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1. How to accelerate a
charged particle ?
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1.1. Mass of a particle at rest

-  Restmass => Ey =myc? (1905)

@ avec m, : particle mass (kQg)

c = 2.998 x108 m/s : speed light

Proton

ex: electrons : E, = 511 keV

protons : E, = 938.3 MeV

heavy ions : E; = A x uma

(1 uma = 931.5 MeV, A : nb nuclei)

- 1 eV (électron-volt) = energy gained by a particle with elementary charge
e=1.602 x101° C (ex: electron, proton) seeing a 1 Volt voltage

1leV & 1.602 x1019J
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1.4. Lorentz force

-  Effect of the Lorentz force on the energy of a charged particle

—».@_1_dp2 _ 1 dEtot2 _ Eiot dEiot B dE
Prat T 92 T2 =YMo
d 2 dt 2¢° dt 2  dt dt
= ym0\7 g (E + \7 AN é): ’quo\_f . E Voltage map
dEtot ZQV-E
dt

- In order to accelerate / gain some energy:

- Only the electric field is useful

- If E LV ,NO acceleration

- If E//\?,optimum acceleration

=> Energy gain AE,; in a static electric field ;

AE, =qE [vdt =qE Ax =@AV
(MeV) Nb elementary charges

AV applied voltage
(MV)
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1.6. Early electrostatic experiments: vacuum tubes

1875: W. Crookes experiment

Study of the influence of air density on the voltage
to be applied between two electrodes to create an

electric discharge

1897 : J.J. Thomson experiment

Perforated anode,
phosporescent screen,
& magnetic coils,

300 V voltage

=> Discovery of the electron !

Crookes tube used by Thomson

Cathode (-) Anode (+)

F—b-

Pompe a vide

|

Générateur

@ B. Mazovyer

Anode

Anode en forme d'anneau faisceau d'e”

Cathode (-) Circuit

Q.e' ol

|
Pompe a vide

Mazoyer

©B.

Générateur
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1.7. Example of electrostatic accelerators (1)

Cockcroft & Walton accelerators

protons on 5’ Li -> ,4 He)

‘.'
|

.‘v

|

\

u )

- LY
"-
;rL %
4 1
Ly LN

B/,
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1.7. Example of electrostatic accelerators (2)

Van de Graaf accelerators & Tandems

PULSATION FAISCEAU

SOURCE |
D'IONS
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1.8. From electrostatic to RF acceleration

Limitation of electrostatic acceleration:

The beam energy gain is directly proportional to the voltage being applied between the 2
electrodes of the system. This concept is limited by electrostatic breakdown... that means
up to a few MV in the best case...

1924: G. Ising paper

1st step towards RF acceleration: given the
electrostatic limitations, Ising proposes to give
the energy to the particle using several modest
accelerations instead of one single large one.
The concept of RF acceleration is born.

This concept is presently used in (EWC'TT“ d
all modern large accelerators % T o |
06/06/2024 ED PHENIICS 2024 12



1.9. Widerée experiment

1928: R. Widerbe experiment

First experimental proof of RF acceleration: an alternating AC voltage of 25kV is applied to a drift tube
located between 2 grounded tubes

=> He suceeded in accelerating ions up to...

...2*25 =50 keV'!

BY 4

1-2kV =
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Content

2. RF accelerating cavity basics
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2.1. RF waves

- Aradio-frequency (RF) wave is an electromagnetic wave
whose frequency (f) is, by convention, between 9 kHz and 3000 GHz,
that corresponds to wavelengths (A) between 33 km and 0,1 mm.

Rayon y Rayon X uv Visible

400 nm

10 nm
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2.2. Maxwell equations

-  Electromagnetic wave = coupled oscillation of electric and magnetic fields,
traveling in vacuum with the speed of light

MNO—>m|

___£+____ fj ]; g 1 :;I'_ \[ ll/ | _j__ il k > B

- The evolution of electric & magnetic fields are linked by Maxwell

equations (1873)
§

V-E= Si Gauss law (links electric charge & electric field)

V-B= 00 (no “magnetic charge”, no single magnetic pole)
<§ AB = J + &g s ] Ampere law (links electric current & magnetic field)
i AE = —— Faraday law (interaction between electric & magnetic field)

where p : charge density (C/m3) & j : current density (A/m?)

