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Motivation 

Calculation or expansion of Feynman Integrals 

Question 

Can we identify the threshold structure of Feynman 
integrals in parameter space? 

Goals 

1. Recast physical Feynman integrals as non-negative 
``Euclidean-like’’ integrals 

2. Find all singular surfaces, generalising the parametric 
approach to the Method of Regions
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Outline

Oppenheimer (Kyoto University, Japan), 1960



3

Introduction
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Figure 2: The geometry of the one-loop triangle graph G3. The black (red) dots indicate
that the vertices correspond to a term with an overall factor of �0 (�1). In figures 2a and
2b, the blue face is defined by the exponents of the U polynomial and the green face is
defined by the exponents of the F polynomial. Figures 2b and 2c show how the Cayley
trick can be used to obtain the UF polytope by slicing the U + F polytope. In figure 2d
we display the facets of the UF polytope corresponding to the different regions, as we will
argue later, the blue facet corresponds to a hard region H, the red facet corresponds to a
soft region S, and the green and yellow facets correspond to collinear regions C1 and C2,
respectively.

Before concluding, let us emphasise once more that the geometric approach we just
described is not guaranteed in general to identify all regions. The regions it identifies are
only those corresponding to facets, i.e. those associated with a scaling vector, x ! �uRx,
such that for � ! 0 the singularity occur at the boundary of the domain of integration.

– 13 –



4

Feynman Integrals in Parameter Space

I(s) ∼ ∫ ddk1…ddkl
1

∏N
i=1 (q2

i − m2
i + iδ)vi

↔ ∫ℝN
>0

[dx] [𝒰(x)]N−(L+1)D/2

[ℱ(x; s) − iδ]N−LD/2
δ(1 − α(x))

 polynomials in Feynman parameters 

  

𝒰, ℱ
x = (x1, x2, …, xN)Propagator momentum (depend on  )k1, …, kl

Loop momenta
[dx] = ∏

e∈G

dxe

xe
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Feynman Integrals

𝒰(x) = ∑
T1

∏
e∉T1

xe,

ℱ0(x; s) = ∑
T2

(−s
T2) ∏

e∉T2

xe, ℱ(x; s) = ℱ0(x; s) + 𝒰(x)∑
e

m2
e xe,

Linear in xe

Linear in xe

The signs of the monomials of  depend on kinematic invariants and massesℱ

Quadratic in xe
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Landau Equations

 ℱ(x; s) = 0

xj
∂ℱ(x; s)

∂xj
= 0 ∀j

Third representation of Analytic S-Matrix
Eden, Landshoff, Olive, Polkinghorne 66

1 

2 

  or  xj = 0
∂ℱ(x; s)

∂xj

Homogeneity / Euler’s Theorem

ℱ(x; s) ∝ ∑
i

xi
∂ℱ(x; s)

∂xj

For fixed  each equation (variety of  or ) defines a codim-1 hypersurfaces = (s1, …, sM, m2
1 , …, m2

N) ℱ ∂ℱ/∂xj

Landau singularities dictate the singularity structure of the integral and properties of asymptotic expansions
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Singularities

  

Singularities 
1. UV/IR singularities when some  (or ) simultaneously 

2. Thresholds when  vanishes inside integration region, taking  gives causal Feynman prescription

I(s) ∼ ∫ℝN
≥0

[dx] [𝒰(x)]N−(L+1)D/2

[ℱ(x; s) − iδ]N−LD/2
δ(1 − α(x))

x → 0 x → ∞
ℱ lim

δ→0+

# Propagators # Loops

Dimensional regulator D = 4 − 2ϵ

Hyperplane bounding integral 
for at least one xi ≥ 0
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Dealing with Singularities

I(s) = ∫ℝN
≥0

[dx] (
N

∏
i

xpi
i )

M

∏
j

fj(x; s)tj fj(x) =
m

∑
i

cji(s) xvji

Assume:  ``Euclidean region’’cji(s) ∈ ℝ≥0

vji ∈ ℤN

Let us first consider singularities on the boundary (i.e. for  or )xj → 0 xj → ∞

Change variables to zi = log(xi)

tj ∈ ℂ

I(s) = ∫ℝN

dz e⟨p,z⟩
M

∏
j

fj(z; s)tj fj(z) =
m

∑
i

cji(s) e⟨vji,z⟩

Singularities encoded by Newton Polytope 
𝒩( f ) = conv(vj1, …, vjm)

~ tropicalisation
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Dealing with Singularities

Calculation of Multi-Loop Integrals with SecDec-3.0 Johannes Schlenk

is performed in sector j. The vectors ei denote the orthonormal basis of RN−1, the set Sj contains
the facets incident to the vertex j. In cases where the set Sj contains more than N− 1 elements,
an additional triangulation of the sector is needed. In SECDEC the triangulation algorithm imple-
mented in NORMALIZ is used for this purpose.

Compared to the other strategies implemented in SECDEC, strategy G2 is the fastest method
and it usually produces the smallest number of sectors.

As an example we decompose the two-loop vacuum integral with one massive and two mass-
less propagators using strategy G2. After employing the Cheng-Wu theorem to integrate out the
massive Feynman parameter x3, the Feynman integral becomes

I =

m

=−Γ(−1+2ε)
(

m2
)1−2ε

∫ ∞

0

dx1dx2
(

x11x
0
2+ x11x12+ x01x12

)2−ε . (3.4)

The exponent vectors

v1 =

(

1
0

)

,v2 =

(

1
1

)

,v3 =

(

0
1

)

(3.5)

can be read off from the polynomial in the denominator of Eq. (3.4) and the associated Newton
polytope Δ is shown in Fig. 1.

