [45, 46].

Let us consider a magnetic field applied along the layers. First, it is necessary
to mention that the fluctuation diamagnetic effect disappears in the limit J ∼
ξz → 0. Indeed, for the formation of a circulating current it is necessary to tunnel
at least twice, so

χ(layer,‖) ∼ −e2T ξ2z
max{s, ξz(T )} ∼ −χP (

sJ
vF

)
J/T√

εmax{
√
ε, J/T } .

In the general case of an anisotropic superconductor, choosing the z-axis
along the direction of magnetic field H , the following extrapolation of the results
obtained may be written

χ ∼ −e2T
ξ2x(ε)ξ2y(ε)

max{a, ξx(ε)}max{b, ξy(ε)}max{s, ξz(ε)}
. (2.46)

This general formula is useful for the analysis of the fluctuation diamagnetism of
anisotropic superconductors or samples of some specific shape. It is also applica-
ble to the case of a thin film (d � ξz(ε)) placed perpendicular to the magnetic
field: it is enough to replace ξz(ε) by d in (2.46). Yet the formula (2.46) cannot
be applied to the cases of a thin film in parallel field, wires and granules. In
those cases the Langevin formula (1.10) can still be used with the replacement
of
〈
R2
〉
→ d2:

χ(D) ∼ −χP

(
T

vF

)
ξ2−DdD−1 ∼ εD/2−1.

The magnetic field dependence of the fluctuation part of free energy in these cases
is reduced only to accounting for the quadratic shift of the critical temperature
versus magnetic field.12

Let us stress that Eq. (2.46) determines the magnetic susceptibility only for
weak enough magnetic fields H � Φ0/[ξx(ε)ξy(ε)] = Hc2(ε) � Hc2(0).

12Let us mention that for 3D systems or in the case of a film placed in a perpendicular mag-
netic field the critical temperature depends on H linearly, while the magnetic field dependent
part of the free energy for H � H∗

c2(−ε) (the line H∗
c2(−ε) is mirror-symmetric to the Hc2(ε)

with respect to y-axis passing through T = Tc) is proportional to H2.
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20 Fluctuation thermodynamics

2.3.2 Zero-dimensional diamagnetic susceptibility
For quantitative analysis of the fluctuation diamagnetism we start from the GL
functional for the free energy written down in the presence of the magnetic field
(see Eq. (2.10)). The fluctuation contribution to the diamagnetic susceptibility
in the simplest case of a “zero-dimensional” superconductor (spherical supercon-
ducting granule of diameter d � ξ(ε)) was considered by Shmidt [42]. In this
case the order parameter does not depend on the space variables and the free
energy can be calculated exactly for all temperatures including the critical region
in the same way as was done for the case of the heat capacity in the absence
of a magnetic field. Due to the small size of the granule with respect to the GL
coherence length the order parameter Ψ does not depend on coordinates. More-
over, due to the smallness of the granule size with respect to the magnetic field
penetration depth in superconductor λ, one can assume the equivalence of the
average magnetic field in metal B with the external field H. This allows us to
omit the last two terms in Eq. (2.10) since in the assumed approximation they
do not depend on fluctuations.

It is why formally the effect of a magnetic field in this case is reduced to the
renormalization of the coefficient a, or, in other words, to the suppression of the
critical temperature:

Tc(H) = Tc(0)(1 − 4π2ξ2

Φ2
0

〈A2〉). (2.47)

Here Φ0 = π/e is the magnetic flux quantum and 〈 · · ·〉 means the averaging
over the sample volume. That is why for the granule in a magnetic field one can
use the partition function in the same form (2.25) as in the absence of the field
but with the renormalized GL parameter a (H) = a+ e2

m

〈
A2
〉
:

Z(0) (H) = π

∫
d|Ψ0|2 exp

⎛
⎝−

[
a+ e2

m

〈
A2
〉]

|Ψ0|2 + b
2V |Ψ0|4

T

⎞
⎠

=

√
π3V T

2b
exp
[
a2 (H)V

2bT

]{
1 − erf

[
a (H)

√
V

2bT

]}
. (2.48)

Such a trivial dependence of the properties of 0D samples on the magnetic
field immediately allows us to understand its effect on the heat capacity of a
granular sample. Indeed, with the growth of the field the temperature dependence
of the heat capacity presented in Fig. 2.1 just moves in the direction of lower
temperatures.

In the GL region Gi(0) � ε one can write the asymptotic expression (2.27)
for the free energy:

F(0)(ε,H) = −T ln
π

α(ε+ 4π2ξ2

Φ2
0

〈A2〉)
.
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In the case of a spherical particle one has to choose the gauge of the vector-
potential A =1

2H × r yielding 〈A2〉 = 1
40H

2d2 (calculation of this average value
is completely analogous to the calculation of the moment of inertia of a solid
sphere). In this way an expression for the 0D fluctuation magnetization valid for
all fields H � Hc2(0) can be found:

M(0)(ε,H) = − 1
V

∂F(0)(ε,H)
∂H

= −6πTξ2

5Φ2
0d

H

(ε+ π2ξ2

10Φ2
0
H2d2)

. (2.49)

One can see that the fluctuation magnetization turns out to be negative and
linear up to some crossover field, which can be called the temperature dependent
upper critical field of the granule Hc2(0)(ε) ∼ Φ0

dξ(ε) ∼ ξ
dHc2(0)

√
ε 13 at which it

reaches a minimum. At higher fields Hc2(0)(ε) � H � Hc2(0) the fluctuation
magnetization of the 0D granule decreases as 1/H . In the weak field region
H � Hc2(0)(ε) the diamagnetic susceptibility is:

χ(0)(ε,H) = −6πTξ20
5Φ2

0d

1
ε
≈ −102χP

(
ξ

d

)
1
ε

which coincides with our previous estimate in its temperature dependence but
the numerical factor found is very large. Let us underline that the temperature
dependence of the 0D fluctuation diamagnetic susceptibility turns out to be less
singular than the 0D heat capacity correction: ε−1 instead of ε−2.

The expression for the fluctuation part of free energy (2.32) is also applicable
to the cases of a wire or a film placed in a parallel field: as was already mentioned
above all its dependence on the magnetic field is manifested by the shift of the
critical temperature (2.47). In the case of a wire in a parallel field the gauge of
the vector-potential can be chosen as above what yields

〈
A2
〉
(wire,‖) = H2d2/32.

For a wire in a perpendicular field, or a film in a parallel field, the gauge has to
be chosen in the form A =(0, Hx, 0). One can find

〈
A2
〉
(wire,⊥)

= H2d2/16 for

a wire and
〈
A2
〉
(film,‖) = H2d2/12 for a film.

Calculating the second derivative of Eq. (2.32) with the appropriate mag-
netic field dependencies of the critical temperature one can find the following
expressions for the diamagnetic susceptibility:

χ(D)(ε) = −2π
ξT

vF
χP

⎧⎪⎨
⎪⎩

1√
ε
, wire in parallel field,

2√
ε
, wire in perpendicular field,

d
3ξ ln 1

ε , film in parallel field.
(2.50)

2.3.3 2D magnetization
Let us consider the fluctuation contribution to diamagnetic magnetization and
susceptibility of the 2D system placed in perpendicular magnetic field. This

13For a spherical particle Hsph
c2(0)

(ε) = Φ0
πdξ

√
10ε.
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problem cannot be solved exactly for the entire vicinity of the transition, like it
was done above in the case of granule, but restricting consideration to the GL
region one can omit the fourth order term in the free energy functional. Moreover,
as long as fluctuation effects are comparatively small, the average magnetic field
in the metal B may be assumed to be equal to the external field H. Thus we
omit the last two terms in (2.10)and start from the formula for the free energy in
the form (2.32). Such simplifications give the possibility of finding solutions valid
for a wide range of magnetic fields, which demonstrates the nontrivial behavior
of the fluctuation magnetization as the function of magnetic field.

Let us notice that the momentum representation of Eq. (2.32) does not fit
anymore for the description of the charged particle (Cooper pair) motion in a uni-
form magnetic field: the most appropriate thing here turns out to be the Landau
representation [47]. The summation over momenta in Eq. (2.32) is nothing other
than the calculation of the trace, which is independent of the chosen representa-
tion. Therefore, one has to substitute the summation over the 2D momentum by
that over the degenerate states of each Landau level (k2/4m→ ωc (n+ 1/2)):

F (ε,H) = −HS
Φ0

T
∑
n,kz

ln
πT

αTcε+ ωc

(
n+ 1

2

) . (2.51)

Here S is the sample cross-section and the degeneracy of Landau levels results in
appearance of the number of particle states HS/Φ0 with the definite quantum
numbers n and kz. For a film of thickness d the integral over kz in Eq. (2.71) has
to be replaced by a summation over the discrete kz. When ξz(T ) � d, only the
term with kz = 0 has to be taken into account, which results in the appearance
of the coefficient 1/d.

The expression (2.51) is convenient to rewrite in terms of the dimensionless
magnetic field

h =
ωc

2αTc
=

eH

2mαTc
=

H

H̃c2(0)
(2.52)

and the fluctuation part of the 2D superconductor free energy takes the form:

F(2)(ε,H) = − TS

2πξ2xy

h

nc−1∑
n=0

ln
π

α [ε+ 2h (n+ 1/2) )]
. (2.53)

Here we introduce the definition of the second critical field, useful for further
consideration

H̃c2(0) = 2mαTc/e = Φ0/2πξ2 (2.54)

as the linear extrapolation to zero temperature of the GL formula.14

14Let us remember that the exact definition of Hc2(0) contains, in comparison with (2.54),
the numerical coefficient A(0) (see Appendix A).



�

�

“TFSpbk081125” — 2009/4/18 — 16:15 — page 23 — #43
�

�

�

�

�

�

Fluctuation diamagnetism 23

The sum in (2.53) is evidently divergent and in order to regularize it we
introduced a formal cut-off parameter nc, the number of the last Landau level,
at which the summation is interrupted. Its value can be evaluated by appealing
to the restrictions of the GL theory, which breaks down for short wave length
fluctuations and is valid for k � kmax, where

k2
max/4m ∼ αT. (2.55)

In terms of the Landau level summation this condition can be rewritten as:

nc ∼ αT/ωc ∼
L2

H

ξ2xy

∼ 1/h, (2.56)

where the magnetic length LH = (Φ0/H)1/2 is always larger than the coherence
length ξxy.

The formal divergence of the GL free energy does not effect on such observ-
able properties as the heat capacity and the diamagnetic susceptibility. Being
the second derivatives of the free energy these physical values are well-defined,
the momentum (or Landau levels) summation converges well for them. Never-
theless, the problem of regularization arises for example in calculation of the 3D
fluctuation magnetization. Being only the first derivative of the free energy it
turn out to be also divergent and must be cut-off. Let us stress, that the ultra-
violet divergence of the fluctuation part of the GL free energy is the result of
the limitedness of the GL functional approach, unapplicable to the description
of the short wavelength fluctuations. This problem does not appear at all in the
consistent microscopic theory which correctly accounts for the short wavelength
fluctuations and does not requires any renormalization procedure.

Coming back to (2.53) we, following [48], will express the 2D free energy in
terms of the Euler gamma function (see Appendix A). Using its definition in the
form of an infinite product (B.2) one can transform the sum in Eq. (2.53) to the
product and find

F(2)(ε, h) = − TS

2πξ2xy

h ln
nc−1∏
n=0

π/2hα(
n+ 1/2 + ε

2h

)

= − TS

2πξ2xy

h

[
ln

nc! n
ε/2h−1/2
c

Γ(1/2 + ε/2h)
− nc ln

π

2hα

]
. (2.57)

The natural dimensionless argument of the gamma function appearing here can
be expressed in terms of the dimensional variables as

1
2

+
ε

2h
=
ε+ h

2h
=

1
2H

(T − Tc2(H))
(
−∂Hc2(T )

∂T

)∣∣∣∣
T=Tc−0

. (2.58)
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Substituting the factorial in (2.57) by its asymptotic expression according to
the Stirling’s formula (B.3), and taking into account (2.56), one can find for the
singular part of the free energy

δF(2)(ε, h) = − TS

2πξ2xy

[
h ln

Γ(1/2 + ε/2h)√
2π

+
ε

2
lnh
]
. (2.59)

We have omitted here the terms related to the cut-off procedure which do not
contribute to the temperature or magnetic field dependence of the observable
values.

In the case of a weak magnetic field h � ε one can use the corresponding
asymptotic formula (B.4) for the gamma function and find the part of free energy
responsible for the singular corrections to heat capacity and susceptibility

δF(2)(h� ε) = − TS

2πξ2xy

(
ε

2
ln ε− h2

12ε

)
. (2.60)

The first term of this expression evidently coincides with the earlier evaluation
given by (2.29), the second provides the exact coefficient for Eq. (2.42).

In the opposite case h� ε

δF(2)(ε� h) =
TS ln 2
4πξ2xy

h. (2.61)

Now one can easily find the expression for 2D fluctuation magnetization per
unit square of the film:

M(2)(ε, h) = − 1

H̃c2(0)S

∂

∂h

[
δF(2)(ε, h)

]

=
T

Φ0

{
ln

Γ(1/2 + ε/2h)√
2π

− ε

2h
[ψ(1/2 + ε/2h)− 1]

}
, (2.62)

where ψ(z) is the logarithmic derivative of the Euler gamma function (see Ap-
pendix A). Using this formula one can observe the crossover from the weak field
linear regime to the saturation of magnetization in strong fields. Really, in a
weak field, Eq. (2.62) gives

M(2)(h� ε) = − h

6ε

(
T

Φ0

)
, (2.63)

while in strong fields the fluctuation magnetization according to the result by
Klemm et al. [49] reaches the constant:

M(2)(h� ε) →M∞ = − ln 2
2

(
T

Φ0

)
= −0.346

(
T

Φ0

)
. (2.64)

varlamov
Sticky Note
+/- ?
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The further derivation of Eq. (2.63) over magnetic field gives the expression for
the diamagnetic susceptibility of a thin film in a weak perpendicular field:

χ(2)(h� ε) = χ(film,⊥) = −e
2T

3πd
ξ2xy

ε
. (2.65)

2.4 Layered superconductor in magnetic field

2.4.1 Lawrence–Doniach model
Let us pass now to the quantitative analysis of the temperature and field de-
pendencies of the fluctuation magnetization of a layered superconductor. As was
already mentioned this system has a great practical importance because of its
direct applicability to HTS, where the fluctuation effects are very noticeable.
Moreover, the general results obtained will allow us to analyze as limiting cases
3D and already familiar 2D, situations. The effects of a magnetic field are more
pronounced for a perpendicular orientation, so let us first consider this case.