06/06/2024 ED PHENIICS 2024 16



2.3. Resonant RF cavities

Resonant cavity = volume of dielectric material (usually = vacuum)
surrounded by conductive walls, in which the electromagnetic waves are being
reflected, creating an array of electromagnetic fields, oscillating at several
frequencies with various spatial configurations

=> possibility to create stationnary waves -> Standing-Wave SW cavities

(but note that progressive EM waves can also be used, especially for electrons
-> Travelling-Wave TW cavities)

Ex: “pillbox” cavity of length L et radius R

=> RF frequency of the “accelerating mode” (E on beam axis)

2.405c¢c
frmoto = >R

Ex : =700 MHz — R = 16.4 cm *mmmmmoeooo- >

LOW frequency = BIG cavity ! « Pill-box » cavity : TM 010 mode

06/06/2024
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Rectangular waveguide modes

D e
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2.4. Principle of an accelerating RF cavity (1)

(1) Creation of a radio-frequency (RF) electric field on beam axis, that can be
used to accelerate charged particles

= Electric field E, created on beam axis I PRF

aYa'atald

This electric field is time-varying, with RF period T
If f = cavity resonance frequency, the RF periodis T=1/f

Ex:f=700MHz > T = 1,43 ns Example of an elliptical cavity: accelerating mode « TM 010 -7 »

06/06/2024
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2.4. Principle of an accelerating RF cavity (2)

(2) A charged particle is arriving : for an efficient acceleration, electromagnetic
fields need to be correctly synchronised with the particle we want to accelerate

- -
The force leading to acceleration F = q . E needs to be correctly oriented

Proton case
q>0,v

q. . F

—( S A — 4

T E Fa r ) —_— 1
Synchronization condition :

LCE 1
The charged particle needs to travel from one cell o another cell in Tp/2 < T”=2_f

vV cC A

The cell length has therefore to verify: Lcell=f=g—f or LceII=B7

« The lower the particle speed, the lower L ., and/or f »
Ex: f=700MHz & p=1 = L,=21,4cm (half for 5=0,5)
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2.4. Principle of an accelerating RF cavity (3)

Example of an elliptical cavity: accelerating mode « TM 010 -7 »

Proton case
q>0,v

acc ceII cell

T‘—\ f\}\/\ﬁ”

Energy given to the particle :

SOI’tIe

AW = g x I Evdt or [AW=qxE,.xL_ xcos(¢)

tentrée

E...: accelerating field seen by the particle (for a particle with speed v)
L. accelerating length of the cavity
@, : synchronous phase particle / RF wave
Ex: f=700MHz ; 5-cell cavity p=0.65; E,..= IOMV/m ; ¢, = -30°
= Energy gained : AW = 1eV x10MV/m x0,7 m x0.87 = 6 MeV

06/06/2024
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2.4. Principle of an accelerating RF cavity (4)

(3) Beam acceleration : particles need to be grouped in bunches, correctly
synchronized with the RF frequency

W|L
“ﬂ AN /\ N\ F”’

The time left between 2 bunches has to fit with the RF period (or with a multiple of it)
Tbeam n TRF (n=1,2,3...)

« The RF frequency of a resonant cavity needs to be an integer multiple of the
repetition frequency of the beam it has to accelerate »
Ex: if fopqn=350 MHz (Tp,.n=2.86ns), thus the cavity needs to resonate with:

f = 350 MHz (Tor=2,86ns), or f = 700 MHz (Twe=1,43ns), or f = 1050 MHz (Tx=0,95ns), etc.
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2.5. Power balance in an accelerating cavity

Rshunt = (r/Q) * Qo
Qo : « quality factor »

RF power

RF power dissipated
given to the beam

on the cavity walls

I:)cavity = (Eaccl'acc)2 / Rshunt
Pcavi'ry
Pbeam

I:)beam = AW x Ibeam

Total RF
power to give
to the cavity

PRF = Pbeam
+P

cavity

Orders of magnitude (cavity 700 MHz - 5 = 0.65 - 5 cells - 10MV/m - ¢ = -30° - proton beam 10 mA)

SC cold cavity (Qg ~ 1019): P, = 6 MeV x 10 mA = 60 kW
Pwvier ~ 16 W to be evacuated at 4K (equiv. 4kW) or 2K (equiv. 10kW)

