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A bulk superconductor* = ?

%in equilibrium at given T
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e Zero DC resistance
e Meissner effect
e Flux quantization
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A bulk superconductor* = London equations
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A bulk superconductor* = London equations

%in equilibriam at given

... for a physicist: ... in equations:

e Zero DC resistance ) C he
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e Flux quantization TAL €

e Spectral gap

e Exponential dependence
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e Anderson theorem
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A bulk superconductor* = London equations

%in equilibriam at given

c hc
- A
J 4t \? (26v§0 )

applies to all bulk superconductors

Semiclassical (BCS) theory

applies only to moderately disordered
superconductors

M. Tinkham, Introduction to Superconductivity
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Semiclassical theory of superconductors*
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Semiclassical theory of superconductors*

*e-wave
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kpls 1

What happens to 4, at strong disorder?

Grows with disorder

>~ L/

A A
4773 Jd = iRD cothﬁ x 1+2exp{—f} (T < A)

777
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Films of amorphous Indium oxide (a:InO)

Thin metallic film

a:InO

Disorder: atomically homogeneous,
no grains!

[ oxygen vacanc:‘es‘)

Micrograph

D. Shahar and Z. Ovadyahu, PRB 1992; Z. Ovadyahu et al, J. Electrochem. Soc. 1983
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Sheet resistance of a:InO films

25
Colors:
various

disorders
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Sheet resistance (kQ)
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Temperature (K)

T. Charpentier. PhD thesis, Université Grenoble Alpes, 2023.
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Strong disorder:
Not a good metalat T > T,
Semiclassics not applicable

Weak disorder:
Metallicat T > TC
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Single-particle DoS for various T

B. Sacépé et al, Nat. Phys. 2011
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Single-particle DoS for various T

—
&2}

Hard gap
at and above TC

—i

Cooper pairs form above T,
Gap is not an order parameter
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Single-particle DoS for various T
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Single-particle DoS for various T
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o

Coherence peak height
Hard gap |~ appears only below T,

at and above T, ~Local order parameter
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Cooper pairs form above T,
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Statistics of spatially resolved DoS features
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Statistics of spatially resolved DoS features

STM tip
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Statistics of spatially resolved DoS features
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a:InO needs a different microscopic theory

e Zero DC resistance ] C he
e Meissner effect J :4 2 \ 9 Vo—A
e Flux quantization AT, €

The only reliable signature of superconductivity.

MNeed to measure that!
e Exponential depée

on temperature ~Semiclassical (BCS) theory

e Anderson theorem
o ..

T—
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T-dependence of /1,
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T. Charpentier et al, Nat. Phys. 2025; AVK et al, PRB 2024

Dashed lines: power law
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The effect is pronounced.:
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Pair breaking (BCS), collective modes,
surface contaminants, etc.
cannot explain this
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T-dependence of dissipation

Q o 1/o(T) grows with T

eXp |~ < A)

Pair breaking (BCS), collective modes,

surface contaminants, etc.
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Q: What physical
mechanism causes this?

A: inhomogeneity of the
superconducting state.
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Localized superconductors

25
Colors:
2o various
disorders
15 H
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Large disorder:
Anderson insulator with large ..
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Localized superconductors
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Large disorder:

Anderson insulator with large ..

and preformed Cooper pairs
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Localized superconductors
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Ejloc

1. Lattice
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28



Localized Cooper pairs

Ma and Lee, PRB 1985; M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018

No quasiparticles:

Z al_ais |state) = {0 or 2} |state)
o=T,1
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Localized Cooper pairs

H=— Z giaggaia

i,0=},1 \

Index of localized
single-particle state

Random energies,
DoS v(§), scale W

v(E)

Ma and Lee, PRB 1985; M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018

No quasiparticles:

Z al_a;, |state) = {0 or 2} |state)

o=T,{
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Hopping of localized Cooper pairs

- 3 e~ X (Dol + ie)

io={,1 iy

No quasiparticles:

Z a;rgaw |state) = {0 or 2} [state)
o=",{

M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018
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Hopping of localized Cooper pairs

- 3 gyt~ X (Dalabaras e

io=1,1 i#
No quasiparticles:
T
) a;, a;, |state) = {0 or 2} |state)
Structure of the matrix elements? U; .