The generalization of the GL functional for a layered superconductor
(Lawrence–Doniach (LD) functional [50]) in a perpendicular magnetic field can
be written as

FLD [Ψ] =
∑

l

∫
d2r

(
a |Ψl|2 +

b

2
|Ψl|4 +

1
4m

∣∣(∇‖ − 2ieA‖
)
|Ψl

∣∣2

+J |Ψl+1 − Ψl|2
)
, (2.66)

where Ψl is the order parameter of the l-th superconducting layer and the phe-
nomenological constant J is proportional to the energy of the Josephson cou-
pling between adjacent planes. The gauge with Az = 0 is chosen in (2.66). In the
immediate vicinity of Tc the LD functional is reduced to the GL one with the
effective mass M = (4J s2)−1 along c-direction, where s is the inter-layer spac-
ing. One can relate the value of J to the coherence length along the z-direction:
J = 2αTcξ

2
z/s

2. Since we are dealing with the GL region the fourth order term
in (2.66) can be omitted.

As it was already mentioned the Landau representation is the most appropri-
ate for solution of the problems related to the motion of a charged particle in a
uniform magnetic field. The fluctuation Cooper pair wave function can be written
as the product of a plane wave propagating along the magnetic field direction
and a Landau state wave function φn(r). Let us expand the order parameter
Ψl(r) on the basis of these eigenfunctions:

Ψl(r) =
∑
n,kz

Ψn,kzφn(r) exp(ikzl), (2.67)

where n is the quantum number related to the degenerate Landau state and kz is
the momentum component along the direction of the magnetic field. Substituting
this expansion into (2.66) one can find the LD free energy as a functional of the
Ψn,kz coefficients:
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FLD

[
Ψ{n,kz}

]
=
∑
n,kz

{
αTcε+ ωc

(
n+

1
2

)
+ J [1 − cos(kzs)]

}
|Ψn,kz |2. (2.68)

In complete analogy with the case of an isotropic spectrum the functional integral
over the order parameter configurations Ψn,kz in the partition function can be
reduced to a product of ordinary Gaussian integrals, and the fluctuation part of
the free energy of a layered superconductor in magnetic field takes the form:

F (ε,H) = −SH
Φ0

T
∑
n,kz

ln
πT

αTcε+ ωc

(
n+ 1

2

)
+ J [1 − cos(kzs)]

. (2.69)

One can see that this expression differs from (2.51) only by presence of the
“kinetic energy” along the magnetic field direction in the denominator of the
logarithm.

In the limit of weak fields one can carry out the summation over the Landau
states by means of the Euler–Maclaurin’s transformation:

N∑
n=0

f(n) =
∫ N+1/2

−1/2

f(n)dn− 1
24

[
f

′
(N + 1/2)− f

′
(−1/2)

]
(2.70)

and obtain

F (ε,H) = F (ε, 0) +
πSTH2

24mΦ2
0

∫ π/s

−π/s

N sdkz

2π

{
1

αTcε+J (1 − cos(kzs))

}
. (2.71)

Here N is the total number of layers. Carrying out the final integration over the
transversal momentum one gets:

F (ε,H) = F (ε, 0) +
TV

24πsξ2xy

h2√
ε(ε+ r)

with the anisotropy parameter defined as15

15Let us stress the difference between J and J in the two definitions (2.45) and (2.72) of
the anisotropy parameter r. The first one was introduced as the electron tunneling matrix
element, while the second one enters in the LD functional as the characteristic Josephson
energy for the order parameter. Later on, in the framework of the microscopic theory, it will be
demonstrated that, in accordance with our qualitative definition, r ∼ J2, while J also turns
out to be proportional to J2. In the dirty case it depends on the relaxation time of the electron
scattering on impurities: J ∼ αJ2 max{τ, 1/T}. Hence both definitions (2.45), appearing in
the qualitative consideration, and (2.72), following from the LD model, are consistent.
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r =
2J
αT

=
4ξ2z(0)
s2

. (2.72)

The diamagnetic susceptibility in a weak field turns out [51, 52] to be

χ(layer,⊥) = −e
2T

3πs
ξ2xy√
ε(ε+ r)

. (2.73)

This result confirms the qualitative estimation (2.44) additionally providing the
exact value of the numerical coefficient and the temperature dependence in the
crossover region. In the 2D limit r � ε these results correspond to (2.60) and
(2.63), while in the limit r � ε, Eq. (2.73) transforms into the diamagnetic
susceptibility of the 3D anisotropic superconductor [53]. Note that Eq. (2.73)
predicts a nontrivial increase of diamagnetic susceptibility for clean metals [52].
The usual statement that fluctuations are most important in dirty superconduc-
tors with a short electronic mean free path does not hold in the particular case of
susceptibility because here ξ turns out to be in the numerator of the fluctuation
correction.

2.4.2 General formula for the fluctuation free energy in magnetic field

Now we will demonstrate that, besides the crossovers in its temperature depen-
dence, the fluctuation induced magnetization and heat capacity are also nonlinear
functions of magnetic field. These nonlinearities, different for various dimension-
alities, take place at relatively weak fields. This, strong in comparison with the
expected scale of Hc2(0), manifestation of the nonlinear regime in fluctuation
magnetization and hence, field dependent fluctuation susceptibility, was the sub-
ject of the intensive debates in early 1970s [53–62] (see also the old but excellent
review of Scokpol and Tinkham [63]) and after the discovery of HTS [64–67].
We will mainly follow here the recent essay of Mishonov and Penev [48] and
the paper of Buzdin et al. [68], dealing with the fluctuation magnetization of a
layered superconductor, which allows observing in a unique way all variety of
the crossover phenomena in temperature and magnetic field.

Let us go back to the general expression (2.69) and evaluate it without taking
the magnetic field to small. In order to derive the general formula for the LD free
energy in arbitrary magnetic field we will use the already done above summation
over the Landau levels (see the passage from (2.51) to (2.57)) and will average
Eqs. (2.51)–(2.69) over the transverse to layers Cooper pair motion:

FLD(ε,H) = − hTS

2πξ2xy

∫ π/s

−π/s

Ndkz

2π

nc−1∑
n=0

ln
π/α

ε̃ (kz) + 2h
(
n+ 1

2

)

= V

∫ 2π

0

dθ

2π
F(2)(ε (θ) , H), (2.74)

where
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skz = θ, ε̃ (θ) = ε+
r

2
(1 − cos θ) (2.75)

and V = SN s is the sample volume. Using the expression (2.59) one can reduce
(2.74) to

FLD(ε, h) = − TV

2πsξ2xy

[
h

∫ 2π

0

dθ

2π
ln

Γ(1/2 + ε̃ (θ) /2h)√
2π

+
1
2

(
ε+

r

2

)
lnh+ const

]
.

(2.76)
This general expression is valid for any anisotropy parameter and evidently

is reduced to the 2D Eq. (2.59) for r → 0. In the opposite case max {r, ε} � h
one can substitute the gamma function by its asymptotic (B.4) and get the
expression for the 3D singular part of the fluctuation free energy:

δF(3)(h � max {ε, r}) = − TV

2πsξ2xy

[
(ε+ r/2) ln

√
(ε+ h) +

√
ε+ h+ r

2
√

2

−
√

(ε+ h) (ε+ h+ r) +
h+ ε+ r/2

2
+

h2

6
√

(ε+ h) (ε+ h+ r)
+ const

]
.

One can see that for corresponding limits it reproduces both formulae (2.60) and
(2.61).

2.4.3 Fluctuation magnetization and its crossovers

Having an analytic result for the LD free energy we can easily derive other
thermodynamic variables by its differentiation. For the magnetization, e.g. we
have

MLD(ε, h; r) = − T

Φ0s

∫ π/2

0

dφ
π/2

{
ε+ r sin2 φ

2h

[
ψ

(
ε+ r sin2 φ

2h
+

1
2

)
− 1
]

− lnΓ
(
ε+ r sin2 φ

2h
+

1
2

)
+

1
2

ln(2π)
}
.

Handling with the Hurvitz zeta functions the general formula for an arbitrary
magnetic field in 3D case (ε < r) can be carried out [57, 48]:

M(3)(ε;h � r) = 3
T

Φ0s

(
2
r

)1/2 √
h

×
[
ζ

(
−1

2
,
1
2

+
ε

2h

)
− ζ

(
1
2
,
1
2

+
ε

2h

)
ε

2h

]
. (2.77)

while in the opposite case of extremely high anisotropy r < |ε|, h� 1 one obtains
the 2D result (2.62).

Let us comment on the different crossovers in the M(ε,H) field dependence.
Let us fix the temperature ε� r. In this case the c-axis coherence length exceeds
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Fig. 2.2. Schematic representation of the different regimes for fluctuation mag-
netization in the (H,T ) diagram. The line H∗

c2(T ) is mirror-symmetric to
the Hc2(T ) line with respect to a y-axis passing through T = Tc. This line
defines the crossover between linear and nonlinear behavior of the fluctuation
magnetization above Tc [68].

the interlayer distance (ξz � s ) and in the absence of a magnetic field the
fluctuation Cooper pairs motion has a 3D character. For weak fields (h � ε)
the magnetization grows linearly with magnetic field, justifying our preliminary
qualitative results:

M(3)(ε� r, h→ 0) = −e
2TH

6π
ξxy (ε) . (2.78)

Nevertheless, this linear growth is changed to the nonlinear 3D high field
regime M ∼

√
H already in the region of a relatively small fields Hc2(ε) �

H (ε � h) (see Fig. 2.2). The further increase of magnetic field at h ∼ r leads to
the next 3D → 2D crossover in the magnetization field dependence. The limit
ε � h already is described by Eq. (2.62) and, as we already demonstrated, for
large fields the magnetization saturates at the value M∞.

The substitution of ε = 0 gives the result typical of 2D superconductors
(2.64). Therefore at h ∼ r we have a 3D → 2D crossover in M(H) behavior
in spite of the fact that all sizes of fluctuation Cooper pair exceed considerably
the lattice parameters. Let us stress that this crossover occurs in the region of
already strongly nonlinear dependence of M(H) and therefore for a rather strong
magnetic field from the experimental point of view in HTS.

Let us mention the particular case of strong magnetic fields ε� h Eq. (2.77)
reproduces the result by Prange [55] with an anisotropy correction multiplier [48]
ξxy(0)/ξz(0)16

16Here we have to use the values for the ζ function
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M(3)(0, h) = −0.32T

Φ3/2
0

ξxy(0)
ξz(0)

√
H. (2.80)

Near the line of the upper critical field (hc2(ε) = −ε) the contribution of the
term with n = 0 in the sum (2.69) becomes the most important and for the
magnetization the expression

M(h) = −0.346
(
T

Φ0s

)
h√

(h− hc2(ε))(h− hc2(ε) + r)
(2.81)

can be obtained [68]. It contains the already familiar for us “0D” regime (r � h−
hc2 � 1), where the magnetization decreases as −M(h) ∼ 1

h−hc2
(compare with

(2.49)), while for h−hc2 << r the regime becomes “1D” and the magnetization
decreases slower, as −M(h) ∼ 1√

h−hc2
.

Such an analogy is observed in the next orders in Gi too. In the [69] the
analogy was demonstrated for the example of the first eleven terms for the 2D
case and nine for the 3D case. Summation of the series of high order fluctuation
contributions to the heat capacity by the Pade–Borel method resulted in its
temperature dependence similar to the 0D and 1D cases without a magnetic
field. Nevertheless a considerable difference is not to be forgotten: in the 0D
and 1D cases no phase transition takes place while in the 2D and 3D cases in
a magnetic field a phase transition of first order to the Abrikosov vortex lattice
state occurs.

In conclusion, the fluctuation magnetization of a layered superconductor in
the vicinity of the transition temperature turns out to be a complicated function
of temperature and magnetic field, and it evidently cannot be factorized in these
variables. The fit of the experimental data is very sensitive to the anisotropy
parameter r and allows determination of the latter with a rather high precision
[70,71]. In Fig. 2.3 the successful application of the described approach to fit the
experimental data on YBa2Cu3O7 is shown [72].

2.4.4 Fluctuation heat capacity in magnetic field
Differentiation of the general expression (2.74) for the LD fluctuation free energy
with respect to the temperature gives the most singular part of the heat capacity

CLD(ε, h) = − 1
V T

∂2

∂2ε
FLD(ε, h) =

1
4πsξ2xy

1
2h

∫ 2π

0

dθ

2π
ψ(1)(1/2 +

ε̃ (θ)
2h

).

For zero magnetic field one can use the asymptotic (B.16) and easily get

CLD(ε, r, h→ 0) =
1

4πsξ2xy(0)
1√

ε(r + ε)
. (2.82)

This formula evidently contains both 2D and 3D regimes

ζ (−1/2, 1/2) =
�
−1 + 1/

√
2
�

ζ (−1/2) = 0.06. (2.79)
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Fig. 2.3. Fluctuation magnetization of a YBaCO123 normalized on
√
H as the

function of temperature in accordance with the described theory shows the
crossing of the isofield curves at T = Tc(0) = 92.3K. The best fit obtained
for anisotropy parameter r = 0.09. In the inset the magnetization curves as
the function of magnetic field are reported.

CLD(ε, r, h→ 0) =
1

4πsξ2xy(0)

{ 1
ε , when r � ε,

1√
εr
, when r � h. . (2.83)

At the transition point T = Tc0

CLD(0, r, h) =
1

4πsξ2xy

1
2h

∫ π

0

ψ(1)(1/2 +
r

2h
sin2 φ)

dφ

π

=
1

4πsξ2xy

{
1/

√
hr, when ε� h� r,

π2/4h, when r � h,
(2.84)

the heat capacity in magnetic field is finite, while near the line of the upper
critical field (hc2(ε) = −ε) it diverges (the argument of the function ψ(1) turns
zero for φ → 0). The character of this divergence coincides with that one in
(2.81) and can be calculated substituting ψ(1) function by its asymptotic near
the pole:

CLD(r, h→ hc2(ε)) =
1

4πsξ2xy

1
2h

∫ π

0

ψ(1)(
h− hc2(ε)

2h
+

r

2h
sin2 φ)

dφ

π

≈ 1
4πsξ2xy

1√
(h− hc2(ε) + r) (h− hc2(ε))

. (2.85)
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32 Fluctuation thermodynamics

2.5 Ginzburg–Levanyuk criterion

2.5.1 Definition of the Gi number from the heat capacity in zero magnetic field

The fluctuation corrections to the heat capacity obtained above allow us to
answer quantitatively the question: where are the limits of applicability of the
GL theory?

As we already know this theory is valid not too near the transition tempera-
ture and not too far from it. Indeed, far from Tc, when the Cooper pair size ξ(T )
does not differ strongly from ξ0, the gradient expansion used for the construc-
tion of the GL functional is not valid anymore: short-wavelength fluctuations
become important. Hence the high temperature restriction on the validity of the
GL theory is evident: ε � 1. In the vicinity of the transition point this theory
can be applied up to the temperature when the fluctuation corrections become
comparable to the value of the corresponding physical values themselves. Histor-
ically, for the first time such a criterion was formulated [11, 35] comparing the
heat capacity jump at the transition point to the corresponding fluctuation cor-
rection found in the framework of the GL theory. Correspondingly, the so-called
Ginzburg–Levanyuk number Gi(D) [11,35] is defined as the value of the reduced
temperature at which the fluctuation correction (2.34) reaches the value of ΔC
(2.9):

Gi(D) =
1
α

[
VD

V
ϑDb(4m)

D
2 T

D
2 −1

c

]2/(4−D)

. (2.86)

Substituting into this formula the microscopic values of the GL theory parame-
ters (2.6) one finds

Gi(D) =
[
7ζ(3)ϑD

8π2

(
VD

V

)
1

νDTcξD

]2/(4−D)

. (2.87)

For future use let us present the Gi number in explicit form for 3D and 2D cases:

Gi(3) =
[
7ζ(3)
64π3

1
ν3Tcξ3

]2
,

and

Gi(2) =
7ζ(3)
32π3

1
ν2Tcξ2

.

