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In the same way any theory has to be resistant to quantum fluctuations 
regardless of the formalism we use to navigate it.
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In this talk

1. Introducing the question: anomalies and on-shell methods
2. Gravity as a probe for anomalies
3. Collinear factorization and unitarity
4. Gauge anomalies on shell
5. Outlook

Why??? • Gauge anomalies must cancel when gaugeing flavour symmetries

• On-shell understanding of the Green-Schwarz mechanism in 
anomalous-𝑈 1 flavour models

[Fermion masses and mixing angles from gauge symmetries, Ibanez, Ross]
[Yukawa matrices from a spontaneously broken abelian symmetry, Dudas, 
Pokorski, Savoy]
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Anomaly: breaking of a symmetry 
upon computing loop correlators.
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Lagrangians for spin-1 and -2 particles have gauge symmetry. 
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3 = 0𝜕𝜇 ≠0

Unphysical: gauge dependence cancel in observables
Necessary: prevents the existence of negative norm states

At one-loop, gauge symmetry (as Ward identities) is lost unless gauge anomaly 
cancellation conditions are satisfied

Physical constraints on the 
spectrum of the theory

1. Introducing the question: quantum fields
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< 𝑓 𝑇 𝑖 > = 2𝜋 4𝛿 4 ∑𝑝𝑓 − ∑𝑝𝑖 𝑀(𝑖 → 𝑓)

Poincaré invariance: 𝑀 depends only on 𝑠𝑖𝑗  (and eventual polarizations)

Locality: 𝑀(𝑠𝑖𝑗) is analitytic in 𝑠𝑖𝑗  except from branch cuts and simple poles 

Crossing symmetry: relates

Little group symmetry: can we exploit it manifestly?

[Mizera]
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Scattering amplitudes are naturally expressed in terms of these variables.

𝑝𝜇𝜎𝜇 =
𝑝0 − 𝑝3 𝑝1 − 𝑖𝑝2

𝑝1 + 𝑖𝑝2 𝑝0 + 𝑝3
det 𝑝𝜇𝜎𝜇 = 𝑝2 = 0

𝑝𝜇𝜎𝛼 ሶ𝛼
𝜇

= |𝑝 >𝛼 [𝑝| ሶ𝛼 with [𝑝| ሶ𝛼= (|𝑝 >𝛼)∗,
𝛼 = 1,2

Make little group 

covariance 

manifest, aka 

packages spin 

well

𝑀 1ℎ12ℎ23ℎ3 = ൝
𝑔ℎ < 12 >ℎ3−ℎ1−ℎ2< 23 >ℎ1−ℎ2−ℎ3< 13 >ℎ2−ℎ1−ℎ3 , ℎ1 + ℎ2 + ℎ3 < 0

𝑔𝑎[12]ℎ1+ℎ2−ℎ3[23]ℎ2+ℎ3−ℎ1[13]ℎ1+ℎ3−ℎ2 , ℎ1 + ℎ2 + ℎ3 ≥ 0

|𝑝 >→ 𝑧|𝑝 >
[𝑝| → 𝑧−1[𝑝|
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• finding bases of higher dimensional operators
• deriving higher point tree amplitudes from factorization and recursion
• simplifying loop matching and operator mixing via unitarity
• making chirality and helicity selection rules manifest
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n legs

We can reconstruct loop amplitudes just by recycling tree-level informations

𝐴𝑛
1−𝑙𝑜𝑜𝑝

=

𝐷𝑖𝑠𝑐𝑠𝑖𝑗
[𝐴𝑛

1−𝑙𝑜𝑜𝑝
] =

This is computed in terms of 

the tree-level amplitudes on 

the left and the right of the cut

Unitarity cut: replace two propagators with delta functions putting them on-shell

Each cut gives you some coefficients
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We can construct our theory using as building blocks not quantum fields, but three-point 
amplitudes.

Higher-point and loop-amplitudes can be constructed from a set of three-point 
ones by unitarity

Gauge invariance is bypassed from the get-go
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unitarity and locality

In standard formulation of QFT gauge 
invariance gives constraints on the 
charges of the spectrum

Where are such constraints from in the on-shell formulation?

Answer: anomalies lead to a breakdown of collinear factorization
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[Q. Bonnefoy, S. De Angelis, 
E. Gendy, C. Grojean, J. 
Roosmale Nepveu]
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thanks to gravity. These are computable on-shell, up 
to rational terms.