Room-temp. cavity (Qp ~ 3.10%): P, = 60 kW also

=> Need to limit the field or/and the RF duty cycle in room-temperature cavities

06/06/2024 ED PHENIICS 2024

23



2.6. The first RF accelerating cavity

1946 : 15t proton linac by L.W. Alvarez

Alvarez DTL = long « pill-box » cavity where are inserted drift-tubes to hide the wrong polarity electric field
from the beam,; it operates on the TMy,o.,, Mode

Possible thanks to new RF power sources developped during WW?2 for military applications at f > 10MHz

lon > - - - - - -
Source
Electric Fields in Cavity
Drift tube

Accelerating gap

06/06/2024 ED PHENIICS 2024 24



2.7. RF structures Vs particle speed

Example :

Let’s consider an electron (-1 eV)
& a proton (+1 eV) at rest, and let’s give them
a net accelerating voltage of 10 MV

- Energy gain => ?????
- Proton ?

- Electron ?

06/06/2024 ED PHENIICS 2024
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2.7. RF structures Vs particle speed

Example :

Let’s consider an electron (-1 eV)
& a proton (+1 eV) at rest, and let’s give them
a net accelerating voltage of 10 MV

- Energy gain => 10 MeV in each case

06/06/2024 ED PHENIICS 2024

26



2.7. RF structures Vs particle speed

Example :

Let’s consider an electron (-1 eV)
& a proton (+1 eV) at rest, and let’s give them
a net accelerating voltage of 10 MV

- Energy gain => 10 MeV in each case

- Speed gain
— Ecin _ 10 -
electron Ye =1 ol =1+ 557 2206
Be = /1—i2 ~0.9988
Y
proton vo=1+—2_~101 B, ~0.145
P 938.3 P

The accelerator structures have to be designed
to match the beta-profile of the particle we want
to accelerate !!!

Beta

Gamma

0.5

-10
-10

3
10

100

0.1

F
| ]

electrons *

protons

/—/l/_ifl/é

0 5 {10\ 15 20
E_kinctic (MeV)
] | |
,f/

o

PW

100

E_kinetic (MeV)

1

10

3

06/06/2024 ED PHENIICS 2024
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2.8. Electron Vs Proton linear accelerators

BC2 BC3
RF-GUN ACC1 ACC2 ACC3 ACC4 ACCS ACC6H
Yt = S S S X S S

All RF cavities are practically similar:
1.3GHz B=1 elliptical cavities

402.5 MHz 805 MHz
HEBT
- _ To
T DTL : T SRF, p=0.61 'T|_SRF. p=0.81 IT""Ring
Injector  2.5MeV  86.8 MeV 186 MaV 387 MeV 1000 MeV
1 RFQ 11 Medium-B Cryomodules - 3 Nb cavities each
6 DTL Tanks 12 High-p Cryomodules - 4 Nb cavities each
4 CCL Modules
A lot of different RF structures...!!
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2.9. Examples of RF accelerating cavities (1)
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2.9. Examples of RF accelerating cavities (2)

INPUT QUTRUT
LOURLER S

MATCHING RIS APERTURE

oy e——

""" It'l".‘.‘.‘t_

TS

LTI
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2.9. Examples of RF accelerating cavities (3)

352 MHz
LEP

1300 MHz
TESLA

a-:/ .u‘ﬂ.h.n.m. h...g

3000 MHz
S-DALINAC

.,.; 'mﬂw'w‘tﬁﬂ wl‘ oew &
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2.10. Energy gain model

The energy gained by a particle in a cavity is: &L_Ed
AW = I qEz(s)-cos(¢(s))-ds e

¢ d
¢(s) is the RF phase when particle is at s: ¢(s)= @+ -t =g, +%Iﬁ—(ss)

S

We define =_HEz(s]-ds The cavity maximum voltage
1 j#(s) it ti
T :_J‘Ez(s).ej .dsl—— 5 The transit time factor
Vo (= Ez field ratio seen by the particle)

J'Ez(s)-sin(¢(s))-ds 5 The synchronous phase

j' Ez(s)-cos(¢4(s))- ds (= particle average phase with
respect to RF)

@, = arctan

—— V,T(B) is what is often

ey s s W o3 TP cong] S

06/06/2024 ED PHENIICS 2024 32



2.11. Ex: Transit time factor in a multi-cell cavity

Electric Field

Energy gain

Hommaliced feld

0.5

-0.5

Hommaliced energy gam

aibetag *hambda/)

2hetaz larbdaid)

Let’s suppose the synchronous phase is chosen

for maximum acceleration, i.e. ¢,=0.
Thus AW = |q| Vo - T (8)

!