Since νDTc ∼ νDvF /ξc ∼ pD−1
F ξ−1

c ∼ a1−Dξ−1
c one can convert Eq. (2.87) to

the form

Gi(D) ∼
[
7ζ(3)ϑD

8π2

(
VD

V

)
ξca

D−1

ξD

]2/(4−D)

,

where a is the interatomic distance. It is worth mentioning that in bulk con-
ventional superconductors, due to the large value of the coherence length (ξc ∼
10−6÷10−4 cm), which drastically exceeds the interatomic distance (a ∼ 10−8 cm),
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the fluctuation correction to the heat capacity is extremely small. However, the
fluctuation effect increases for small effective sample dimensionality and small
electron mean free path. For instance, the fluctuation heat capacity of a super-
conducting granular system is readily accessible for experimental study.

Using the microscopic expression for the coherence length (A.2), the Gi num-
ber (2.87) can be evaluated for different cases of clean (c) and dirty (d) super-
conductors of various dimensionalities and geometries (film, wire, whisker and
granule are supposed to have 3D electronic spectra). The corresponding results
are given in Table 2.1.

Table 2.1 The values of the Gi number for different systems

Gi(3) Gi(2) Gi(1) Gi(0)

80
�

Tc
EF

�4
, (c)

1.6
(pF l)3

�
Tc
EF

�
, (d)

�
Tc
EF

�
, (c)

0.27
pF l , (d)

1.3
p2

F
ld

, (d), film

0.5, (c)

1.3
�
p2

F S
�−2/3

(Tcτ)−1/3, (d), wire

2.3
�
p2

F S
�−2/3

, (c), whisker

√
7ζ(3)
2π

1√
νTcV

≈ 13.3
Tc0
EF

�
ξ3
0

V

One can see that for the 3D clean case the result coincides with the original
Ginzburg evaluation and demonstrates the negligibility of the superconducting
fluctuation effects in clean bulk materials.

Let us mention the relation between the Ginzburg–Levanyuk number found
in the dirty 2D case Gi(d)

(2) with the dimensionless conductance

G� =
�

e2R�
, (2.88)

where R� is the resistance per unit film square. Really, from the Drude formula
for 2D conductivity one can easily find:

G
(2)
� = ν(2)D(2) =

pF l

2π
=
EF τ

π
, (2.89)

G
(film)
� = ν(3)D(3)=

p2
F ld

3π2
, (2.90)

and to discover that both Gi(2,d) numbers of Table 2.1 can be expressed by means
of G� in the unique way:

Gi(2,d) ≈
1

23G�
. (2.91)

2.5.2 Other definitions
The way in which we introduced the Gi number evidently is not unique. For
instance, often it is introduced [73] by comparing the fluctuation energy with
the magnetic part of energy H̃2

c2(0)ξ3:

Gi(3,H) =
16π3κ4T 2

c

Φ3
0H̃c2(0)

=
32e4λ4T 2

c

ξ2
. (2.92)
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where κ = λ/ξ is the dimensionless parameter of the GL theory. The magnetic
field penetration depth λ is related to the superfluid density and can be expressed
in terms of microscopic parameters (see Appendix A)

(2eλ)2 =
m

2πns
=

7ζ(3)
128π3

1
ν3T 2

c ξ
2
, (2.93)

which gives the value for G̃i(3) differing only twice with respect to our definition:

G̃i(3) = Gi(3,H) =
2 (2eλ)4 T 2

c

ξ2
=

1
2

(
7ζ(3)
8π2

1
8π

1
νTcξ3

)2

=
1
2
Gi(3) (0) . (2.94)

One more method to define the Gi number is to call in this way the reduced
temperature at which the AL correction to conductivity is equal to the normal
value of conductivity (as it was done in [74,75]). Such a definition also results in
the change of the numerical factor in Gi number:

Gi(2,σ) ≈ 1.44Gi(2) (0) . (2.95)

2.5.3 Broadening of the critical region by a magnetic field
2.5.3.1 Vicinity of Tc Now let us consider how the presence of a strong enough
magnetic field changes the fluctuation region. Let us start from general aniso-
tropic 2D case and then analyze its 2D and 3D limits. It is enough to repeat
our previous evaluation of the fluctuation contribution to the heat capacity in
the presence of magnetic field using the expression for free energy (2.69). We
suppose the temperature to be so close to Tc (H) that the contribution of only
the lowest level of Landau quantization is important (so the magnetic field is
supposed to be nonzero):

F (ε,H) = −SH
Φ0

T

∫ π/s

−π/s

dk

2π
ln

πT

αTcε+ H
4mΦ0

+ J (1 − cos(kzs))
,

δC(ε,H) = − 1
V T c

(
∂2F (ε,H)

∂ε2

)
=

H

Φ0s

(
− ∂

∂ε

)
1√

ε (H) [ε (H) + r]
.

(see Appendix C).
In 3D and 2D cases one obtains

δC(3)(ε� r,H) =
H

2Φ0s

1√
r

1

ε (H)3/2
, (2.96)

δC(2)(r � ε,H) =
H

Φ0s

1
ε2 (H)

. (2.97)

Comparing (2.97) with the heat capacity jump (2.9) and taking into account
(2.6) one finds Gi(2) (H)
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8π2

7ζ(3)
ν2Tc =

H

Φ0s

1
ε2cr (H)

, (2.98)

or [76]

Gi(2) (H) = εcr (H) =

√
Gi(2)(Tc, 0)

2H

H̃c2(0)
. (2.99)

In the same manner can be done for the 3D spectrum

8π2

7ζ(3)
ν3Tc =

H

Φ0s

1√
r

1

ε
3/2
cr (H)

, (2.100)

ε3/2
cr (H) =

(
7ζ(3)
8π2

1
8π

1
ν3Tcξ3

)
H

Φ0s

8πξ3√
r

=
2H

H̃c2(0)

1√
r

√
Gi(3) (0)

(we used the definition (2.72) for the anisotropy parameter). As the result,

Gi(3) (H) =

(
2H

H̃c2(0)

)2/3

3

√
Gi(3) (Tc, 0). (2.101)

We see that the presence of a magnetic field widens the critical region as H1/2 in
the 2D case andH2/3 in 3D cases. As it was already mentioned our consideration
is for strong enough fields.

2.5.3.2 Zero temperature: vicinity of Hc2(0) In order to have the complete
picture of the shape of critical fluctuations domain onH−T phase diagram let us
discuss the region of low temperatures t = T/Tc � 1 and high fields H ∼ Hc2(0).
The fluctuations have here a purely quantum nature and we will study them
quantitatively below, in Part III. Here we will use the results obtained in [76]
only in order to determine the width of the critical region. We will evaluate theGi
number here comparing the first fluctuation correction diamagnetic susceptibility
with its jump between the normal and superconducting phases. We speak about
the dirty superconductor of strongly second type, so its GL parameter κ � 1.

The magnetization of such a system was studied in detail as a function of
temperature in the entire interval of temperatures in the middle of sixties [77,78].
The corresponding diamagnetic susceptibility is given by the formula [79]

χ (T ) =
∂M

∂H
= − 1

4πβA [2κ2
2 (T ) − 1]

(2.102)

where βA = 1.18 is the parameter of Abrikosov’s theory of superconductors of the
second type. The parameter κ2 (T ) was originally introduced by Maki [80] and
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it is nothing but the generalization of the GL parameter κ for the entire range
of temperatures below Tc. For the case interesting to us of dirty superconductors
it was shown [78] that

κ2 (0) ≈ 1.2κd = 1.2
3c

2π2evF l

[
7ζ (3)
πν

]1/2

, (2.103)

where the dirty limit of κ

κd =
3c

2π2evF l

[
7ζ (3)
πν

]1/2

(2.104)

was calculated by Gor’kov [81]. Let us remember that for good metal the elec-
tron Coulomb energy is of the order of its kinetic one: e2/vF ∼ pF e

2/EF ∼(
e2/a

)
/EF ∼ 1. Hence the jump of the diamagnetic susceptibility at zero tem-

perature between the superconducting and normal phases of a dirty type-II su-
perconductor (near field Hc2(0) ) may be estimated as

Δχ (0) ≈ v2
F

c2
(pF l)

2 π2

63ζ (3) · 2.88 · βA

e2

vF
≈ 0.034

v2
F

c2
(pF l)

2 e
2

vF
. (2.105)

Naturally, this value is considerably less than (4π)−1.
In Part III will be shown that the fluctuation susceptibility of a dirty su-

perconducting film of the thickness d at low temperatures (t � h̃) [76] is given
by:

χfl

(
t� h̃

)
= − e2

π2c2
v2

F τ

d

1

h̃
, (2.106)

where the reduced magnetic field

h̃ =
H −Hc2(T )
Hc2(T )

(2.107)

plays the role of the reduced temperature ε in our consideration of fluctuations
above Tc. Comparing (2.106) with (2.105): χfl

(
h̃cr

)
= Δχ (0), one can find

Gi(film)

(
t� h̃

)
= h̃cr

(
t � h̃

)
=

2.65
p2

F ld
≈ 2Gi(film) (Tc, H = 0) . (2.108)

One can repeat the same procedure for temperatures t still small but larger
than the reduced field h̃, where (see (9.69))

χfl

(
t� h̃

)
= − e2

π2c2
v2

F τ

d

γEt

h̃2
. (2.109)

Comparing this expression with (2.105) one finds for the Ginzburg– Levanyuk
number in the region h̃� t� 1
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Fig. 2.4. Schematic presentation of the critical region for the whole temperature
region below the critical temperature.

Gi(film)

(
t� h̃

)
≈ 2
√
tGi(film) (Tc, H = 0). (2.110)

Now we are ready to discuss the behavior of the critical region on the phase di-
agramH−T along the entire interval of temperatures. Near critical temperature
Tc, in zero magnetic field the width of the critical region is Gi(film) (Tc, H = 0) =
1.3/

(
p2

f ld
)
. As we move along the line Hc2(T ) the critical region is broad-

ened according to Eq. (2.99). One can easily see that in the intermediate region
Tc (H) ∼ Tc/2 and Hc2(T ) ∼ Hc2(0)/2 formulae obtained from the regions of
the high (see (2.99)) and low (see (2.110)) temperatures match each other with
the accuracy of

√
2.

At low temperatures, in the vicinity of Hc2(0), the width of the critical region
decreases again to (2.108), the value familiar to us from Table 2.1. The sketch of
this behavior is presented in Fig. 2.4. Finally one can conclude that the width
of the critical region along the curve Hc2 (T ) is non-monotonic: it is narrow
(Gi(film) (Tc, H = 0)) near Tc, then it broadens up to

√
Gi(film) (Tc, H = 0) at

intermediate temperatures, and finally returns to the same Gi(film) (Tc, H = 0)
in the vicinity of Hc2(0).

2.6 Scaling and the renormalization group

In the above study of the fluctuation contribution to heat capacity we have re-
stricted ourselves to the temperature range out of the direct vicinity of the critical
temperature: |ε| � Gi(D). As we have seen the fluctuations in this region turn
out to be weak and neglecting their interaction was justified. In this section we
will discuss the fluctuations in the immediate vicinity of the critical temperature
( |ε| � Gi(D)) where this interaction turns out to be of great importance.
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38 Fluctuation thermodynamics

We will start with the scaling hypothesis, i.e. with the belief that in the im-
mediate vicinity of the transition the only relevant length scale is ξ(T ). The tem-
perature dependencies of all other physical quantities can be expressed through
ξ(T ). This means, for instance, that the formula for the fluctuation part of the
free energy (2.29) with the logarithm omitted is still valid in the region of critical
fluctuations17

F(D) ∼ −ξ−D(ε), (2.111)

the coherence length is a power function of the reduced temperature: ξ(ε) ∼ ε−ν .
The corresponding formula for the fluctuation heat capacity can be rewritten as

δC ∼ − ∂2F

∂ε2
∼ εDν−2. (2.112)

As was demonstrated in the Introduction, in the GL functional approach,
where the temperature dependence of ξ(T ) is determined only by the diffusion
of the electrons forming Cooper pair, ξ(ε) ∼ ε−1/2 and δC ∼ ε−1/2. These results
are valid for the GL region ( |ε| � Gi) only, where the interaction between
fluctuations can be neglected. In the immediate vicinity of the transition (the
so-called critical region), where |ε| � Gi, the interaction of fluctuations becomes
essential. Here fluctuation Cooper pairs themselves affect the coherence length,
changing the temperature dependencies of ξ(ε) and δC(ε). In order to find the
heat capacity temperature dependence in the critical region one would have to
calculate the functional integral with the fourth order term, accounting for the
fluctuation interaction, as was done for 0D case. For the 3D case up to now it
is only known how to calculate a Gaussian type functional integral. This was
done above when, for the GL region, we omitted the fourth-order term in the
free energy functional (2.4).

The first evident step to include in consideration of the critical region would
be to develop a perturbation series in b.18 Any term in this series has the form of
a Gaussian integral and can be represented by a diagram, where the solid lines
correspond to the correlators

〈
Ψ(r)Ψ∗(r

′
)
〉
. The “interactions ” b are represented

by the points where four correlator lines intersect (see Fig. 2.5).
This series can be written as

C ∼
∑
n=0

cn

(
Gi(D)

ε

)(4−D)n/2

.

For ε � Gi it is enough to keep only the first two terms to reproduce the per-
turbational result obtained above. For ε � Gi all terms have to be summed. It

17The logarithm in (2.29) is essential for the case D = 2. This case will be discussed later.
18Let us mention that this series is an asymptotic one, i.e. it does not converge even for small

b. One can easily see this for small negative b, when the integral for the partition function
evidently diverges. This is also confirmed by the exact 0D solution (2.25).
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=

=

+ ++

+ +

+

+      . . . .

Fig. 2.5. Examples of diagrams for the fluctuation contribution to b.

turns out that the coefficients cn can be calculated for the space dimensionality
D → 4 only. In this case the complex diagrams from Fig. 2.5 (like the diagram
similar to an envelope) are smaller by the parameter ε = 4 − D and in order
to calculate cn it is sufficient to sum the relatively simple “parquet” type dia-
grammatic series. Such a summation results in the substitution of the “bare”
vertex b by some effective interaction b̃ which diminishes and tends to zero when
the temperature approaches the transition point. Such a method was originally
worked out in quantum field theory [82–84]. For the problem of a phase transi-
tion such a summation was first accomplished in [12]. As result the singularity
close to the phase transition in a real 3D system was found exactly. It was found
that in uni-axial ferroelectrics and ferromagnets with dipole–dipole interactions
the specific heat has the singularity:

C ∼ (− ln |T − Tc|)1/3. (2.113)

Soon this prediction was confirmed experimentally [85].
Let us stress that Eq. (2.113) was carried out for the uni-axial ferromagnetic–

paramagnetic phase transition with the simple one-component order parame-
ter, what is already unapplicable in the case of a superconductor with a two-
component scalar complex order parameter. In the same paper [12] the effect of
the order parameter symmetry on the singularity at the critical point of a an
unphysical 4D system was considered. It was demonstrated that in the case of
transition when the order parameter is an n-component vector the specific heat
has singularity:

C ∼ (− ln |T − Tc|)(4−n)/(n+8).