M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018
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Hopping of localized Cooper pairs

H = — Z fiazaaw - Z (Dij a;ua

t,o0={,T 17

Energy dependence at

the scale of Wave function overlap

\ |
Di; ~ D(& - &;:0) / a2 ()2 (r)

Phonon -induced attraction

X —1 a vt fini
Tc < (VO&ZC) < wp (arge but finite

localization volume

M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018

2/4

ITajTaﬁ -+ h.c.)

No quasiparticles:

Z ajgaw |state) = {0 or 2} [state)

o=T,{
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Matrix elements in an Anhderson insulator

Dij ~ D(& — &3 0) / & P2 (r) 2 (r)

M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018; B.Sacépé et al, Nat. Phys. 2020
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Matrix elements in an Anhderson insulator

Dij ~ D(& — &3 0) / & P2 ()2 (r)

/ gloc

Lattice
constant

'w(x)

e Decay with distance |
e Fluctuate strongly

M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018; B.Sacépé et al, Nat. Phys. 2020
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Matrix elements in an Anhderson insulator

0.03 D.’ii 0.01
e 0N (/0.0 )
/;/ 1\\ 2 T3~ 14 /‘./5;\\\ 3 1,2 2
ot A2 SHAAHE - - - Dz‘jwp(fi—fﬁo)/dr¢i(r)¢j(r)

e Decay with distance (between i, j)
e Fluctuate strongly

Single-particle wave functions

M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018; B.Sacépé et al, Nat. Phys. 2020
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Matrix elements inside localization volume
with binary distribution

Dimensionless Cooper
coupling constant

D EF%, "strong",
ij =
0, weak"

iR VoV e Neighbors chosen randomly in the
1l ; localization volume
i| _ Localization e Constant number of neighbors K + 7

volume

Do not spoil the physics

M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018
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Matrix elements inside localization volume
with binary distribution

Dy

1,7 Do / )
e N . N

5 D Er —;% ,  "strong",
0, "weak"

SY

v/ notion of a graph embedded in real space
1 v locally tree-like structure of D,
.| Localization _ !

volume

M.V. Feigel'man et al, Annals of Phys. 2010; M.V. Feigel'man and L.B. loffe, PRL 2018
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Structure of the matrix elements

Localization
volume

*—

Centere of

g

2/4

cingle-particle ctatec
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Structure of the matrix elements

Centerc of
Real space: cingle-particle ctates

r=1

Topology: °

2/4
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Tree-like structure of the matrix elements

Real space: @

r=1 r=2

Topology: ®

M.V. Feigel'man et al, Ann. Phys. 2010; B. Sacépé et al, Nat. Phys. 2020
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Tree-like structure of the matrix elements

Real space:
_ This structure allows for
— =1 L re2 / powerful theoretical methods (e.g.,
o RN/ Belief Propagation)
Topology: . ° . o
. Vo= ... but this is only at small scales!

M.V. Feigel'man et al, Ann. Phys. 2010; B. Sacépé et al, Nat. Phys. 2020
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Locally tree-like structure of the matrix
elements

Sy
P Lo
Real space: / \\/)

r=1 r=2 r=3 r=4

Topology: °

2/4

Loops proliferate
only at large
scales
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Locally tree-like structure of the matrix
elements

Real space: . ‘ .
= r=3

~ Loops proliferate
. . e .~ onlyatlarge
@ [ . ° . ° AN\ A \ % ' % sc al es

............

Topology: R °

<—— Small scales —
<—— Large scales ——
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The problem of macroscopic response

Small scales:
Pseudospin
Hamiltonian

???

Large scales:

London
equations

2/4
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Network model at w = 0

=@

Phase

Length W

Total supercurrent Widthw |
2 =y
7 he? /2e wd 8
— )
4T \2 PV'w I
> o

Thickness d
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Network model at w = 0

> Tini =0
J
> =1

boundary

Length W
SY Total supercurrent Widthw |
n 2 =
© 7 he? /2e wd o
2 — @
e a2 W u
o o
>
\ Thl'céherg J
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Network model at w = 0

Length W
SN Total supercurrent Width w o
Il
ZI@'—)j:O @ 7 hic? /2e wdgp >
J e 47r)\% %4 I
> L=l
boundary Thickrese d
h
Ii_*j = _Rij % ((p] — sz) (inear recponce
/ Phases ¢, adjusted

Random, strongly disordered, for charge conserv.

determined from microscopics
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Network model at w = 0

> Iy =0
J
> Liy=1

boundary

h
Ii_*j = _Rij % (QOJ — 901) Linear recponse

Applies only at w = 0.
Derivation: NOT JJ model,
but microscopics (PRB 2024)

=@

Phase

Length W
Total supercurrent Width w |
2 =5
7 he? [2e wd 8
= @
471‘)\% 7% ? 1l
o

P
\ TA"céherg d
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The problem of macroscopic response

Microscopic theory Large scales:

London
equations
AL
A
Small scales: |
Pseudospin
Hamiltonian
Y Dicorder average? i
A; K Network model - ST '

semiclassics?