Cavity Oscillating field

== Field seen by a “synchronous” particle

Field seen by a non synchronous (too fast!)
particle

Hypothetical max energy gain qV,

Energy gained by the “synchronous”
particle : the transit time factoris T ~ 0.8

Energy gained by a non synchronous
particle : the transit time factor is reduced
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2.11. Ex: Transit time factor in a multi-cell cavity

Electric Field

Energy gain

Normalised field

Nommalised energy gain

Let’s

suppose the synchronous phase is chosen
for maximum acceleration, i.e. ¢,=0.
Thus AW = |q| Vo - T (8)

!

Cavity Oscillating field

== Field seen by a “synchronous” particle

Field seen by a non synchronous (too fast!)
particle

Hypothetical max energy gain qV,

Energy gained by the “synchronous”
particle : the transit time factoris T ~ 0.8

Energy gained by a non synchronous
particle : the transit time factor is reduced
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Acceleration — Deceleration process

e Ex:5-cell elliptical cavity (B.,.. = 0.5) accelerating a proton beam

« W, =120 MeV

opt

Qrr = —120°

20

Field on axis 5
—&— Bunch position

1071

Ez (MVim)
|

20 I I I | | I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Z position (m)

125

124 -

1231

W (MeV)
8

| | -5 I I I I I
121 200 150 100 -50 0 50

120® RF phase (o)

119 1 1 1 L 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Z position (m)

30/05/2024 Mini-Wshop on energy recuperation ,IJCLAB, Orsay - F. Bouly, A. Miyazaki

100

150

200
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Acceleration — Deceleration process

e Ex:5-cell elliptical cavity (B.,.. = 0.5) accelerating a proton beam

« W, =120 MeV

opt

PRrrF — 41.3°

20

Field on axis 5 T T
—®— Bunch position

L = i 4 4
= 10 \‘.. / \ / \ 4+ Y
E “. I."I "\ I,-" \.\
= | ‘.\ I". / N 3 -
= 09— \ ‘J \ i —_—
11} \ / \.\ / 2k
10 \=/ &
~ 1
®
'20 Il 1 1 1 Il 1 1 1 E
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 =0r
Z position (m) %

1+
121 T T T T T g \

119
2 e |
= 118
; -5 I I 1 I L L L
147 7 -200 -150 -100 -50 0 50 100 150
116 RF phase (°)
115

Il 1 1 1 Il 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Z position (m)

30/05/2024 Mini-Wshop on energy recuperation ,IJCLAB, Orsay - F. Bouly, A. Miyazaki

200
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3. Synchronism & stability
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3.2. Examples of cyclotrons (1)

1930: 18t cyclotron by E.O. Lawrence
11 cm diameter, 80 keV
1931: 28 cm, 1 MeV
1932: 69 cm, 4.8 MeV
1939: 1.5 m, 19 MeV

Figure 4
Schéma du premier cyclotron
Le diametre du dee est de 5 pouces
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3.2. Examples of cyclotrons (2)

View of the most powerful cyclotron
worlwide at PSI (H+, 590MeV,
1.3MW), f=50MHz, 1T (1974)

CENTRE.POST RF DEFLECTOR RF BOOSTER
S & INFLECTOR

SCRAPER FOILS LEVELLING ARM TANK LID

Inside view of the biggest
cyclotron worldwide at
TRIUMF (H-,520MeV)
nnr =23 MHz, 0.6T (1974)

DEE GAP VACUUM SEAL RESONATORS CRYO PANEL

40
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3.3. Synchronism in synchrotrons

Synchrotron concept

extracted

. . particles
-> Acceleration at constant curvature radius p
accelerating
cavity
— =l
deflecting Req ﬁcualed
magnet tube
-> B must be increased
during acceleration C: circumference
R.,. mean radius
. . injected
Condition for synchronism particles

v Bc

-> foe must be increased during acceleration

C 2R _ . -
h - Trr = — = R’ B @ = - h «— h: harmonic number

2T R,

f.e, revolution frequency

-> but when the particle is ultra-relativistic =1, fx¢ is kept practically constant

06/06/2024 ED PHENIICS 2024
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3.7. Particularity of circular machines

The criteria for stability is changed for synchroton machines because a
particle with higher energy will not always arrive earlier

-> higher energy = higher speed B, so it travels faster (ok...!")