Instead of a direct summation of the diagrams it is more convenient and
physically obvious to use the method of the multiplicative renormalization group.
In the case of quantum field theory it was known long ago [86,87]. This method
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is equivalent to that of parquet diagrams summation, but it is simpler and found
later applications in different branches of condensed matter theory.

The idea of the renormalization group method consists in separating the
functional integration over “fast” (ψ|k|>Λ) and “slow”(ψ|k|<Λ) fluctuation modes.
If the cut-off Λ is large enough the fast mode contribution is small and the
integration over them is Gaussian. After the first integration over fast modes the
functional obtained depends on the slow ones only. They can, in their turn, be
divided into slow (|k| < Λ1) and fast (Λ1 < |k| < Λ) modes, and the procedure
can be repeated. Moving step by step ahead in this way one can calculate the
complete partition function.

As an example of the first step of renormalization, the partition function
calculation below Tc can be recalled. There we separated the order parameter
into the space-independent part Ψ̃ (“slow” mode) and the fluctuation part ψ(r)
(“fast” mode) which was believed to be small in magnitude. Being in the GL re-
gion it was enough to average over the fast variables just once, while in the critical
region the renormalization procedure requires subsequent approximations.

The cornerstone of the method consists in the fact that in the critical region
at any subsequent step the free energy functional has the same form. For D close
to 4 this form coincides with the initial free energy GL functional but with the
coefficients aΛ and bΛ depending on Λ. We will perform these calculations by the
method of mathematical induction. Let us suppose that after the (n− 1)-st step
the free energy functional has the form:

F [Ψ̃Λn−1 ] = FN,Λn−1 +
∫
dV
{
aΛn−1 |Ψ̃Λn−1 |2

+
bΛn−1

2
|Ψ̃Λn−1 |4 +

1
4m

|∇Ψ̃Λn−1 |2
}
. (2.114)

Writing Ψ̃Λn−1 in the form Ψ̃Λn−1 = Ψ̃Λn + ψΛn and choosing Λn close enough
to Λn−1 it is possible to make ψΛn so small, that one can restrict the functional
to the quadratic terms in ψΛn only and perform the Gaussian integration in
complete analogy with (2.38). The important property of spaces with dimen-
sionalities close to 4 is the possibility of choosing Λn � Λn−1 and still to have
ψΛn � Ψ̃Λn . In this case Ψ̃Λn can be taken as coordinate independent, and one
can use the result directly following from (2.38):

F [Ψ̃Λn ] = FN,Λn−1 +
∫
dV

{
aΛn |Ψ̃Λn |2 +

bΛn

2
|Ψ̃Λn |4 +

1
4m

|∇Ψ̃Λn |2
}

(2.115)

−T
2

∑
Λn<|k|<Λn−1

{
ln

πTc

(3bΛn |Ψ̃Λn |2 + aΛn + k2

4m )
+ ln

πTc

bΛn |Ψ̃Λn |2 + aΛn + k2

4m

}
.



�

�

“TFSpbk081125” — 2009/4/18 — 16:15 — page 41 — #61
�

�

�

�

�

�

Scaling and the renormalization group 41

Expanding the last term in (2.115) in a series in Ψ̃Λn one can get for F [Ψ̃Λn ]
the same expression (2.114) with the substitution of Λn−1 → Λn. From (2.115),
it follows that

Fn,Λn = Fn,Λn−1 − T
∑

Λn<|k|<Λn−1

ln
πTc

(aΛn + k2

4m )
,

aΛn = aΛn−1 + 2T
∑

Λn<|k|<Λn−1

bΛn

(aΛn + k2

4m )

bΛn = bΛn−1 − 5T
∑

Λn<|k|<Λn−1

b2Λn

(aΛn + k2

4m )2
.

Passing to a continuous variable Λn → Λ one can rewrite these recursion equa-
tions as the set of differential equations:

∂F (Λ)
∂Λ

= −TμDΛD−1 ln
πTc

(a(Λ) + Λ2

4m )
, (2.116)

⎧⎨
⎩

∂a(Λ)
∂Λ = −2TμD

b(Λ)ΛD−1

(a(Λ)+ Λ2
4m )

∂b(Λ)
∂Λ = 5TμD

b2(Λ)ΛD−1

(a(Λ)+ Λ2
4m )2

.
(2.117)

These renormalization group equations are evidently valid for small enough Λ
only, where the transition from discrete to continuous variables is justified. This
means at least

Λ2/4m� Tc0Gi(D). (2.118)

in order to move away from the first approximation.
Let us recall that in the framework of the Landau theory of phase transitions

the coefficient a(Tc0) = 0 at the transition point and this can be considered as
the MFA definition of the critical temperature Tc0. The same statement for the
function a = a(Λ) in the framework of the renormalization group method can be
written as the a(Tc0,Λ ∼ ξ−1) = 0. With the decrease of Λ the effect of critical
fluctuations is taken into account more and more and the renormalized value of
the critical temperature decreases, being defined by the equation: a(Tc(Λ),Λ) =
0. Finally, after the application of the complete renormalization procedure, one
can define the real critical temperature Tc, shifted down with respect to Tc0 due
to the effect of fluctuations, from the equation:

a(Tc,Λ = 0) = 0. (2.119)

It is easy to find this shift in the first approximation. Indeed, let us integrate the
first equation of (2.117) over Λ in limits [0, ξ−1]. The main contribution to the
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integral will be determined by the region where a(Λ) � Λ2/4m. Being far from
the critical point one can assume that the coefficient b = const and then

a(ξ−1) = αδTc =
∫ a(ξ−1)

a(0)

da = −8mTμDb

∫ 1/ξ

0

ΛD−3dΛ.

For the 3D case this gives the shift of the critical temperature δTc due to fluc-
tuations19

δT
(3)
c

Tc
∼ −2mb

παξ
= − b

2πTcα2

1
ξ3

= − 7ζ(3)
16π3νTcξ3

= − 8
π

√
Gi(3). (2.121)

Let us come back to study of properties of the system of equations (2.117).
One can find its partial solution at T = Tc in the form:

a(Tc,Λ) =
4 −D

4m[5 + (4 −D)]
Λ2 (2.122)

b(Tc,Λ) =
5

16m2TμD

4 −D

[5 + (4 −D)]2
Λ4−D.

These power solutions are correct in the domain of validity of the system (2.117)
itself, i.e. for small enough Λ defined by the condition (2.118). Nevertheless, in
a space of dimensionality close to 4 (D = 4 − ε, ε � 1) it is possible to extend
their validity up to the GL region and to observe their crossover to the GL
results: a(Tc) = 0; b(Tc) = b0 = const.

Indeed, in this case, due to proportionality of a(Λ) to ε→ 0, one can omit it
in the denominators of the system (2.117) and to write down its second equation
in the form:

∂b

∂ ln Λ−1
= 5 (4m)2 TμD

b2

Λ4−D
. (2.123)

Let us introduce the dimensionless value γ characterizing the interaction of fluc-
tuations

γ = b
Λ4−D

5 (4m)2 TμD

(2.124)

and will write the equation for it:

19In the same way we can analyze the shift of the critical temperature also in 2D case and
obtain:

δT
(2)
c

Tc
= −2Gi(2) ln

1

4Gi(2)
. (2.120)

As we will show below both 3D and 2D results for δTc coincide with those obtained by the
analysis of the effect of fluctuations on superconducting density in the perturbation approach.
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∂γ

∂ ln Λ−1
= f (γ) , (2.125)

where in our case

f (γ) = (4 −D) γ − γ2. (2.126)

Equation (2.125) was first obtained by Gell-Mann and Low in quantum field
theory [86, 87] and it presents the central result of the renormalization group
approach. The presence of the negative sign of γ2 in it results in the appearance
at large distances Λ−1 → ∞ of the fixed point for γ → γc = 4 − D, where
f (γc) = 0. For four-dimensional space, γc = 0 and the situation is analogous
to the zero-charge situation in quantum electrodynamics [82]. When 4 −D � 1
one can restrict the consideration of the function f (γ) to two terms only as we
did above (see (2.126)). One can believe that the qualitative picture remains
unchanged even for D = 3.

The solution of the second equation of the system (2.117) (or (2.125), which
is the same) has the form

b−1(Tc,Λ) = b−1
0 +

80m2

(4 −D)
TμD(ΛD−4 − ξ4−D). (2.127)

We have chosen the constant of integration as b−1
0 − 80m2

(4−D)TμDξ
4−D in order to

match the renormalization group and GL solutions at the value of Λ = Λmax ∼
ξ−1.

Now let us study the function a(T,Λ) for the same interesting case of space
dimensionality D → 4 for temperatures slightly different (but still close enough)
from Tc, where one can write

a(T,Λ) = a(Tc,Λ) + α(Tc,Λ)Tcε.

The first term on the right-hand side is determined by Eq. (2.122). In order to
determine α(Tc,Λ) let us expand the first equation in (2.117) in terms of ε

∂α(Tc,Λ)
∂Λ

= 2TμD
b(Tc,Λ)ΛD−1

(
a(Tc,Λ) + Λ2

4m

)2α(Tc,Λ). (2.128)

For

Λ2/4m � α(Tc,Λ)Tcε (2.129)

we can again use the solution (2.127) for b(Tc,Λ) and omit a(Tc,Λ) in the de-
nominator of (2.128). The constant of integration, appearing in the process of
solution of (2.128), is chosen according to the condition that for Λ = Λmax ∼ ξ−1

we match α(Tc,Λ) = α(Tc0, ξ
−1) = α0 with the GL theory:



�

�

“TFSpbk081125” — 2009/4/18 — 16:15 — page 44 — #64
�

�

�

�

�

�

44 Fluctuation thermodynamics

α(Tc,Λ) = α0

[
1 +

80m2b0
(4 −D)

TμD(ΛD−4 − ξ4−D)
]−2/5

. (2.130)

The condition (2.129) can be written as Λ � ξ−1(T ), where ξ(T ) is the
generalized coherence length, determined by the equation:

ξ−2(T ) = 4mα
(
Tc, ξ

−1(T )
)
Tcε.

Such a definition is valid at any temperature. For example, far enough from
the critical point, in the GL region, α

(
Tc, ξ

−1(T )
)

= α0 and one reproduces
the result (1.4). Vice versa, in the critical region the main contribution to the
right-hand side of Eq. (2.130) results from the second term containing ΛD−4 so,
putting ξ−1(T ) = Λ, one can rewrite the self-consistent equation for ξ(T ) and
get

ξ(T ) = (4m)(1−D)/2 4 −D

20b0TμD

√
Tcα0

ε−ν, (2.131)

where 2ν = [1 − (4 −D)/5]−1. As was already mentioned, strictly speaking this
result was carried out for ε = 4−D � 1, therefore it is accurate up to the first
order in ε expansion only: ν = 1/2 + ε/10. Nevertheless, extending it to ε = 1
(D = 3) one obtains ν3 = 3/5.

Let us calculate of the critical exponent of the heat capacity in the immedi-
ate vicinity of the transition. In order to do this one can calculate the second
derivative of equation (2.116) with respect to ε:

∂C(Λ)
∂Λ

= T 2μD
ΛD−1α2(Λ)

(α(Λ)T cε+
Λ2

4m )2
. (2.132)

The heat capacity renormalized by fluctuations has the value C(Λ = 0) which
is the result of the integration over all fluctuation degrees of freedom. Carrying
out the integration of (2.132) over all Λ � ξ−1 one can divide the domain of
integration on the right-hand side in two: Λ � ξ−1(T ) and ξ−1(T ) � Λ � ξ−1.
In the calculation of the integral over the region ξ > Λ � ξ−1(T ) the inequality
α(Λ)T cε� Λ2

4m holds, and the function α(Λ) can be omitted in the denominator.
In the numerator of (2.132) one can use for α(Λ) the solution (2.130). In the
region Λ � ξ−1(T ) one has to use the partial solution (2.122) for α(Λ) and can
find that the contribution of this domain has the same singularity as that from
the region Λ � ξ−1(T ), but with a coefficient proportional to (4 − D)2 = ε2,
hence negligible in our approximation. The result is:

C(Λ = 0) = α2
0[(4mT )2μD]

1
5

[
4
5

(4 −D)
b0

]4/5 5
4 −D

ξ(4−D)/5(T ). (2.133)

Substituting the expression for ξ(T ) one can finally find
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C = 212/5α2
0[5μD

m2T 2

b40(4 −D)
]
1
5 ε−α, (2.134)

confirming the validity of the scaling hypothesis and the relation (2.112). The
critical exponent in (2.134) is

α =
(4 −D)

10[1 − (4 −D)/5]
≈ ε/10.

One can see that, generally speaking, the critical exponents ν and α appear
in the form of series in powers of ε. More cumbersome calculations allow us to
find the next approximations for them in ε = 4 − D. Nevertheless it is worth
mentioning that even the first approximation, giving ν3 = 3/5 and α3 = 1/10
for ε = 1, is already weakly affected by the following steps of the expansion in
powers of ε [88].

In conclusion of this section let us make the following note. Depending on
the sign of Gell-Mann–Low function the renormalization group equation can have
two different kinds of solutions. In quantum electrodynamics, the coupling con-
stant decreases at long distances (“zero charge”). In quantum chromodynamics,
the coupling constant is small at short distances (“asymptotic freedom”), but it
increases with increasing distance (“confinement”). We demonstrated above that
the 4D phase transition theory is of the “zero-charge” type and the interaction
decreases at long distances.

As we already have seen the four-dimensional case is special for renormaliza-
tion group theory: the situation becomes logarithmic there. It is interesting that
the 3D problems with the dipole interaction are equivalent to the solvable 4D
problem. This is due to the fact that at large distances such interaction depends
on the angle between r and d and such angle plays the role of the fourth co-
ordinate necessary to make the situation logarithmic. As was mentioned above,
such interactions allowed us to resolve the problem of phase transition in ferro-
electrics. The same concerns such complex problems as the pinning of a charge
density wave where the dipole–dipole interaction helped to resolve the RG equa-
tion and to find the exponentially large dielectric susceptibility [89]. As it will be
demonstrated below (section 5.2) an analogous situation turns out in the prob-
lem of pinning of interacting vortices in superconductor. Here the dipole–dipole
interaction takes place at the distances r � λ and for strong enough magnetic
fields, where such interaction is relevant, the RG approach allows us to calculate
the exponentially small value of the critical current.

2.7 Effect of fluctuations on superfluid density and critical
temperature

Among the important thermodynamical properties of a superconductor is the
magnetic field penetration depth λ(T ). It is evidently asymmetric with respect
to the critical temperature, growing when the temperature tends to Tc in the su-
perconducting phase and being infinite in the normal phase. The simple London
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electrodynamics of a superconductor relates the current density j and λ(T ) with
the superfluid density ns:

j = −ns
2e2

m
A = − 1

4πλ2(T )
A, λ2(T ) =

m

8πnse2
. (2.135)

GL theory allows calculating the temperature dependence of λ(T ) in the vicinity
of the critical temperature, identifying the superfluid density with the average
value of the order parameter

ns=Ψ̃2 = −a
b

and, hence, predicting its inverse square root divergence as a function of the
reduced temperature:

λ(T ) =

√
m

8πe2
b

αTc|ε|
. (2.136)

Let us study how the appearance of fluctuation Cooper pairs affects the
expulsion of the applied magnetic field. The superfluid density goes to zero at
the transition point from below and its value determines λ(T ), so the effect of
fluctuations could be well pronounced.

