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Lorentz force
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In conventional particle accelerators, we need

1. Magnetic fields to bend the trajectory (magnets)

2. Electric fields to accelerate and decelerate the beam (cavities)



How to accelerate charged particle by DC
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1V
+e

Kinetic energy of a charge +e (ρȢφ ρπ C) accelerated by 1 V

Ὁ ρeV

Modern science ḻMeV (Neutrons>1GeV, hard X-rays>10GeV, Higgs boson>125+90 GeV)

Electronôs rest mass 

in the natural unit

άὧ υρρkeV



Example of DC accelerator: ALTO Tandem
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14.8 MV

ὢ ὢ

https://www.eag.com/app-
note/rutherford-backscattering-
spectrometry-rbs-tutorial/

https://alto.ijclab.in2p3.fr/en/facility/alto-heb-en/tandem-2/

Å Rubber belt transport charges Ą very high voltage

Å 1st accelerate negative ions Ą charge stripped Ą re-accelerate position ions

Å One can reach > 10 MV charged particles



ALTO Tandem: reality
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Schematic Old belt New belt

ALTO Tandem has been operated since 1973 for physics with 

heavy ions Ą excellent user facility at Orsay
(cf. A friend of mine in University of Tokyo wrote PhD thesis out of the nuclear 

physics result of the ALTO Tandem 12 years ago)



Limitation of DC accelerator
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Ion current

Corona 

Breakdown
ὠ

ὠ

Ὅ

Å HV is limited to O(10 MV) Ą break down even in insulating gas (SF6)

Å One cannot study GeV physics with a DC accelerator

Ą Breakthrough is necessary at this point



RF accelerator
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Courtesy: F. Bouly
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Boundary conditionMaxwell equation

Cascade of field Ą >> GeV in total



Example of RF accelerators: LHC at CERN
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Point 4

Å 8 superconducting RF cavities for each ring (in total16 cavities)

Å 2 MV per each Ą +16 MV per turn for protons

Å 11245 lap/s Ą 0.18 TeV/s Ą 7 TeV within 20 minutes

Å Center mass energy 14 TeV Ą accessible to TeV physics
Å ggHĄggat 125 GeV << 14 TeV due to parton distribution function
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Electromagnetic fields in an RF cavity
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E-field contour B-field contour

E-field vector

Ą For better understandings, a bit of mathematics is helpful J

TESLA-type cavity



Starting point: Maxwell equations

üThe boundary condition is necessary to solve these partial differential equations

Gauss Law

Ampere law

Faraday law

No monopole

Wave equation
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A solution in free space
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ĄWe need to confine fields for accelerator applications



A solution in free space
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Ą Recalculate Maxwell equations

metal

metal
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Ą disappear

Ą disappear

Ąmodified



Propagation mode in a waveguide
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Cut-off wave number

Difference from free space: propagation constant b

2 sets of modes

Å transverse magnetic (TM) modes

Å transverse electric (TE) modes
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Wave impedance ὤ

E-field of TE10 H-field of TE10

Relation in transverse fields



Analytical solutions of rectangular waveguides

ÅBoundaries conditions
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ÅCut-off wave number : 

ÅSolution of the form (e-i z̡ disregarded) 
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Visualized modes
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Field lines for some of the lower order modes of a rectangular waveguide (from D.M. Pozar)

Fundamental 

mode



Visualized modes
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Field lines for some of the lower order modes of a rectangular waveguide (from D.M. Pozar)

Fundamental 

mode

TE10

The most commonly used mode 

of a rectangular waveguide



From a waveguide to a resonant cavity
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metal
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However, TE10 in rectangular cavity cannot accelerate charged particles

Ą One need a strong electric field at the center of the resonator 

Confined RF fields

metalmetal

metal

metal
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A simplest resonant cavity for accelerators

Pill-box cavity TM010

The simplest cavity is cylindrical
geometrywith radiusRandlengthL

üThere is infinity of TM0XXsolutions (modes)
ü All modes are defined by frequency ‫ and the EM fields:

Ὄ ὶȟᾀ πȟὌȟ ὶȟᾀȟπ

Ὁ ὶȟᾀ Ὁȟ ὶȟᾀȟπȟὉȟ ὶȟᾀ

« Pill-box » cavity : TM 010 mode           Ez Hɗ

R

L

Transverse magnetic modes with longitudinal electric field 
are used for acceleration (TM0,n,p)

Boundaries conditions:

- On cavity wall => ὲȢὌ π

- Optionally at ᾀ πand ᾀ ὒ=> ὲȢὌ πand Ὄ π

!ǇǇƭȅƛƴƎ aŀȄǿŜƭƭΩǎ Ŝǉǳŀǘƛƻƴ ŀƴŘ ōƻǳƴŘŀǊƛŜǎ ŎƻƴŘƛǘƛƻƴǎ 
yield to Helmholtz equation:

​ ‭(‘‫ π
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Performance of cavities 1/2
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Good cavity: higher accelerating voltage ὠ with lower power loss ὖon the cavity wall

Ą Shunt impedance Ὑ to be maximized

Ὑ ḳ
ὠ

ὖ

The field level is related to stored energy of the useful mode (TM010) inside the cavity
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The loss is given by surface integral of RF magnetic field on the cavity wall with surface 

resistance Ὑ
ὖ

Ὑ

ς
ὌὨὛ

Ą Unloaded quality factor is defined 

ὗ ḳ
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ὖ

ρ

Ὑ
‘‫
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Ὄ᷿ὨὛ
ḳὋ(geometrical factor)

‖(geometrical factor)



Performance of cavities 2/2
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The shunt impedance can be written 

Ὑ ḳ
ὠ

ὖ

Ὗ

‖ὖ

ὗ

‖‫

ρ

‫

Ὃ

‖

ρ

Ὑ Ą Surface resistance 

given by material
Ą

geometry

The cavities can be optimized by better geometry and material (normal conducting vs 

superconducting)

Other figures of merit (geometrical): 

Ὁ

Ὁ
: peak electric field is on the cavity wall NOT the accelerating field Ą breakdown

ὄ

Ὁ
: peak magnetic field is also crucial in superconducting cavities Ą quench

( ϳὙ ὗis also geometrical)



Optimization of the cavity shape: different philosophy
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D. Proch, http://accelconf.web.cern.ch/accelconf/SRF93/papers/srf93g01.pdf 

Maximize ϳὙ ὗ So so ϳὙ ὗbut reduce ϳὄ Ὁ

Å Depending on the project demand, frequency, priority, etc, the best structure is different

Å A lot of phenomena (ultimate performance, risk of discharge, quench etc) Ą compromise

Å Lessons learned: over-optimization in one figure of merit may overlook a showstopper!



Equivalent circuit approach

A resonating cavity can be modeled by a lumped
capacitanceC,resistanceRandinductanceL

CǊƻƳ ǘƘŜ ƪƴƻǿƭŜŘƎŜ ƻŦ ǘƘŜ ˖0, Q and R/Q of the RF structure, one get the equivalent resonant circuit 
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The input impedance is:
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C
L

Remark 1: Ὑ Ὑ

Remark 2: Ὑ conventionally used in general  

circuit theory differs by factor 2



Benefit of equivalent circuit mode Ą coupler analysis

Resonantcavity is fed by couplingport in order to provideEM wave.
Asintrinsicquality factor,onecandefinethe externalquality factor:
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ρ
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From RLC equivalent circuit, the external coupling yields at
additionallossesto anexternalloadRL in parallel

Rsh L CRL

ὗ
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Ὑ Ὑ
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Then, external coupling is:ὗ
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ρ

ὗ

ρ

ὗ

ρ

ὗ

Generalization of this concept leads at:  ρ

ὗ

ρ

ὗ

ρ

ὗ
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port



Coupling factor and pulse response

Without beam, the intrinsicquality factor is

ὗ ὗ ρ ‍ ‍ with ‍ and ‍

When the RF generator is turned off, the EM field is solution of 
the equation:

Ὁὸ †Ȣ Ȣ πwith†
Ў
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Under 

coupling

critical 

coupling

over 

coupling

R L C
RL

ὖ ὖ

ὖ

cavity

RL

ὖ



Resonance behavior from circuit model

maximum of ὤ‫
‫ ḳρ

ὒὅ

Sharpnessof resonance
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A lonely empty cavity is useless
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We need RF inside

ÅA low-power RF circuit locks frequency, phase, and amplitude of the superconducting cavity

ÅAn RF amplifier generates useful power level

ÅA power coupler feeds RF to the cavity

ÅTuner controls resonant frequency of the cavity

Example in analog circuit



LLRF: digital system and control algorithm
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Courtesy of Daniel Valuch

External perturbation

M. Elias master thesis

Å Design analog and digital circuit to cope with various 

phenomena to keep cavity field stable

Å Control theory and implementation in FPGA

Å Directly handled power: 1 mWĄ needs amplifier

FB to keep cavity field constant



RF power amplifiers
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Par Julien Hillairet ð Travail personnel, CC BY-SA 3.0, 

https://commons.wikimedia.org/w/index.php?curid=3165202

Vacuum tubes / klystrons

Amplification via the RF 

& DC beam interaction

Transistor-based solid-state amplifiers

Courtesy: Eric Montesinos

Amplification via 

the tunneling effect

Shockley Bardeen Brattain



RF power coupler to feed RF 
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ρ
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ρ

ὗ

ρ
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port

Power flow (Poynting vector) through the port gives coupler Q

Total Q of the cavity is thus shifted from unloaded Q0

ESS 

coupler



Cavity tuner

37

V
a
c
u
u

m

Motor

Ball screw (p = 2 mm)

Rods

Flange 

frame

Cavity 

flange

Lever arm

(D/d = 10)

Bellow

LHe bath

Cavity vacuum

Insulation

vacuum

D
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Example in ESS spoke cavities

Piezo

Courtesy: N. Gandolfo
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Electrodynamics is not simply cause and effect
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Trajectory of charged particles Ą Induce RF fields 

Å Influence to accelerating mode (beam loading)

Ą Compensation with amplifier

Å Influence to other modes

Ą kick following bunches

Ą Needs to be damped (Higher Order Mode damper)



Beam loading
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▄

Cavity voltage ╥╬

amplifier 

voltage ╥╪

Beam 

voltage ╥╫
All at RF frequency ‫

Cavity resonant 

frequency ‫

Accelerating 

phase ὠ

╥╬

No beam

╥╪
╥ ╥

ὠ
╥╬

with beam

╥╪

╥╫
╥ ╥ ╥

Modified amplitude and 

phase of amplifier to 

compensate ὠ

‰

ὖᶿ╥╪
ὠ ὠ ςὠὠÃÏÓ‰

Å One needs power higher than without beam to compensate the beam effect

Å Further optimization: cavity detuning to save power (beyond the level of this lecture)



Higher Order Modes (HOM) waked by beam

41

TM010

TM011 TM020 TM012

Ą Beam charge and current generate additional RF

Ą Some modes disturb beam Ą Beam instability

Accelerating mode in another 

phase Ą beam loading

TM010 p TM011
TM020

TM012

ὤ᷆ȟ ‫
ρ
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Eliminate HOMs: HOM coupler and absorbers
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https://indico.fnal.gov/event/10102/contributions/813/

attachments/436/508/Solyak_HOM_Absorber.pdf

HOM couplers HOM absorbers

Extract HOMs outside the cavities Absorbs HOMs in the beam pipe

Key technology in high-current accelerators
(LHC, FCC, SuperKEKB, PERLE, EIC, etc)
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Various shapes for acceleration
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Why different shapes? Example in cavities
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TEM modes in 

a spoke cavity

TEM00 modes in a 

quarter-wave or half-

wave cavity

TM010 modes in an 

elliptical cavity

beam axis

beam axis

Åp+ upstream (<1GeV)