∼ ෍

𝑛

𝑄𝑛
3

1𝛾
−

2𝛾
−

3𝛾
+

4ℎ
+

2. Gravity as a probe for anomalies

1𝛾
−

2𝛾
−

3𝛾
+

∼ ෍

𝑛

𝑄𝑛
3
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Our statement is that anomalies manifest on-shell as the breakdown of collinear 
factorization, formulated as

(1)

3. Collinear factorization

[Bern, Chalmers, Dixon, Kosower, 
Perelstein, Rowowsky]

𝑎

𝑏

𝑠𝑎𝑏 → 0

n legs

+

𝑎

𝑏

𝑎

𝑏

Universal & depends 
on collinear 

kinematics only

Universal & depends 
on collinear 

kinematics only

Zero in gravity

෍

𝑥

𝑥 𝑥 𝑥 𝑥

n-1 legs n-1 legs
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Crucially, this factorization holds for 𝑛 ≥ 5
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Perelstein, Rowowsky]

𝑎

𝑏

𝑠𝑎𝑏 → 0
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+

𝑎

𝑏

𝑎

𝑏
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3. Collinear factorization

∼
1

𝑠𝑎𝑏
 

∼ 𝑠𝑎𝑏
0

for x 
photon

for x 
graviton

Our statement is that anomalies manifest on-shell as the breakdown of collinear 
factorization, formulated as

Crucially, this factorization holds for 𝑛 ≥ 5

Any deviation from this pattern leads to an inconsistency.

[Bern, Chalmers, Dixon, Kosower, 
Perelstein, Rowowsky]

𝑎

𝑏

𝑠𝑎𝑏 → 0

n legs

+

𝑎

𝑏

𝑎

𝑏

Universal & depends 
on collinear 

kinematics only

Universal & depends 
on collinear 

kinematics only

Zero in gravity

෍

𝑥

𝑥 𝑥 𝑥 𝑥

n-1 legs n-1 legs
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We constructed the following algorithm to detect anomalous theories fully on-shell

no

No anomaly 

detected
yes

Compute 

𝑀𝑛
(1)

using 

unitarity

Does it 

respect 

(1)?

No anomaly 

detected

Fix R

Does it 

respect 

(1)?

yes

no

Anomalous

Choose a 

collinear 

limit

3. Collinear factorization
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We constructed the following algorithm to detect anomalous theories fully on-shell

no

No anomaly 

detected
yes

Compute 

𝑀𝑛
(1)

using 

unitarity

Does it 

respect 

(1)?

No anomaly 

detected

Fix R

Does it 

respect 

(1)?

yes

no

Anomalous

Choose a 

collinear 

limit

Pick suspicious 𝑀𝑛
(1): the ones 

proportional to cancellation 
conditions (e.g. ∑𝑛 𝑄𝑛

3 )

3. Collinear factorization
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• On shell methods → gauge symmetry is dropped
• Gauge anomaly cancellation conditions → hidden somewhere
• Collinear factorization → broken in some channels
• Restore it with a rational term → breaks it in other channels

3. Attention span saving break
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4. Gauge anomalies on-shell: U(1)3

𝑠
4

5
→

0

1𝛾
−

2𝛾
−

3𝛾
+

4𝜓
−

5𝜓
+

5𝜓
+

4𝜓
−

3𝛾
+

2𝛾
−

1𝛾
−

(−𝑥)ℎ
+ 𝑥ℎ

−

Start from a five point amplitude and 

take a collinear limit to expose the 

structure of interest.

∼ ෍

𝑛

𝑄𝑛
3
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𝑠12 → 0

𝑠
4

5
→

0

1𝛾
−

2𝛾
−

3𝛾
+

4𝜓
−

5𝜓
+

𝐴 𝑆𝑄𝐸𝐷
∑𝑛 𝑄𝑛

3

𝑠12𝑠13
+ 𝑂 𝑠12

0, 𝑠45
1 +R

∼
1

𝑠12

Take a second collinear limit to test the pole structure. Does 

it scale as 
1

𝑠12
or 𝑠12

0 ?

If yes, can we interpret this as a collinear factorization of 

the 5-point amplitude?