Let us first convince ourselves that the presence of fluctuation Cooper pairs
above Tc does not result in the appearance of a superfluid density. One can
calculate the fluctuation part of the supercurrent as [90, 91]

〈jfl〉 = −∂Ffl(A)
∂A

= T
∂ lnZ(A)

∂A

= −

∫
DΨ(r)DΨ∗(r)∂F [Ψ(r),A])

∂A exp
(
− F[Ψ(r),A]

T

)
∫

DΨ(r)DΨ∗(r) exp
(
− F [Ψ(r),0]

T

) .

This expression can be written in the form of two contributions:

〈jfl〉 = j1+j2 = −2e2

m
A
〈
|Ψ(r)|2

〉
A=0

− e

m
〈Im[Ψ(r)∇Ψ∗(r)]〉A . (2.137)

The first one, j1, just reproduces the London expression with the replacement of
ns by

〈
|Ψ(r)|2

〉
. In the average the GL free energy with A = 0 can be used. The

second term, j2, has a more sophisticated nature. To get a nonzero value for j2
one has to include the field dependent part of the GL free energy in the process
of further averaging in fluctuation fields. Supposing the vector-potential A to be
weak enough one can expand the Gibbs exponent in it and find
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j2 = − e2

m2T

〈
Im[Ψ(r)∇Ψ∗(r)]

∫
dV1 Im[Ψ(r1)∇Ψ∗(r1)]A(r1)

〉
A=0

. (2.138)

In the following we will restrict ourselves to a superconductor of the strongly
second order type (κ � 1). In this case the characteristic scale of the space
variation of A(r1) is much larger than that of the order parameter, and the
vector-potential can be taken out of the integral in (2.138). Thinking about the
GL region above Tc, one can expand the order parameter in a Fourier series and
reduce the averaging to the expression

j2 =
2e2

m

∑
k

k(A
∂

∂k
)
〈
|Ψk|2

〉
,

which yields 〈jfl〉 = 0, as intuitively expected.
Below Tc the situation is more cumbersome. In order to calculate j2 here

let us separate the equilibrium value of the order parameter and its real and
imaginary fluctuating parts: Ψ(r) = Ψ̃+ψr + iψi. This allows us to calculate the
space integral in the expression (2.138):

∫
dV1 Im[Ψ(r1)∇Ψ∗(r1)] = 2i

∑
k

kψrkψi,−k.

Further the functional integration can be carried out in the spirit of the previ-
ous calculations for the fluctuation contribution to the heat capacity below Tc,
resulting in

〈jfl〉 = −2e2

m
A

[〈
|Ψ(r)|2

〉
A=0

−
∑
k

T

(2αTc|ε| + k2/4m)

]
.

Let us calculate the remaining
〈
|Ψ(r)|2

〉
= Ψ̃2 +

〈
ψ2

r

〉
+
〈
ψ2

i

〉
+ 2Ψ̃ 〈ψr〉. The

averaging of the first two terms does not create any problem:

〈
ψ2

r

〉
=
T

2

∑
k

1
2αTc|ε| + k2/4m

, (2.139)

〈
ψ2

i

〉
=
T

2

∑
k

1
k2/4m

. (2.140)

In order to carry out the 〈ψr〉 term the anharmonic contributions in the GL
functional, originating from the fourth order term, have to be taken into account:

〈ψr〉 = − 1

2Ψ̃

(
3
〈
ψ2

r

〉
+
〈
ψ2

i

〉)
. (2.141)

Finally, one finds the expression for the supercurrent, accounting for fluctuations:

Andrey Varlamov
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〈jfl〉 = −2e2

m
A

[
Ψ̃2 − 2

∑
k

T

(2αTc|ε| + k2/4m)

]
.

One can see that fluctuations suppress it with respect to the MFA result of the
GL theory.

The superfluid density renormalized by fluctuations, in its turn, takes the
form

ns(T )=
α

b

[
Tc|ε| −

2b
α2

∑
k

1
(2|ε| + k2/4mαTc)

]
. (2.142)

In the MFA
〈
|Ψ(r)|2

〉
= Ψ̃2 = ns(T ). Calculating

〈
|Ψ(r)|2

〉
= Ψ̃2 − 2

〈
ψ2

r

〉
one can see that

〈
|Ψ(r)|2

〉
=
α

b

[
Tc|ε| −

b

α2

∑
k

1
(2|ε| + k2/4mαTc)

]
, (2.143)

and hence accounting for fluctuations already in the first order causes
〈
|Ψ(r)|2

〉
and ns(T ) to be different.

It is seen that in the 3D and 2D cases the sum over momenta in (2.142) is
formally divergent at large k. This is not the first time that such problem has
arisen and we know how to deal with it: this ultraviolet divergence is related to
the restrictions on the applicability of the GL functional for |k| � ξ−1, therefore
the integral has to be cut-off at ξ · |k|= C ∼ 1.

For the 3D case the transparent way to cut-off the sum is to separate the
upper and lower limit contributions of the sum, which have different physical
senses, by adding and subtracting the term ∼

∑
|k|−2. As a result one obtains

two contributions: the first one, |ε|-independent, originates from the upper limit
cut-off and the second turns out to be proportional to

√
|ε| and appears from

the lower limit one. Using the microscopic relations between the GL parameters
α2/b = 8π2

7ζ(3)ν and 4mαTc = ξ−2 one can finally find

ns3(T ) =
64mπ2

7ζ(3)
νTcξ

2

[
Tc − T − 7ζ(3)

32π3νξ3
C3 +

7ζ(3)
32π2νξ3

√
2
Tc − T

Tc

]
. (2.144)

Let us discuss the second term appeared in (2.144). It evidently determines
the fluctuation shift of the critical temperature δTc = Tc − Tc0, where Tc0 is the
mean field (BCS) value of the transition temperature. This shift

δT
(3)
c

Tc0
∼ − 7ζ(3)

16π3νTc0ξ3
≈ − 8

π

√
Gi(3) (2.145)

coincides with that found in the framework of the renormalization group ap-
proach (see Eq. (2.121)). In further calculations we will include this shift in |ε|
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renormalizing the critical temperature to the value of Tc and identifying it with
the experimentally observed transition temperature. The accounting for the next
order corrections demonstrates that the substitution of Tc0 → Tc must be per-
formed also in the last term of (2.144), so for the superfluid density one can
finally write

ns3(T ) =
64mπ2

7ζ(3)
νT 2

c ξ
2
[
|ε| + 8

√
2Gi(3)|ε|

]
. (2.146)

In spite of the slower decrease of the fluctuation correction to the superfluid
density when temperature tends to the critical value, in comparison with the
main contribution (

√
|ε| instead of |ε| ), it becomes important only at |ε| ∼ Gi(3).

In the 2D case the problem of the ultraviolet divergence is less important
since the cut-off parameter turns out to be involved only in a logarithm:

ns2(T ) =
32mπ2

7ζ(3)
νTcξ

2

[
Tc|ε| −

7ζ(3)
16π3νξ2

ln
C2

|ε|

]
. (2.147)

This formula, being obtained in the perturbative way, is valid for |ε| � Gi(2) and
this fact does not allow us to define the position of the true critical temperature
more precisely than with the accuracy of the order of Gi(2). Actually we can do
this only with the logarithmic accuracy

δT
(2)
c

Tc0
= −2Gi(2) ln

C2

Gi(2)
. (2.148)

The 2D superfluid density (2.147) can be also written in terms of the critical
temperature renormalized by fluctuations. It is enough to include the cut-off pa-
rameter in the Tc-shift (compare with the RG estimation (2.120)): which results
in:20

ns2(T ) =
mTc

πGi(2)

[
|ε| − 2Gi(2) ln

Gi(2)

|ε|

]
. (2.149)

The specific behavior of the superfluid density in 2D system will be discussed
in chapter 15 where the interpolation formula for ns2(T ) valid for all range of
temperatures in vicinity of the true critical temperature will be given.

Let us mention that in 2D superconductors not only fluctuations of the su-
perconducting order parameter can play an important role but also the Coulomb
potential fluctuations. The latter become important only for very thin films (with
d � ξ), where the screening has 2D character. These fluctuations also shift the
critical temperature down by the value [92–95]

δT
(Cl)
c

Tc0
∼ −Gi(2) ln3

(
ξ

d

)
. (2.150)

20For the sake of simplicity we still call the reduced temperature Tc−T
Tc

as ε.
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One can see that the obtained fluctuation shift δT (2)
c is large with respect to the

width of the critical region Gi(2)Tc, although Eq. (2.150)) is valid only as long
as δT (2)

c remains small in comparison with Tc itself.
Let us stress, that calculated here superfluid density nsD appears only be-

low Tc, and namely this fact we used as the definition of the renormalized by
fluctuations critical temperature. In contrast to the superfluid density, the lo-
cal concentration of fluctuation pairs n(D)

s is defined by the average square of
the order parameter

〈
|Ψ(r)|2

〉
and it remains nonzero even above transition (see

chapter 16). It can be calculated using the inverse Fourier transform of |Ψ (q) |2.
For a layered superconductor

n(D)
s =

〈
|Ψ(r)|2

〉
=
∫

d3q

(2π)3
|Ψ (q) |2 exp (−iq · r)

=
∫

d2q⊥
(2π)2

∫
dqz
2π

1
α
(
ε+ ξ2q2

⊥ + r
2 (1 − cos qzs)

)
=

1
4παξ2s

ln
2√

ε+
√
ε+ r

=
mTc

πs
ln

2√
ε+

√
ε+ r

, (2.151)

where we have used Eqs. (C.1), (3.5) and (2.6).
Let us note, that the high frequency quantum fluctuations with Ω � Tc also

result in a small shift of the critical temperature [96], which is equivalent to the
change of a numerical factor at ωD under the logarithm sign in the corresponding
BCS formula.

2.8 Fluctuations of magnetic field

In the above consideration we have discussed fluctuations of the order parame-
ter only supposing the magnetic field to be a constant. At the same time the
natural question can arise: what is the effect of the usual black-body radiation
fluctuations on the superconductor properties? From the very beginning one can
expect this effect to be small at low temperature. The order parameter fluctu-
ation effects in bulk materials turned out to be negligible, too. In the case of
type-I superconductors the coherence length ξ can noticeably exceed the mag-
netic field penetration depth λ. This means that the magnetic field fluctuations
will take place on a scale less than the characteristic superconducting one, which
can change some intrinsic superconducting properties. In this section we will
show that magnetic field fluctuations, being small in amplitude, can change the
order of phase transition of a type-I superconductor.

The same GL functional formalism allows us to take into account the fluctu-
ations of a magnetic field [97]. Let us suppose that the external magnetic field
H = 0, the system is below the critical temperature, the value of the equilib-
rium order parameter is Ψ̃, and we neglect its fluctuations. Further calculations
can be done in spirit of the order parameter fluctuation calculations. One can
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rewrite the expression (2.10) as the functional of the fluctuating vector-potential,
choosing the gauge � ·A =0 and writing it in the form of Fourier series:

F [A(r)] = FN +
∫
dV

[
a|Ψ̃|2 +

b

2
|Ψ̃|4 +

e2|Ψ̃|2
m

A2 +
k2A2

8π

]

= FS [Ψ̃, 0] +
∑
k

(
e2|Ψ̃|2
m

+
k2

8π

)
A2

k.

The corresponding free energy can be written as:

F = FS [Ψ̃, 0] + ln
∫

DAxDAy exp

(
− 1
T

∑
k

(
e2|Ψ̃|2
m

+
k2

8π

)
A2

k

)
=

= FS [Ψ̃, 0] + T
∑
k

ln
πT

e2|�Ψ|2
m + k2

8π

. (2.152)

The sum in (2.152) in the 3D case, evidently, strongly diverges. Namely, the
two first terms of the expansion over |Ψ̃|2 turn out to be divergent. The most
divergent term is nothing other than the consequence of the ultraviolet catastro-
phe of classical electrodynamics and it, as usual, can be simply attributed to the
background value of the free energy. The next, proportional to |Ψ̃|2, contribution
to the sum in (2.152) turns out to be divergent too. This divergence we treat
in the same way as above: renormalize the critical temperature of the supercon-
ducting transition with respect to its mean field value. Regularized in this way
free energy can be rewritten finally as:

F = FN + a|Ψ̃|2 − 16T
√
πe3

m3/2
|Ψ̃|3 +

b

2
|Ψ̃|4. (2.153)

One can see that an unusual cubic term appears in it due to the fluctuations of
the electromagnetic field. This contribution, despite being small in magnitude,
changes the order of the superconducting phase transition. Indeed, putting a = 0
one can see that the minimum of the free energy takes place for a positive order
parameter value. This means that already for positive a the free energy has two
minima (one at Ψ = 0 and a second for positive Ψ) appropriate to the normal and
superconducting states. A first-order phase transition takes place when the values
of the free energy in both of these minima coincide, i.e. at ã = 128πT 2e6/bm3,
or, using the microscopic expressions for λ and α2/b, at

ε̃ =
α2

b

213πT 4e6

(4αmT )3
= 2 · (2π)4Gi(3)

(
ξ(T )
λ(T )

)6

. (2.154)

From this result one can see that for a type-I superconductor this region no-
ticeably exceeds the critical one and the phase transition, due to electromagnetic
field fluctuations, turns out to be of first order.
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52 Fluctuation thermodynamics

For type-II superconductors the region of temperatures ε̃, where the electro-
magnetic field fluctuations are important, turns out to lie within the critical one.
This means that these fluctuations have to be taken into account in the equa-
tions of the renormalization group which results in the conclusion of a first-order
phase transition in type-II superconductors too. Nevertheless for temperatures
ε � Gi(3) these effects are negligible and in the further discussion we will not
take them into account.
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FLUCTUATION CHARGE TRANSPORT

The appearance of fluctuating Cooper pairs above Tc leads to the opening of a
“new channel” for charge transfer. In the Introduction the fluctuation Cooper
pairs were treated as carriers with charge 2e while their lifetime τGL was chosen
to play the role of the scattering time in the Drude formula. Such a qualita-
tive consideration results in the Aslamazov–Larkin (AL) pair contribution to
conductivity (1.9) (the so-called paraconductivity.21) Below we will present the
generalization of the phenomenological GL functional approach to transport phe-
nomena. Dealing with the fluctuation order parameter, it is possible to describe
correctly the paraconductivity type fluctuation contributions to the normal re-
sistance and magnetoconductivity, Hall effect, thermoelectric power and thermal
conductivity at the edge of the transition. Unfortunately the indirect fluctuation
contributions are beyond the possibilities of the description by time-dependent
GL (TDGL) approach and they will be calculated in the framework of the mi-
croscopic theory (see Part II).

3.1 Time-dependent GL equation

In previous sections, we have demonstrated how the GL functional formalism
allows one to accounting for fluctuation corrections to thermodynamic quanti-
ties. Let us discuss the effect of fluctuations on the transport properties of a
superconductor above the critical temperature.