-> BUT higher energy = higher momentum p, so its trajectory is longer

To know if a particle with higher
energy will arrive earlier or later, we
look at the sign of parameter n
1
— —
2
/‘}/

77:

Where a is the momentum compaction

dC/C' dRey/Reg
o= ———— —
dp/p dp/p

B,{):E

q
ideal closed orbit (p = pg)

‘/ closed orbit for p > po

N =0 when V= —= ="
Vo

% = transition energy of the synchrotron
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3.4. Examples of synchrotrons

mwhurr INg (
_, /1 71”',,.1). \

',_—I,W' VHzZ

m

"/ ) 8 RF cavities
/7 e jfg (SC-type)

/ [_Eﬂ‘ﬁ e e oL 5§ Cleaning
Sl i

4 RF cavities

= (ferrite-type, easily

o

%L
Wy

‘ K\gabm in freq? %%/

o

—

SNS RCS ferrite cavities
1.058 MHz (h=1), 25kV/m
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3.5. Synchronism in linear accelerators (linacs)

Linac concept

-> Alinac is a set of accelerating cells or of independent cavities along a linear path

Condition for synchronism

(RFQ, DTL, multi-cell cavities...)
—> distances are adjusted for synchronism in the cavity design.

L, : distance between cell i & i+1

. .C A i

@ — & - LZ- — 51 — BZ—RF v;: particle speed between cell i & i+1
k U; kfRF k k: defines the RF mode (mode 2pi/k)

(between DTL tanks, SC cavities linac...)
—> Cavities are phased for synchronism according to the distance between cavities
Cavity #1 Cavity #2 Cavity #3 Cavity #4

WAV AV

\OL)

N A s

s=s,; s=s, s=s; s=s,
t=t, t=t, t=t, t=t,

06/06/2024 ED PHENIICS 2024
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4. Introduction to longitudinal
dynamics
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4.1. Longitudinal coordinates (¢, W)

Particles 6D vector coordinates

/ \ Transverse coordinates

- (X, y) are the particle transverse coordinates y
x d
- (x’, y) are the particle transverse slopes 1’ = — Yy’ Y

ds

Longitudinal coordinates

/ - ¢ is the phase at which the particle reaches position s (¢ =2 z.fzext)

- W is the patrticle kinetic energy at position s

QWfRF phase relative to
Particle phase varies like: dy (s) = ﬁ(—) - ds / the RF phase in
S)C cavities

Particle energy varies like: dW (s) = qF, (s) - coS (¢(s) — prr) - ds
SYAL
Longitudinal electric field in cavities
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4.2. Reference to synchronous particle

The synchronous particle is a perfect virtual particle that travels on the
reference trajectory and is always in perfect synchronism with cavities’ RF fields

- The phase & energy of the synchronous particle are set by design: o.(s), W(S)

- Beam particles are therefore referred to this synchronous particle

P(s) = p(s) = ws(s)
w(s) = W(s) — Ws(s)

Examples of trajectories in the longitudinal phase space
| In adrift space |

Higher energy particules Late particules
gain more

take the lead (negative ¢)
energy
> ;—o—i >
Early particules [ é

¢ |
gain less
energy

Lower energy ones
run late (positive ¢)

50
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Example of longitudinal beam dynamics

o s=[0]

OOOOOO

Pz (rad)
=]

DR S8 & ISR S SR S S B e S W 8 8 - e P

EGYH
Q_
(=]
L=
L BUNCHER
S0L2
Q_
~ 2
M
- 3
=
[=]
F-
(=]
=
=
w
[=]
=
]
[=a}
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Bonus (if time lef) : energy recuperation

i ]

e-field (t=0..end(0.02)) [pb] ]

. o = 30 mm >» 3 mm for demonstration —g
Maximum on Plane (Sample) 0V/m

pasnanGangel O —> Frequency of (2rtc /o) 1.6 GHz covers most of ll

the interesting trapped modes

Beam goes through at exactly the center along the cavity beam axis
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Bonus (if time lef) : energy recuperation