4. Gauge anomalies on-shell: U(1)3

5𝜓
+

4𝜓
−

3𝛾
+

2𝛾
−

1𝛾
−

(−𝑥)ℎ
+ 𝑥ℎ

−

∼ ෍

𝑛

𝑄𝑛
3
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𝑠12𝑠45
∼ 𝑠12 + 𝑂(𝑠12)

𝐴 =
− 2𝑒3

16𝜋2𝑀𝑃𝑙
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𝑠12 → 0

𝑠
4

5
→

0

𝑠12 → 0

1𝛾
−

2𝛾
−

3𝛾
+

4𝜓
−

5𝜓
+

+

5𝜓
+

4𝜓
−

3𝛾
+2𝛾

−

1𝛾
−

(−𝑥)𝛾
± 𝑥𝛾

∓

5𝜓
+

4𝜓
−

3𝛾
+2𝛾

−

1𝛾
−

(−𝑥)𝛾
± 𝑥𝛾

∓

𝐴 𝑆𝑄𝐸𝐷
∑𝑛 𝑄𝑛

3

𝑠12𝑠13
+ 𝑂 𝑠12

0, 𝑠45
1 +R

∼
1

𝑠12

The collinear interpretation 

fails: it leads to non universal 

splitting functions. 

We can still save the 

amplitude by adjusting R.

4. Gauge anomalies on-shell: U(1)3
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4. Gauge anomalies on-shell: U(1)3

∼ 𝑂( 𝑠12)

R cancels the 𝑠12 singularity

𝑅 = 𝐴 ෍

𝑛

𝑄𝑛
3 𝑆𝑄𝐸𝐷

1

𝑠12𝑠13
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+

4𝜓
−

3𝛾
+
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−

1𝛾
−

(−𝑥)ℎ
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𝑠
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0

1𝛾
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2𝛾
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3

𝑠12𝑠13
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𝑛

𝑄𝑛
3 𝑆𝑄𝐸𝐷

1

𝑠12𝑠13
∼

1

𝑠13

R cancels the 𝑠12 singularity, but it introduces another 

one in 𝑠13.

This one cannot be interpreted as a collinear factorization, 

and there is no other way to cancel it.

4. Gauge anomalies on-shell: U(1)3
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𝑠
4

5
→

0

1𝛾
−

2𝛾
−

3𝛾
+

4𝜓
−

5𝜓
+ R cancels the 𝑠12 singularity, but it introduces another 

one in 𝑠13.

This one cannot be interpreted as a collinear factorization, 

and there is no other way to cancel it.

4. Gauge anomalies on-shell: U(1)3

The amplitude is inconsistent, unless this piece is 

identically zero. This means imposing

෍

𝑛

𝑄𝑛
3 = 0

Anomaly cancellation conditions follow from restoring 

collinear factorization

5𝜓
+

4𝜓
−

3𝛾
+

2𝛾
−

1𝛾
−

(−𝑥)ℎ
+ 𝑥ℎ

−

∼ ෍

𝑛

𝑄𝑛
3

Edoardo Alviani 



1𝛾
−

2𝛾
−

3𝛾
+

4𝜓
−

5𝜓
+

4. Gauge anomalies on-shell: general

1𝛾
−

2ℎ
−

3ℎ
+

4𝜓
−

5𝜓
+

1𝑎
−

2𝑏
−

3𝑐
+

4𝜓
−

5𝜓
+

෍

𝑛

𝑄𝑛
3 = 0 ෍

𝑛

𝑄𝑛 = 0

𝑑𝑎𝑏𝑐 = 0

1𝛾
−

2𝛾
−

3ℎ
+

4𝜓
−

5𝜓
+

෍

𝑛

𝑄𝑛
2 ≠ 0

U(1)3

SU(3)3

U(1)-gravitational
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5. Outlook

In this work we showed how:
• Gauge anomalies appear on shell as breakdown of collinear factorization
• Restoring the factorization yields gauge anomaly cancellation conditions

For the future:
• Include Green-Schwarz formalism: how new DOF restore factorization
• Study global anomalies via a gravity probe
• Possible on-shell proof of the Adler-Bardeen theorem
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5. Outlook

In this work we showed how:
• Gauge anomalies appear on shell as breakdown of collinear factorization
• Restoring the factorization yields gauge anomaly cancellation conditions

For the future:
• Include Green-Schwarz formalism: how new DOF restore factorization
• Study global anomalies via a gravity probe
• Possible on-shell proof of the Adler-Bardeen theorem

And I thank you!

Edoardo Alviani 
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