In order to find the value of paraconductivity, some time-dependent gener-
alization of the GL equations is required. Indeed, the conductivity characterizes
the response of the system to the applied electric field. It can be defined as
E = −∂A/∂t but, in contrast to the previous section, A has to be regarded
as being time dependent. The general nonstationary BCS equations are very
complicated, even in the limit of slow time and space variations of the field and
the order parameter. For our purposes it will be sufficient, following [98–104], to
write a model equation in the vicinity of Tc, which in general correctly reflects
the qualitative aspects of the order parameter dynamics and in some cases is
exact.

Let us revise the GL functional formalism introduced above. One can see
that the derived above stationary GL equations do not describe correctly the su-
perconducting properties when a deviation from equilibrium is assumed. Indeed,

21This term may have different origins. First of all, evidently, paraconductivity is analo-
gous to paramagnetism and means excess conductivity. Another possible origin is an incorrect
onomatopoeic translation from the Russian “paroprovodimost’ ” that means pair conductivity.
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54 Fluctuation charge transport

in the absence of equilibrium the order parameter Ψ becomes time-dependent
and this in no way was included in the scheme. Nevertheless, the scheme can
be improved. For small deviations from the equilibrium it is natural to assume
that in the process of order parameter relaxation its time derivative ∂Ψ/∂t is
proportional to the variational derivative of the free energy δF/δΨ∗, which is
equal to zero at the equilibrium. But this is not all: side by side with the normal
relaxation of the order parameter the effect of thermodynamic fluctuations on it
has to be taken into account. This can be done by the introduction the Langevin
forces ζ(r, t) in the right-hand side of the equation describing the order parame-
ter dynamics. Finally, gauge invariance requires that ∂Ψ/∂t should be included
in the equation in the combination ∂Ψ/∂t+ 2ieϕΨ, where ϕ is the scalar poten-
tial of the electric field. By including all these considerations one can write the
model time-dependent GL equation in the form

−γGL

(
∂

∂t
+ 2ieϕ

)
Ψ =

δF
δΨ∗ + ζ(r, t) (3.1)

with the GL functional F determined by (2.4), (2.10), (2.66).22 The dimensionless
coefficient γGL in the left-hand-side of the equation can be related to pair life-
time τGL (1.2): γGL = αTcετGL = πα/8 by the substitution in (3.1) of the first
term of (2.4) only.23

Neglecting the fourth-order term in the GL functional, Eq. (3.1) can be
rewritten in operator form as

[L̂−1 − 2ieγGLϕ(r, t)]Ψ(r, t) = ζ(r, t) (3.2)

with the TDGL operator L̂ and Hamiltonian Ĥ defined as

L̂ =
[
γGL

∂

∂t
+ Ĥ

]−1

, Ĥ = αTc

[
ε− ξ̂2(∇̂ − 2ieA)2

]
. (3.3)

We have introduced here the formal operator of the coherence length ξ̂ to have
the possibility to deal with an arbitrary type of spectrum. For example, in the
most interesting case for our applications to layered superconductors, the action
of this operator is defined by Eq. (2.66).

In the absence of an electric field one can write the formal solution of equation
(3.2) as

22An equation of this type was considered by Landau and Khalatnikov [105] in connection
with the study of superfluid helium dynamics in early 1950s

23It will be shown below that taking into account electron- hole asymmetry leads to the ap-
pearance of the imaginary part of γGL proportional to the derivative ∂ ln(ρv2τ)/∂E|EF

∼
O(1/EF ). This is important for such phenomena as fluctuation Hall effect or fluctuation
thermopower and, having in mind the writing of the most general formula, we will suppose
γGL = πα/8 + i Im γGL, where necessary.
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Ψ(0)(r, t) = L̂ζ(r, t). (3.4)

The correlator of the Langevin forces introduced above must satisfy the fluctu-
ation–dissipation theorem. This means that the correlators < Ψ(0)∗

p (t′)Ψ(0)
p (t) >

at coinciding moments of time have to be the same as < |Ψp|2 >, obtained by
averaging over fluctuations in thermal equilibrium:

< |Ψp|2 >=

∫
DΨpDΨ∗

p|Ψp|2 exp
{
−α(ε+ ξ2p2)|Ψp|2

}
∫

DΨpDΨ∗
p exp {−α(ε+ ξ2p2)|Ψp|2}

=
1

α(ε+ ξ2p2)
. (3.5)

This requirement is fulfilled if the Langevin forces ζ(r, t) and ζ∗(r, t) are corre-
lated by the Gaussian white-noise law

〈ζ∗(r, t)ζ(r′
, t

′
)〉 = 2T Re γGLδ(r − r

′
)δ(t− t

′
). (3.6)

To show it let us restrict ourselves for sake of simplicity, to the case of A = 0
and calculate the correlator

〈 Ψ∗(r, t)Ψ(r′, t)〉 = 〈ζ∗(r, t)̂̃L∗L̂ζ(r
′
, t)〉 = 2T Re γGL

×
∫

dp
(2π)D

eip(r−r
′
)

∫ ∞

−∞

dΩ
2π
L∗(p,Ω)L(p,Ω). (3.7)

The fundamental solution L(p,Ω) can be found by making a Fourier transform
of (3.3), what gives:

L(p,Ω) = (−iγGLΩ + εp)−1. (3.8)

Substitution of this expression to the previous correlator and calculation of the
remaining integral over frequencies complete our demonstration:

〈Ψ∗(r, t)Ψ(r′, t)〉p = 2T Re γGL

∫ ∞

−∞

dΩ
2π

1
| − iγGLΩ + εp|2

=
〈
|Ψp|2

〉
. (3.9)

Here
εp = αTc(ε+ ξ̂2p2). (3.10)

is the fluctuation Cooper pair energy spectrum.

3.2 General expression for paraconductivity

By means of the qualitative consideration based on the Drude formula, we ob-
tained in the Introduction the expression for paraconductivity which correctly
reflects its temperature singularity in any dimension. Following this way one
could write down some kind of master equation for fluctuation Cooper pairs
(this will be done in section 3.7) and obtain indeed the precise expression for
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56 Fluctuation charge transport

paraconductivity. Unfortunately, the applicability of the derived master equation
is restricted to relatively weak electric and magnetic fields. For stronger fields
Hc2(ε) � H � Hc2(0) the density matrix has to be introduced and the master
equation loses its attractive simplicity. At the same time, as we already know,
these fields, quantizing the fluctuation Cooper pair motion, present special in-
terest. That is why in order to include in the scheme the magnetic field and
frequency dependencies of the paraconductivity, we return to the analysis of the
general TDGL equation (3.1) without the objective to reduce it to a Boltzmann
type transport equation.

Let us solve it in the case when the applied electric field can be considered
as a perturbation. The method will much resemble an exercise from a course
on quantum mechanics. To impose the necessary generality side by side with
a formal simplicity of expressions we will introduce a subscript of the kind {i}
which includes the complete set of quantum numbers and time. By a repeated
subscript a summation over a discrete and integration over continuous variables
(time in particular) is implied.

We will look for the response of the order parameter to a weak electric field
applied in the form

Ψkz(r, t) = Ψ(0)
{i} + Ψ(1)

{i}, (3.11)

where Ψ(0)
{i} is determined by (3.4). Substituting this expression into (3.2) and

restricting our consideration to linear terms in the electric field we can write

(L̂−1){ik}Ψ
(1)
{k} = 2ieγGLϕ{il}Ψ

(0)
{l} (3.12)

with the solution in the form

Ψ(1)
{i} = 2ieγGLL̂{ik}ϕ{kl}L̂{lm}ζ{m}. (3.13)

Let us substitute the order parameter (3.11) in the quantum mechanical expres-
sion for current (2.17)

j = 2eRe
[
Ψ(0)∗

{i} v̂{ik}Ψ
(1)
{k} + Ψ(1)∗

{i} v̂{ik}Ψ
(0)
{k}
]
, (3.14)

where v̂{ik} is the velocity operator which can be expressed by means of the
commutator of r with Hamiltonian (3.3):

v̂{ik} = i{Ĥ, r}{ik}. (3.15)

The second term of (3.14) can be written by means of a transposed velocity
operator (which is Hermitian) as the complex conjugated value of the first one:

Ψ(1)∗
{i} v̂{ik}Ψ

(0)
{k} = (Ψ(0)∗

{k}
˜̂v{ik}Ψ

(1)
{i})

∗, (3.16)

which results in

j = 2 Re{Ψ(0)∗
{i} (2ev̂{ik})Ψ

(1)
{k}}
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= −8e2 Im{γGLL̂
∗
{ki}v̂{il}L̂{lm}ϕ{mn}L̂{np}ζ∗{k}ζ{p}}. (3.17)

Let us average now (3.17) over the Langevin forces, taking into account the
property (3.6). Moving the operator L̂∗

{ki} from the beginning to the end of the
trace one finds

j = −16Te2 Re(γGL) Im{γGLv̂{il}L̂{lm}ϕ{mn}L̂{np}L̂∗
{pi}}. (3.18)

Now we choose the representation where the L̂{lm} operator is diagonal (it is
evidently given by the eigenfunctions of the Hamiltonian (3.3) ):

L{m}(Ω) =
1

ε{m} − iΩγGL
, (3.19)

where ε{m} are the appropriate energy eigenvalues. Then we assume that the
electric field is coordinate independent but is a monochromatic periodic function
of time:

ϕ(r,t) = −Eβrβ exp(−iωt). (3.20)

In doing the Fourier transform in (3.18) one has to remember that the time
dependence of the matrix elements ϕ{mn} results in a shift of the frequency
variable of integration Ω → Ω − ω in both L-operators placed after ϕ{mn} or,
what is the same, to a shift of the argument of the previous L̂{lm} for ω:

jαω = 16Te2 Re(γGL)
∫
dΩ
2π

�{γGLv̂α
{il}L̂{l}(Ω + ω)[−irβ

{li} ]̂L{i}(Ω)L̂∗
{i}(Ω)}Eβ ,

(3.21)

where �f(ω) ≡ [f(ω) + f∗(−ω)]/2.
Let us express the matrix element r{li} by means of v̂{li} using the commu-

tation relation (3.15). One can see that in the representation chosen

r̂β
{li} = i

v̂β
{li}

ε{i} − ε{l}
(3.22)

and, carrying out the frequency integration in (3.21), finally write for the fluc-
tuation conductivity tensor (jαω = σαβ(ω)Eβ):

σαβ(ε,H, ω)

= 8e2T Re(γGL)
∞∑

{i,l}=0

�
[
γGL

v̂α
{il}v̂

β
{li}

ε{i}(γGLε{i} + γ∗GLε{l} − i|γGL|2ω)(ε{l} − ε{i})

]
.

(3.23)

This is the most general expression which describes the d.c., galvanomagnetic
and high frequency paraconductivity contributions.
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The microscopic analysis of the coefficient γGL demonstrates that its imagi-
nary part Im γGL usually is much smaller than Re γGL. Its origin can be related
to the electron–hole asymmetry or other peculiarities of the electron spectrum
(see Part III). In the case when one is interested in the diagonal effects only it
is enough to accept γGL as real: (γGL = Re γGL = πα/8). In this way Eq. (3.24)
can be simplified and after symmetrization of the summation variables it takes
the form:

σαα(ε,H, ω) =
π

2
αe2T

∞∑
{i,l}=0

�
[

v̂α
{il}v̂

α
{li}

ε{i}ε{l}(ε{i} + ε{l} − iγGLω)

]
. (3.24)

Let us demonstrate the calculation of the d.c. paraconductivity in the simplest
case of a metal with an isotropic spectrum. In this case we choose a plane wave
representation. By using εp defined by (3.10) one has

v̂{pp′} = vpδpp′ , vp =
∂εp
∂p

= 2αTcξ
2p. (3.25)

We do not need to keep the imaginary part of γGL, which is necessary to calcu-
late particle-hole asymmetric effects only. As the result one reproduces the AL
formula:

σαβ
(D) = 2e2T Re γGL

∑
p

vα
pvβ

p

ε3p
= δαβ

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

e2

32ξ
1√
ε
, 3D case,

e2

16d
1
ε
, 2D film, thickness : d� ξ,

πe2ξ

16S
1
ε3/2

, 1D wire, cross-section : S � ξ2.

(3.26)

3.3 Paraconductivity of a layered superconductor

Let us return to the discussion of our general formula (3.24) for the fluctuation
conductivity tensor. A magnetic field directed along the c-axis still allows sepa-
ration of variables even in the case of a layered superconductor. The Hamiltonian
in this case can be written as in (2.68), (3.3):

Ĥ = αTc

(
ε− ξ2xy(∇xy − 2ieAxy)2 −

r

2
(1 − cos(kzs)

)
. (3.27)

It is convenient to work in the Landau representation, where the summation
over {i} is reduced to one over the ladder of Landau levels i = 0, 1, 2.... (each is
degenerate with a density H/Φ0 per unit square) and integration over the c-axis
momentum in the limits of the Brillouin zone. The eigenvalues of the Hamiltonian
(3.27) can be written in the form
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ε{n} = αTc[ε+
r

2
(1 − cos(kzs)) + h(2n+ 1)] = εkz + αTch(2n+ 1), (3.28)

where h = eH/2mαTc was already defined by Eq. (2.52). For the velocity oper-
ators one can write

v̂x,y =
1

2m
(−i∇−2ieA)x,y; v̂z = −αrs

2
Tc sin(kzs). (3.29)

3.3.1 In-plane conductivity
Let us start from the calculation of the in-plane components. The calculation of
the velocity operator matrix elements requires some special consideration. First
of all let us stress that the required matrix elements have to be calculated for the
eventuates of a quantum oscillator whose motion is equivalent to the motion of
a charged particle in a magnetic field. The commutation relation for the velocity
components follows from (3.29) (see [47]):

[v̂x, v̂y] = i
eHz

2m2
=
iαTc

m
h. (3.30)

In order to calculate the necessary matrix elements let us present the velocity op-
erator components in the form of boson-type creation and annihilation operators
â+, â :

〈l|â|n〉 = 〈n|â+|l〉 =
√
nδn,l+1,

which satisfy the commutation relation [â, â+] = 1. We obtain

v̂x,y =

√
αTch

2m

(
â+ + â
iâ+ − iâ

)
.