ÅHeavy ion

Åp+ downstream 

(>1GeV)

Åe-, e+ (>0.5MeV)
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Ὁ᷿ ÚÃÏÓ
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Åp+ (<1GeV)



Drift tube in a space

Wideroestructure:

ὠὸ ὠÓÉÎ‫ὸ

For non-relativistic particles =>ὑ ὲήὠÓÉÎ•
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1928: wideroe 1MHz, 25kV => K @ 50 keV

1931: Lawrence 7MHz => Hg @ 1.26 MeV

Not efficient (̄  mode)
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Drift tube inside a cavity

Alvarez structure:

Workingon 2  ̄mode, ‍ πȢρ πȢσυȟὪ ρππυππὓὌᾀ

Fermilab DTL, 425 MHz

Surface current allows removing 

cavity wall
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RFQ

Efficientfor very low betaparticlesandlight ionsacceleration.

Best for ‍ πȢππυπȢπσȟÆ ρπͯτππ ὓὌᾀ

Spiral2 RFQ section, 88 MHz, 240kW

20 kev/u => 0.75 MeV/u, 5 mA

2 types: 4-rod (low f), 4-vane (high f)
High acceptance, low operational cost  

48



Quarter-wave resonators (LW/[ŀōΩǎ speciality)

QWR structures:

Lowfrequency,largeacceleratinggaps,suitablefor heavyionsv <0.15c

Why not high beta QWR?
üPhysically large
üStrong magnetic steering on beam axis 

E field H field
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Half-wave resonators

Lowfrequency,largeacceleratinggaps,suitablefor heavy
ionsv<0.5c

E field H field

50



Spoke cavities (LW/[ŀōΩǎ speciality)

Suitableof proton with 0.15c < v < 0.7c

ESS 2-spoke cavity, ɓ=0.5, f=352 MHzRIA 3-spoke cavity, ɓ=0.63, f=340 MHz
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Elliptical cavities

Forrelativisticparticles(f>1GHzfor electrons,f 700MHzfor proton).

XFEL 9-cell cavity, f=1.3 GHz
CEBAF 5-cell cavity, f=1.5 GHz

ILC Ichiro shape 9-cell cavity, f=1.3 GHz ESS 5-cell cavity, ɓ=0.86, f=704 MHz
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Deflecting cavities: eg) HL-LHC crab cavity
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Phys. Rev. Accel. Beams 24, 062001 2021 For better luminosity
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Conclusion: Radiofrequency Technologies for Particle Accelerators

üDC accelerator is excellent for low energy heavy ions but with limited energy level
üRF is a way to go beyond GeV

üRF is in short just a solution of Maxwell equations but contains rich physics and 
technical challenges behind it
üFree space Ą waveguide Ą resonant cavities
üPill box cavity, optimized cavities, figures of merits
üequivalent circuit, quality factor

üRF cavities are operated with ancillaries
ücontrol system, amplifier, coupler, tuner

üRF cavities suffer from back-action of beam: wakefield
üBeam loading, higher order modes, handed by HOM couplers & absorbers

üVarious RF cavity shape for different purpose
üTEM type: QWR, HWR, spoke for slow particles
üTM type: elliptical cavities for fast particles (electrons, protons in down stream)
üDeflecting cavities: crab cavity for crabbing

üExcellent interplay of physics and engineering to enable particle acceleration!
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Cooling down to reduce electric loss
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https://www.copper.org/resources/properties/cryogenic/
https://nvlpubs.nist.gov/nistpubs/Leg

acy/TN/nbstechnicalnote365.pdf

Niobium CopperSuperconducting (Hg)



Cost of ideal cryogenics
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‍
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Carnotôs 

theorem

Required power

ὖ
ὖ

‍
(be careful about logical jump)

Cooling power 1 W depends on temperature

ÅWe may need >150 W to evacuate 1 W from 2 K

ÅCryogenics is an option if the resistance is improved better than this factor

ÅOr some applications (eg superconductors) are not feasible at warm