Z (filter roll-off 0.5} f Chm

Wake impedance [WakeSpectrum] Z [Magnitude]

1e+06 -
1e+05 -
10000 1

1000 -

100

____________________________________________________

_________________________________________________________________________________________
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""

_______________________________________________________________________________________

________________________________________________________________________________________

_________________________________________________________________________________________

___________________________________________________

_________________________________________________________________________________________

_________________________________________________________________________________________

______________________________________________________________________________________
______________________________________________________________________________________

_____________________________________________________________________________________________________________________________________________________

""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""

L] G (0.8014619, 164940.9 )
10 foomiinin] @ (1.396414, 9078.54 )
oo Q (1.418943, 34907.61 )
S 6, (1.462293, 45661.21 )
g (1.667778, 746.7241)
¢ (2.261706, 14070.02 )
0.1 ':::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::':::::::::::::::::::::::::::::::::'::::::::::::::::::::::::::::::::f::::::::::::::::::::::::
0.01 i
0 0.5 1 1.5 2 2.4

Frequency / GHz
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Bonus (if time lef) : energy recuperation

Time domain e TMO010

nnnnn

TMO11 TM020 TMO012

??? Only with volume integral

—_ . ol 2
E(t, 1) = E c,8,el@nttdn) 5 J « |E| = E c2 .
( ) 4 ntn | | ~ n (_Z(g;kn.é’n)el(wnt+¢n—wm—¢m) = Opm
n
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Energy recovery linacs

PERLE@Orsay

P2 Injection @ 7 MeV

i ;
500 MeV

336 MeV

|P1 171 MeV

06/06/2024 ED PHENIICS 2024
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L. Perrot, ED PHENIICS

Thank you for listening
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4.3. Synchrotron equations

Considering a continuous accelerating channel, the evolution of the variables

¢ and w can be derived:/n 1,
_ it
d _ _2m-nJrr
| ds Bs3ysmoc?
dw . .
—— = qET - (sing, - (cos¢ — 1) + cosip; - sing)
_ ds
These equations can be rewritten as: P@ _ _8_H
ds ow
dw _ OH
_ds  0¢

Where H is the longitudinal Hamiltonian of the movement, which is an invariant

H (p,w) = ; 3’777” gj;-wz—quT-(singos - (¢ — sing) — cospg - (1 — cosp))
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4.4. Trajectories in the longitudinal phase space (2)

Trajectories for a 30° synchronous phase (sinus « ring-convention ») and n>0

(-60° in cosinus « linac-convention »)

dE (u.a)

Separatrix

-180 -150 -120 -90- -60° -30 0 30 60 9 120 150 180

L. Perrot, ED PHENIICS 59



4.4. Trajectories in the longitudinal phase space (1)

Trajectories for a 0° synchronous phase (sinus « ring-convention ») and n>0

(-90° in cosinus « linac-convention »)

Bucket
o
(stable area, R i ST
inside separatrix) N o] \~\/,/ Separatrix
-7 I .
¢" /
08 ) . // \\\
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4.4. Trajectories in the longitudinal phase space (3)

Trajectories for a 60° synchronous phase (sinus « ring-convention ») and n>0

(-30° in cosinus « linac-convention »)
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4.4. Trajectories in the longitudinal phase space (3)

Trajectories for a 60° synchronous phase (sinus « ring-convention ») and n>0

(-30° in cosinus « linac-convention »)
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4.5. Treatment at small amplitudes

For small amplitudes (i.e. ¢ <<1: in the center of the bucket), the synchroton
equations can be linearized:
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-> Particles oscillate around the synchronous particle with angular frequency:
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-> Curves for which H = Cst become ellipses in the longitudinal phase space (¢,w)
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4.6. Synchroton oscillations (at constant By)
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We assume here E,= Cst, ¢, =-30° and S, = Cst
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4.7. Synchroton oscillations (w/ increasing energy)
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4.8. Filamentation in longitudinal phase space

All the beam particles are thus traveling on the H = Cst curves in the (¢,w) space

= trajectories at frequency Kk, if the forces are linear (inner bucket)

= trajectories at lower frequency when the forces become non-linear (outer bucket)
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