One can check that the correct commutation relation (3.30) is fulfilled and see
that the only nonzero matrix elements of the velocity operator are

〈l|v̂x,y|n〉 =

√
αTch

2m

( √
lδl,n+1 +

√
nδn,l+1

i
√
lδl,n+1 − i

√
nδn,l+1

)
. (3.31)

Using these relations the necessary product of matrix elements can be calcu-
lated:

〈l|v̂x|n〉〈n|v̂x|l〉 =
αTch

2m
(lδl,n+1 + nδn,l+1). (3.32)

Its substitution to the expression (3.24) gives for the diagonal in-plane com-
ponent of the paraconductivity tensor

σxx(ε, h, ω) =
πα2T 2

c e
2

4m
h

∞∑
{n,l}=0

� (lδl,n+1 + nδn,l+1)
ε{l}ε{n}

[
ε{l} + ε{n} − iγGLω

]



�

�

“TFSpbk081125” — 2009/4/18 — 16:15 — page 60 — #80
�

�

�

�

�

�

60 Fluctuation charge transport

Summation over the subscript {l} and accounting of the degeneracy of the Lan-
dau levels H/Φ0 = 2mαTch/π (the layer area we assume to be equal one), gives
for the diagonal component of the in-plane paraconductivity tensor:

σxx(ε,H, ω) =
e2 (αTc)

3
h2

2

∫ π
s

−π
s

dkz

2π

∞∑
n=0

� n+ 1
εn+1εn(εn+1 + εn − iγGLω)

. (3.33)

Expanding the denominator into simple fractions we reduce the problem to the
calculation of the c-axis momentum integral, which can be carried out in the
general case by use of the identity (C.6). Using it we write the general expression
for the diagonal in-plane component of the fluctuation conductivity tensor

σxx(ε, h, ω) =
e2h

8s

∞∑
n=0

(n+ 1)

{
1

h− iω̃

1√
[ε+ h(2n+ 1)][r + ε+ h(2n+ 1)]

+
1

h+ iω̃

1√
[ε+ h(2n+ 3)][r + ε+ h(2n+ 3)]

− 2h
h2 + ω̃2

1√
[ε+ h(2n+ 2) − iω̃][r + ε+ h(2n+ 2) − iω̃]

}
,(3.34)

where ω̃ = πω/16Tc.

3.3.2 Out-of-plane conductivity
The situation with the out-of-plane component of paraconductivity turns out to
be even simpler because of the diagonal structure of the v̂z

{in} = −αrs
2 Tc sin(kzs)×

δin×δ(kz −kz′ ). Taking into account that the Landau state degeneracy we write

σzz(ε,H, ω) =
1
2
παe2T

∞∑
{i,l}=0

�
[

v̂z
{il}v̂

z
{li}

ε{i}ε{l}(ε{i} + ε{l} − 2iαTcω̃)

]
=

=
πe2 (αTc)

3

32

(
sr

ξxy

)2

h

∞∑
n=0

∫ π
s

−π
s

dkz

2π
�[

sin2(kzs)
ε2n(kz)[εn(kz) − iαTcω̃]

].

The following transformations are similar to the calculation of the in-plane
component: we expand the integrand into simple fractions and perform the
kz−integration by means of the identity (C.6). The final expression can be writ-
ten as

σzz(ε,H, ω) =
e2

64s

(
sr

ξxy

)2

h

∞∑
n=0

(
− ∂

∂λ

)

×�
(

1
λ+ iω̃

){
1√

(ε+ h(2n+ 1) + λ)(ε+ h(2n+ 1) + λ+ r)
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− 1√
(ε+ h(2n+ 1) − iω̃)(ε+ h(2n+ 1) − iω̃ + r)

}
|λ=0 . (3.35)

Let us mention, that the formal differentiation has to be done first, then λ = 0
is substituted.

3.3.3 Analysis of the limiting cases

In principle the expressions derived above give an exact solution for the a.c.
(ω � T ) paraconductivity tensor of a layered superconductor in a perpendicular
magnetic field H � Hc2 (h � 1) in the vicinity of the critical temperature
(ε � 1). The interplay of the parameters r, ε, ω, h entering into (3.34)–(3.35),
as we have seen in the example of fluctuation magnetization, yields a variety of
crossover phenomena.

3.3.3.1 d.c. paraconductivity The simplest and most important results which
can be derived are the components of the d.c. paraconductivity (ω = 0) of
a layered superconductor in the absence of magnetic field. Keeping ω = 0 and
setting h→ 0 one can change the summations over Landau levels into integration
and find

σxx(ε, h→ 0, ω = 0) =
e2

16s
1√

[ε(r + ε)]
, (3.36)

σzz(ε, h→ 0, ω = 0) =
e2s

32ξ2xy

(
ε+ r/2

[ε(ε+ r)]1/2
− 1
)
. (3.37)

3.3.3.2 Magnetoconductivity The AL contribution to the magnetoconductivity
can be studied by putting ω = 0 and keeping magnetic field as arbitrary. For 2D
case the sum in (3.34) can be calculated exactly in terms of the ψ-functions:

σxx
(2)(ε, h) =

e2

2s
1
ε
F
( ε

2h

)
=

e2

16s

⎧⎨
⎩

1/ε, h� ε
2/h, ε� h

4/(ε+ h), ε+ h→ 0
, (3.38)

where

F (x) = x2

[
ψ

(
1
2

+ x

)
− ψ (x) − 1

2x

]
. (3.39)

We will not go into the further details and just report in Table 3.1 the results
(following [106] with some revision of the coefficient in the 3D case):

Here it is worth making an important comment. The proportionality of the
fluctuation magnetoconductivity to h2 is valid when using the parametrization
ε = (T − Tc0)/Tc0 only. Often the analysis of the experimental data is carried
out by choosing as the reduced temperature parameter εh = (T −Tc(H))/Tc(H).
At that it is important to recognize that the effect of a weak magnetic field on
the fluctuation conductivity cannot be reduced to a simple replacement of Tc0
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Table 3.1 The asymptotics of the paraconductivity for different magnetic field
domains

h� ε
ε� h� r

(3D)
max{ε, r} � h

(2D)
σxx σxx(ε, h = 0) − e2

28s
[8ε(ε+r)+3r2]

[ε(ε+r)]5/2 h2 e2

4s
1√
2hr

e2

8s
1
h

σzz σzz(ε, h = 0) − e2s
28ξ2

xy

r2(ε+r/2)
[ε(ε+r)]5/2h

2 3.24e2s
ξ2

xy

√
r
h

7ζ(3)e2s
29ξ2

xy

r2

h2

by Tc(H) in the appropriate formula without the field. In this parametrization
one can get a term in the magnetoconductivity linear in h. Point is that besides
the cases of the special specimen geometry, a weak magnetic field shifts the
critical temperature linearly. Such linear correction is exactly compensated by
the change in the functional dependence of the paraconductivity in magnetic
field, and finally it contains the negative quadratic contribution only.

3.3.3.3 a.c. paraconductivity. Letting the magnetic field go to zero in expres-
sion (3.24) and considering nonzero frequencies of the electromagnetic field one
can find general expressions for the components of the a.c. paraconductivity ten-
sor. For the in-plane paraconductivity they are cumbersome enough and in the
complete form can be found, for instance, in [107]. We recall here the simplified
asymptotics for superconductor in the 2D regime only [54, 108]:

Reσxx
(2)(r � ε, ω̃) =

e2

16s
1
ε

[
2ε
ω̃

arctan
ω̃

ε
−
( ε
ω̃

)2

ln

[
1 +
(
ω̃

ε

)2
]]

; (3.40)

Imσxx
(2)(r � ε, ω̃) =

e2

16s
1
ε

[
2ε
ω̃

(
arctan

ω̃

ε
− ω̃

ε

)
− ε

ω̃
ln

[
1 +
(
ω̃

ε

)2
]]

.

(3.41)

Regarding the out-of-plane component of paraconductivity, it can be easily eval-
uated from the general expression (3.35)

σzz(ε, ω) =
e2

64s

(
sr

ξxy

)2
[

1
ω̃2

ln
√
ε+

√
ε+ r√

ε− iω̃ +
√
ε− iω̃ + r

+
1

2iω̃
1√

ε(ε+ r)

]
.

(3.42)
In the 2D regime this general expression is reduced to

Reσzz
(2)(r � ε, ω̃) =

e2

28s

(
sr

ξxy

)2( 1
ω̃

)2

ln[1+
(
ω̃

ε

)2

], (3.43)

Imσzz
(2)(r � ε, ω̃) =

e2

27s

(
sr

ξxy

)2 1
ω̃

[
ε

ω̃
arctan

ω̃

ε
− 1
]
. (3.44)
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The general formulae (3.34)–(3.35) allow one to study the different crossovers
in the a.c. conductivity of layered superconductor in the presence of magnetic
field of various intensity. We leave this exercise for the reader having some prac-
tical interest in the problem.

3.4 Hall paraconductivity

Now we will calculate the paraconductivity contribution to the Hall component
σxy of the conductivity tensor for the layered superconductor placed in a perpen-
dicular magnetic field. Let us start from the general expression (3.23) and apply
it to the Hall component. First of all we substitute in it the explicit expressions
(3.31) for the matrix elements of the velocity operator. The Hall paraconductivity
takes the form:

σxy(ε,H, ω) =
2e2T
m

ωc Re γGL

∞∑
{n,l}=0

�
[
iγGL(lδl,n+1 − nδn,l+1)δqzq′

z

ε{n}(ε{n} − ε{l})

· 1[
Re γGL

(
ε{n} + ε{l}

)
− i|γGL|2ω + i Im γGL

(
ε{n} − ε{l}

)]
]

(3.45)

(we have introduced the notation ωc = 2αTch). The principal difference of the
expression (3.45) in comparison with the expression for diagonal components
(3.24) consists in the imaginarity< l|v̂y|n >, that results in the exact cancelation
of σxy(ε,H, 0) under the assumption Im γGL = 0. That is why as the next step we
expand the expression (3.45) up to the first order over small Im γGL and obtain:

σxy(ε,H, ω) =
2e2T
m

ωc Im γGL

∞∑
{n,l}=0

�
(lδl,n+1 − nδn,l+1)δqzq′

z

ε{n}
[(
ε{n} + ε{l}

)
− iωRe γGL

]2 .

Calculating the sum over l, shifting the summation index n+ 1 → n′ in the
second term and taking into account that ε{n+1} − ε{n} = ωc, one can find

σxy(ε,H, ω) =
2e2T
π

ω3
c Im γGL

∞∑
n=0∫ π

s

−π
S

dqz
2π

� n+ 1

ε{n}ε{n+1}
(
ε{n} + ε{n+1} − iωRe γGL

)2 . (3.46)

It is interesting that almost the same sum was already carried out above in the
process of calculation of the diagonal component (3.34). Presenting the square
in the denominator of (3.46) as the derivative over frequency one can find the
useful relation
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σxy(ε,H, ω) = 2h
(

Im γGL

Re γGL

)
∂σxx(ε,H, ω̃)

∂ĩω
(3.47)

(let us remember the notation: ω̃ = πω/16Tc). Differentiating (3.34) is cumber-
some but trivial. For simplicity, we restrict our analysis of σxy(ε,H) below to
the case of direct current (ω = 0). The general formula for Hall paraconductivity
of a layered superconductor in an arbitrary magnetic field (H � Hc2 (0)) takes
the form:

σxy(ε,H) =
e2

4s

(
Im γGL

Re γGL

) ∞∑
n=0

(n+ 1)

{
1√

[ε+ h(2n+ 1)][r + ε+ h(2n+ 1)]

− 1√
[ε+ h(2n+ 3)][r + ε+ h(2n+ 3)]

− h√
[ε+ h(2n+ 2)]3[r + ε+ h(2n+ 2)]

− h√
[ε+ h(2n+ 2)][r + ε+ h(2n+ 2)]3

}
. (3.48)

Let us analyze, the limiting cases of this result. First of all let us find the
general expression σxy

(2)(ε,H) in the case of a purely 2D spectrum (r = 0). In this
case the square roots in (3.48) disappear and the summation can be carried out
in terms of the familiar ψ-functions [109]:

σxy
(2)(ε,H) =

e2

2s

(
Im γGL

Re γGL

)
1
h
FH

( ε

2h

)
, (3.49)

where

FH (x) = 4x2

[
ψ (x) + xψ′ (x) − 1 − ψ

(
1
2

+ x

)]
. (3.50)

Using the asymptotics of ψ-function from Appendix B one can find that

FH (x) =

⎧⎪⎪⎨
⎪⎪⎩

x2 ln 4γE , x→ 0
1/24, x→ ∞

1/(x+ 1/2), x→ −1/2 (3.51)

and hence

σxy
(2)(ε, h→ 0) =

e2

48s

(
Im γGL

Re γGL

)
h

ε2
. (3.52)

In the strong field limit:
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σxy
(2)(ε,H) =

e2

8s

(
Im γGL

Re γGL

)
ln 4γE

h
. (3.53)

In order to analyze the 3D case we return to the general expression (3.48). In
the case of strong enough magnetic fields (ε� h� r) one can neglect ε with
respect to h and expand the expression over r:

σxy
(3)(ε� h) =

e2

4s

(
Im γGL

Re γGL

)
1√
hr

∞∑
n=0

(n+ 1)
[

1√
2n+ 1

− 1√
2n+ 3

− 1√
(2n+ 2)3

]
=

0.022e2

s

(
Im γGL

Re γGL

)
1√
hr
.

Vice versa, for weak fields one can leave in Eq. (3.48) only the first three terms
and due to the fast convergence of the corresponding sums omit with respect to
r not only ε but also hn:

σxy
(3)(h � ε) =

e2

4s

(
Im γGL

Re γGL

)
1√
r

∞∑
n=0

(n+ 1)

{
1√

ε+ h(2n+ 1)

− 1√
ε+ h(2n+ 3)

− h√
[ε+ h(2n+ 2)]3

}
. (3.54)

This sum can be easily evaluated by means of the Euler–Maclaurin formula
(2.70):

σxy(h� ε� r) =
e2

4s

(
Im γGL

Re γGL

)
h

ε3/2
. (3.55)

Summarizing, one can present the 3D case results in the form

σxy
(3)(ε, h) =

e2

4s

(
Im γGL

Re γGL

)
1√
r

{
h/ε3/2, h� ε� r,
0.09/

√
h, ε� h� r.

(3.56)

It would be not difficult to obtain the general expression for σxy(h � ε) in a
weak filed applying the Euler–Maclaurin formula directly to Eq. (3.48). We leave
this as the exercise for reader.

As it was mentioned above, the imaginary part Im γGL is small and usually
is related to the electron–hole asymmetry. The derivation of the microscopic
expression for Im γGL, discussion of other related effects and contributions to
Hall effect beyond the GL phenomenology will be given in the Part III.

3.5 Magnetic field angular dependence of paraconductivity24

We have seen above that in the case of a geometry with a magnetic field directed
along the c-axis many sophisticated fluctuation features of layered superconduc-
tors can be studied in the general form. Nevertheless, even the attempt to explore

24In this section we base on the results of [111].
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the d.c. conductivity in a longitudinal magnetic field (directed in ab plane) [110]
or, moreover, with the field directed at some arbitrary angle θ with the z-axis
leads to the appearance of the a vector-potential component in the argument of
cos(kzs) and the problem requires a nontrivial calculation of the matrix elements
over the Mathieu functions.

In the vicinity of Tc the problem is simplified. We already learned that at
temperatures very near the critical one (ε � r) the 3D anisotropic fluctuation
regime takes place. Here the size of the Cooper pairs along the c-axis is so large
that the peculiarities of the layered structure do not play any more role. This
means that only small values of kz are important in the kz-integrations, where
the cos(kzs) in (2.68) can be expanded and the LD functional is reduced to its
GL form written for anisotropic superconductor.

The traditional way to incorporate anisotropy into the phenomenological
description of superconductivity is to introduce an anisotropic effective mass
tensor into the Ginzburg–Landau or London equations. In the conventional ap-
proach one then repeats all the calculations which usually have been done for
the isotropic case before. As a result of the appearance of additional parame-
ters and the breaking of spherical symmetry, the corresponding analysis becomes
very tedious and thus only few results are known for the general anisotropic case
including arbitrary field direction. Below, following [111], we present a scaling
approach which provides simple and direct access to the most general anisotropic
result by rescaling the anisotropic problem to a corresponding isotropic one on
the initial level of GL functional.