C2

ey 5P = /d3r' RYB (w;r,r')

A.A. Abrikosov , L.P. Gor'kov, |.E. Dzyaloshinskii, Quantum Field Theoretical Methods in Statistical Physics
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Mathematical equivalence:
network of conductances

Z Iz'_m' =0 Kirchoffe law

Gij
A
j T
- Charge GE
> liy=1 00 ﬁ Q
boundary l
h B O .

Lisj = —Rij o= (pj — i) Obmliaw
2e (linear response) .
G Cross section area
= o)

he? /2e wd EQ EQ
[ = /2 © Global Dhm'e law length

Ay W

Image adopted from: https://www.electronics-tutorials.ws/resistor/res_5.html
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Conductivity in thermodynamic limit

9ij

2/4
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Conductivity in thermodynamic limit

Njf aum

symmetric distrib. of In g;;

OEQ = €Xp {lngij} n2p (T — "“j)2

1 1
mp 1/gi;

OEQ —

A.M. Dykhne, JETP 1971

2/4

54



Conductivity in thermodynamic limit

9i; (0,07 gij
symmetric distrib. of In g;; Large coordination
number Z
OEQ = €Xp {lngij} TLQD(TZ' — ’I"j)2
o1 7 5
EQ - 1/g¢j OEQ = B Gij X n(r; — Tj)

A.M. Dykhne, JETP 1971; S. Kirkpatrick et al, Rev. Mod. Phys. 1973
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Nﬂf xm =

symmetric distrib. of In g;; Large coordination
number Z

Conductivity = graph structure + distribution!

2/4
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Network model

?
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Network model: Hard Problem

OEQ —

2/4

in semiclassics:

C2

ey 5P = /d?’r’ RYB (w;r,r')

ggTi x n(r; —r;)°  (weak disorder)

Hard problem! (strong disorder)

A.A. Abrikosov, L.P. Gor’kov, |.E. Dzyaloshinskii, Quantum Field
Theoretical Methods in Statistical Physics
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The problem of macroscopic response

Microscopic theory Large scales:

London
equations
AL
Small scales:
Pseudospin
Hamiltonian ) Numerical analysis
)\, K Network model

for A, Belief Propagation

[ ]
e Percolation mapping
[ ]
e Analytic theory (WIP)
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Results for strong disorder
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Results for strong disorder
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Results for strong disorder (T << A )

Dicorder-dependent
coefficient

Modified Bescel function
e 4+ o0 /

A2 (T ) Selects low-value tail
' )_1O<_T28_T/thT(h) /de()(m)/ A<T
b 0 2h )T

Order parameter distribution
(T-dependent)

AVK et al, PRB 2024
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Results for strong disorder (w/2, T << A,)

Dicorder-dependent

coefficient
n Modified Bescel fomction
A2 (T 0 / Selects low-value tail
L)\(2 -1 _TZa_T/thT(h) / e Kofe)—/ A<Torw/2
L
0 2h/T
w/2
1 W W 2h
tanh — dh Pr(h —
0. 1) x A anh o / 'r(h) arccos
0

/ w
Order parameter distribution
(T-dependent)

AVK et al, PRB 2024; AVK and M.V. Feigel'man, PRL 2026
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Q(T): temperature-dependent TLS
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Q(T): temperature-dependent TLS
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AVK and M.V. Feigel'man, PRL 2026
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TLS dipole,

d~2ex&

Cooper pair

Small A, &
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Strong frequency dependence of Q
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Probing the tails of A distribution
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Superconductor-insulator phase diagram
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Superconductor-insulator phase diagram
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First-order guantum breakdown of supercond.
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First order: supercond. to Cooper pair glass
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Unconventional shape of the transition line
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Unconventional shape of the transition line
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Unconventional shape of the transition line
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Unconventional shape of the transition line
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Re-entrant resistance curves
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Unconventional shape of the transition line
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A novel physical mechanism:
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Outlook

This talk: Low-energy theory of
strongly disordered superconductors
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