To start with, let us consider the Gibbs free energy with an anisotropic ef-
fective mass tensor:

F [Ψ] =
∫
d3r

{
a|Ψ|2 +

b

2
|Ψ|4 +

3∑
μ=1

1
4mμ

∣∣∣∣
(

1
i

d

dxμ
− 2eAμ

)
Ψ
∣∣∣∣
2

+
B2

8π
− H · B

4π

}
. (3.57)

Let us suppose that the external field H is chosen to lie in the y-z plane
and makes angle θ with the z-axis. For sake of simplicity and because the
oxide superconductors are within high accuracy uniaxial materials, we choose
mx = my = m∗, while m−1

z = 2αTs2r (compare with (2.68)). The effective
anisotropy parameter γ2

a = m∗/mz = 2αTs2rm∗ < 1 is introduced. In (3.57),
the anisotropy enters only in the gradient term, therefore the simple rescaling
of the coordinate axes: x = x̃, y = ỹ, z = γaz̃ together with the scaling of the
vector-potential: A = (Ãx, Ãy, Ãz/γa) will render this term isotropic. The mag-
netic field evidently is rescaled to B = (B̃x/γa, B̃y/γa, B̃z) and the last three
terms in (3.57), describing the magnetic field energy, are transformed to
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δF [Ψ] =
γa

8π

∫
d3r̃

[
1

4m

3∑
μ=1

∣∣∣∣
(

�

i

d

dx̃μ
− 2eÃμ

)
Ψ
∣∣∣∣
2

+ (
B̃2

xy

γa
+ B̃2

z )

−2(
B̃xy · Hxy

γa
+ B̃zHz)

]
.

In short, we have removed the anisotropy from the gradient term but reintro-
duced it into the magnetic energy term. In general it is not possible to make
both terms isotropic in the Gibbs energy simultaneously. However, depending
on the physical question addressed, we can neglect fluctuations in the magnetic
field, as was mostly done above.

Let us demonstrate how the method works for the example of the d.c. fluctua-
tion conductivity tensor which was calculated above for a magnetic field directed
along the z-axis. We restrict our consideration to the 3D region (ε � r). One
can write the scaling relations between the electric field and current components
before and after the scaling transformation by means of a conductivity tensor
and the anisotropy parameter:

jx,y = j̃x,y, jz ∼ evz ∼ γaj̃z, (3.58)

Ex,y = Ẽx,y, Ez ∼ ∂ϕ

∂z
∼ 1
γa
Ẽz.

Now let us rewrite the relations between the current and electric field vectors
before and after the scale transformation

jα = σαβEβ , j̃α = σ̃αβẼβ . (3.59)

Comparing them with (3.58) and introducing the operator of the direct scaling
transformation Tαβ

Tαβ =

⎛
⎝ 1 0 0

0 1 0
0 0 γa

⎞
⎠ ,

one can write jα = Tαμj̃μ, Eα = (T−1)αμẼμ and express the conductivity tensor
as

σαβ = Tαμσ̃μρTρβ .

Now let us work in the already isotropic coordinate frame. We suppose that
initially the magnetic field was directed along the z-axis and now we rotate it in
the x-z plane by the angle θ̃ with respect to the initial direction. The conductivity
tensor will be transformed by the usual law:
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σ̃αβ(θ̃) = Rαμσ̃μρ(0)RT
ρβ = Rαμ(T−1)μςσςη(0)(T−1)ηδR

T
δβ ,

where

Rαβ =

⎛
⎝ cos θ̃ 0 − sin θ̃

0 1 0
sin θ̃ 0 cos θ̃

⎞
⎠

and

σαβ(θ̃) = Tαγ σ̃γδ(θ̃)Tδβ = TαγRγμ(T−1)μςσςη(0)(T−1)ηδR
T
δκTκβ.

Let us remind that the T -matrix is diagonal so T = T T . As a result
(
TRT−1

)T
=
(
T−1

)T
(TR)T =

(
T−1

)T
RTT T = T−1RTT.

The fluctuation conductivity tensor σαβ(θ) in the initial tetragonal system with
the magnetic field directed at the angle θ with respect to the z-axis can be
expressed by means of the effective transformation operator Mαβ:

σαβ(θ) = Mας(θ̃)σςη(0, H̃)MT
ηβ(θ̃),

with

Mαβ(θ̃) = TαδRδκT
−1
κβ =

⎛
⎜⎝

cos θ̃ 0 − 1
γa

sin θ̃
0 1 0

γa sin θ̃ 0 cos θ̃

⎞
⎟⎠ .

Let us mention that the conductivity matrix elements σxz = σzx = σyz = σzy =
0, what considerably simplifies further calculations. Multiplying the matrices one
can find:

σαβ(�θ)

=

�
���

σxx cos2 �θ + σzz

γ2
a

sin2 �θ σxy cos �θ �
γa

2 σxx − 1
2γa

σzz

�
sin 2�θ

σyx cos �θ σyy σxxγ
2
a sin2 �θ + σzz cos2 �θ�

γa

2 σxx − 1
2γa

σzz

�
sin 2�θ σxyγa sin �θ σxxγ

4
a sin2 θ + σzz cos2 θ

�
��	 .

The angle θ̃ can be expressed by means the renormalized magnitude of the
magnetic field H̃ =

√
H2

z + γ2
aH

2
x:

cos θ̃ =
H̃z

H̃
=

cos θ√
cos2 θ + γ2

a sin2 θ
; sin θ̃ =

γa sin θ√
cos2 θ + γ2

a sin2 θ
.

Finally the paraconductivity tensor of a superconductor with the magnetic
field H applied at an arbitrary angle θ with respect to the z-axis is expressed by
means of the paraconductivity tensor σαβ(0, H̃) placed in the effective field H̃‖ẑ
in the form:
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σαβ(�θ) = 1
R2(θ,γa)

×

⎛
⎜⎜⎝

σxx cos2 θ + σzz sin2 θ R (θ, γa) σxy cos θ

�
γ2

a
2

σxx − 1
2
σzz

�
sin 2θ

R (θ, γa) σyx cos θ R2 (θ, γa) σyy R (θ, γa) σyxγ2
a sin θ�

γ2
a
2

σxx − 1
2
σzz

�
sin 2θ R (θ, γa) σxyγ2

a sin θ σxxγ4
a sin2 θ + σzz cos2 θ

⎞
⎟⎟⎠ ,

(3.60)

where
R (θ, γa) =

√
cos2 θ + γ2

a sin2 θ.

In the simplest case of a longitudinal field θ = π/2:

σαβ(π/2, H) =

⎛
⎝

σzz

γ2
a

0 0
0 σyy σyxγa

0 σxyγa σxxγ
2
a

⎞
⎠ .

Obtained general formula allows one to find the paraconductivity of a thin
film in a magnetic field of arbitrary orientation. In this case one can put γa = 0
which results in

σ
(film)
αβ (θ,H) = σαβ(H cos θ).

One can see that the paraconductivity of a film placed in magnetic field depends
on its perpendicular-to-surface component only.

It worth mentioning that here, as everywhere above through this chapter,
we took into account only the orbital effect of magnetic field on fluctuation
conductivity. The effect of Zeeman splitting of the forming fluctuation Cooper
pair electron spin states have been ignored.

Regarding the regime of applicability we wish to point out that, in spite of
starting from a GL-type description, proposed scaling approach is not limited to
the regime near Tc. In fact, presented here scaling rules can also be obtained by
starting from the London equations, which are valid at any temperature. The
scaling approach can be used for the case of layered superconductors as long as
the discreteness of the structure is not important. The crossover between quasi-
2D and 3D anisotropic behavior depends on the physical quantity of interest;
however, the regime where the anisotropic description is valid is usually large.
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3.6 Paraconductivity of nanotubes25

In this section we present the example of use of the general formula (3.24) in
application to the very new objects: carbon nanotubes where the superconduct-
ing state was detected recently. Carbon nanotubes are mesoscopic systems with
a remarkable interplay between dimensionality, interaction and disorder [112].
Recent experiments found that the electron transport in single-wall nanotubes
(SWNT) has a 1D ballistic behavior [113]. Therefore it may be theoretically de-
scribed within the model of 1D interacting electron system known as Luttinger
liquid [114–116]. At the same time, the multiwall nanotubes (MWNT), which
are composed of several concentrically arranged graphite shells, show properties
which are consistent with the weak-localization features of the diffusive trans-
port in magnetoconductivity and zero-bias anomaly in the tunneling DOS [117].
Similar properties have been observed in ropes of SWNTs [113,118].

Very recent experimental works [119, 120] have addressed the problem of
superconductivity in carbon nanotubes. In the article by Tang et al. [119] a
superconducting behavior was detected in SWNT’s at a mean-field critical tem-
perature evaluated as Tc=15 K. At the same time a pure superconducting state
with zero resistance was not found and the authors attribute this fact to the
presence of strong fluctuations which alter severely the superconducting order
parameter both below and above Tc. In [120] ropes of SWNTs were studied and a
truly superconducting transition was discovered at Tc=0.55 K. The suppression
of Tc by a magnetic field applied along the tube was also measured.

Let us study the paraconductivity and corresponding magnetoconductivity
of a carbon nanotube above Tc. In spite of the nanoscale size of the system we
assume the validity of the GL formalism for the description of the fluctuation
superconductivity and in conclusion will check the limits of applicability of this
assumption evaluating the corresponding Gi number.

In order to describe the one-electron spectrum of carbon nanotubes one has
to take into consideration that the electron wavelength around the circumference
of a nanotube is quantized due to the periodic boundary conditions and only a
discrete number of wavelengths can fit around the tube. Along the tube, however,
electronic states are not confined and electrons can move ballistically. Because
of the circumferential-mode quantization, the electron states in the tube do not
form a single wide energy band but instead they split into a number of 1D
subbands with band onsets at different energies. Consequently, we assume the
electron spectrum in the form

ε(p) =
p2
||

2m||
+

n2

2m⊥R2
, (3.61)

where n = −N, ..., N , N = [pFR], pF is the Fermi momentum and R is the
nanotube radius. The number N is determined by the value of the chemical

25In this section we base on the results of [121].
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potential and the distance between the levels. It defines the number of electrons
filling the 2N+1 electron subbands of the nanotube electron spectrum. A typical
value for a realistic nanotube is N ∼ 5 [122].

The GL Hamiltonian for the nanotube geometry is convenient to write in the
cylindric frame, choosing the longitudinal coordinate z and the angular variable
ϕ as the natural coordinates for the problem under discussion:

Ĥ = αTc

[
ε− ξ2

�

∂2

∂z2
− ξ2⊥(

1
R

∂

∂ϕ
− 2ieA⊥)2

]
. (3.62)

Here A⊥ = 1
2HR = 1

2eR
Φ
Φ0

is the tangential component of the vector-potential,

ξ� = (4m�αTc)
−1/2 and ξ⊥ = (4m⊥αTc)

−1/2 are the longitudinal and the trans-
versal GL coherence lengths. The latter is supposed to be comparable to the
nanotube radius: ξ⊥ ∼ R.

The fluctuation order parameter Ψ can be presented as a Fourier series

Ψ (z, ϕ, t) =
∞∑

n=−∞

∫ π/a

−π/a

dq�

2π
ψn(q�, t) exp (−inϕ) exp (−iq�z) , (3.63)

and the appropriate linearized GL equation for the Fourier component ψn(t) can
be written as: [

ε+ ξ2
�
q2

�
+
ξ2⊥
R2

(
n− Φ

Φ0

)2
]
ψn(q�, t) = 0. (3.64)

When the temperature decreases and the magnetic flux Φ ∈ ]−Φ0/2 ,Φ0/2[ the
superconducting transition occurs at the ψ0 state.

Let us move to the study of the paraconductivity in a small superconducting
cylinder at temperatures above the critical one. We are interested here only in the
longitudinal diagonal component of (3.24). The appropriate matrix elements of
the velocity operator were already calculated above (see (3.25)). The summation
over subscript {i} is carried out over the levels of the angular quantization up to
the maximal number N and includes the integration over the z-axis momentum.
As a result the general formula (3.24) for the longitudinal paraconductivity of a
nanotube is given by

σ�(ε,H) =
παe2

2S
T

∫
dp�

2π

∫
dq�

2π

N∑
i,l=−N

v̂�

il,pqv̂
�

li,qp

εi (p�) εl (q�) [εi (p�) + εl (q�)]
=

=
πe2

16S
ξ�

N∑
n=−N

1[
ε+ ξ2

⊥
R2

(
n− Φ

Φ0

)2
]3/2

(3.65)

(here S = πR2 is the cross-section area of the nanotube). This formula can
be numerically evaluated to obtain the magnetoconductivity. Nevertheless, in
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order to get a qualitative understanding of the paraconductivity temperature
dependence in zero field and its behavior in the presence of a magnetic field at
fixed temperature, let us assume N � 1 and proceed analytically.

3.6.1 Paraconductivity in zero magnetic field
In the immediate vicinity of the critical temperature, where ξ⊥(ε) � R, only the
term with n = 0 in Eq. (3.65) contributes to the paraconductivity resulting in
the 1D behavior of paraconductivity (σ�(ε, 0) ∼ ε−3/2).

Relatively far from the superconducting transition, where ξ⊥(ε) = ξ⊥/
√
ε�

R (but still ε � 1), the term with n = 0 in Eq. (3.65) can be omitted. The
remaining sum in Eq. (3.65) can be replaced with an integral, what results in

σ�(ε, 0) =
πe2

8S
ξ�

(
R

ξ⊥

)3
⎧⎨
⎩

1√
1 + R2

ξ2
⊥(ε)

[
1 +
√

1 + R2

ξ2
⊥(ε)

]

− 1√
N2 + R2

ξ2
⊥(ε)

[
N +

√
N2 + R2

ξ2
⊥(ε)

]
⎫⎬
⎭ . (3.66)

Not too far from the transition point R/N � ξ⊥(ε) � R the first term in
parentheses in Eq. (3.66) dominates over all other contributions and Eq. (3.66)
reproduces the 2D result σ�(ε, 0) ∼ ε−1. Moving away from the critical region and
reaching the temperatures where ξ⊥(ε) � R/N , one can find the compensation
of the leading-order contributions of two terms in parentheses. The accounting
for next approximation in the root expansions gives the contribution of the same
singularity in as the first term of Eq. (3.66), but with the enhancement factor
2N+1. Therefore the system returns to 1D behavior upon moving away from the
transition point, but in contrast to the immediate vicinity of Tc, the transport
occurs within 2N + 1 channels.

All the asymptotics of σ�(ε, 0) can be presented in a compact form as:
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The physics of these crossovers is the following. The first one has a geometrical
nature: very near to Tc the fluctuation Cooper pairs are so large that they have
only one degree of freedom to slide along the tube axis. The first line of Eq.
(3.67) exactly reproduces the paraconductivity of a wire with cross-section S �
ξ2⊥. This crossover is analogous to the one occurring in thin films of layered
superconductors [44].

In the intermediate regime rotations over the tube surface become possible
and the paraconductivity temperature dependence transforms into the 2D one.