1

2

1

0
1
v1

v2v3

n3
n1

n2

Figure 1: Newton polytope Δ associated to the two loop vacuum integral of Eq. (3.4)

The facet normal vectors

n1 =

(

−1
0

)

n2 =

(

0
−1

)

n3 =

(

1
1

)

a1 = 1 a2 = 1 a3 = −1
(3.6)

together with Eq. (3.2) specify the facet representation of the polytope Δ. The sets Sj associated to
the three extremal vertices v1 to v3 are S1 = {3,1}, S2 = {1,2} and S3 = {2,3}. In this case no
additional triangulation is necessary since the size of the sets already equals N−1. The change of
variables defined in Eq. (3.3) can then be written as

x1 = y−11 y3,
x2 = y−12 y3

(3.7)

4

𝒰(x) = x1
1x0

2 +x1
1x1

2 +x0
1 x1

2

x1

x2

1

1

N(𝒰)

Used  to 
integrate out 

δ(1 − x3)
x3
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Dealing with Singularities

Hepp 66; Roth, Denner 96; Binoth, Heinrich 00; Heinrich 08; Kaneko, Ueda 10; Schlenk 16

Sector decomposition 
Facets define a local change of coordinates for each singularity that factorises it (blow-up)
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4

𝒰(x) = x1
1x0

2 +x1
1x1

2 +x0
1 x1

2

x1

x2

1

1
x1 = y−1

1 y3 x2 = y3

n1

n2

n3

𝒰1(x) = y3y−1
1 (1 + y1 + y3)

x1 = y−1
1 x2 = y−1

2 𝒰2(x) = y−1
1 y−1

2 (1 + y1 + y2)

x1 = y3 x2 = y−1
2 y3 𝒰3(x) = y3y−1

2 (1 + y2 + y3)

Used  to 
integrate out 

δ(1 − x3)
x3

N(𝒰)
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Thresholds

s

m

m

(a)

s

m1

m2

(b)

s

m

m

m

(c)

s m
m
m

m

(d)

Figure 5: The L-loop banana integrals resolved in this section (L 2 {1, 2, 3}): the equal
mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)

Ibub(s; �) =

Z

R2
�0

dx1dx2
U(x)�2+2✏

(F(x; s) � i�)✏
� (1 � ↵(x)) . (4.72)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.73)
F(x; s) = �sx1x2 + m2 (x1 + x2)

2 . (4.74)

Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; �) =

Z 1

0
dx1

1

(�sx1 (1 � x1) + m2 � i�)✏
. (4.75)

– 23 –
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Singularities II

  

Singularities 
1. UV/IR singularities when some  (or ) simultaneously 

2. Thresholds when  vanishes inside integration region, taking  gives causal Feynman prescription

I(s) ∼ ∫ℝN
≥0

[dx] [𝒰(x)]N−(L+1)D/2

[ℱ(x; s) − iδ]N−LD/2
δ(1 − α(x))

x → 0 x → ∞
ℱ lim

δ→0+

Solve Landau 
Equations on 
the Boundary

ℱ(x; s) = 0

xj
∂ℱ(x; s)

∂xj
= 0 ∀j

ℱ(x; s) = 0
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Beyond Euclidean Region

What happens to the polytope picture if we relax the assumption   to  ?cij(s) ∈ ℝN
>0 cij(s) ∈ ℝN

fj(x) =
m

∑
i

cji(s) xvji

Solutions of  or  not all fully characterised by some  

Example:  
   vanishes for , but also 

ℱ(x; s) = 0 xj
∂ℱ(x; s)

∂xj
= 0 xj → 0

x1 − x2 x1 → 0, x2 → 0 x1 = x2

ℱ(x; s) = 01 

Start by considering solutions of just the 1st Landau Equation

Allows ``Minkowski region’’
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Thresholds
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ℱ(z1; s, m)ϵ
= ∫

1

0
dx |Jz |

𝒰(z1(x))−2+2ϵ

ℱ(z1(x); s, m)ϵs

m

m

(a)
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(c)

s m
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Figure 5: The L-loop banana integrals resolved in this section (L 2 {1, 2, 3}): the equal
mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).
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– 23 –

Re(z1)

Im(z1)

0 1

Fix  and  m2 = 1 s = 0

δ(1 − x1 − x2)

x1

x2
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Re(z1)

Im(z1)

0 1

Fix  and  m2 = 1 s ≳ 4

x1

x2

ℱ(x; s) = 0 Pinch

Threshold

δ(1 − x1 − x2)

ℱ(x; s) = −sx1x2 + (m2x1+m2x2) (x1 + x2)

= ∫
∞

0
dx1 dx2

𝒰(x)−2+2ϵ

(ℱ(x; s) − iδ)ϵ
δ(1 − x1 − x2) → ∫ dz1

𝒰(z1)−2+2ϵ

ℱ(z1; s, m)ϵ
= ∫

1

0
dx |Jz |

𝒰(z1(x))−2+2ϵ

ℱ(z1(x); s, m)ϵ

Thresholds
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mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)

Ibub(s; �) =

Z

R2
�0

dx1dx2
U(x)�2+2✏

(F(x; s) � i�)✏
� (1 � ↵(x)) . (4.72)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.73)
F(x; s) = �sx1x2 + m2 (x1 + x2)

2 . (4.74)

Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; �) =

Z 1

0
dx1

1

(�sx1 (1 � x1) + m2 � i�)✏
. (4.75)

– 23 –

Re(z1)

Im(z1)

0 1

Fix  and  m2 = 1 s ≫ 4

x1

x2

ℱ(x; s) = 0

Above threshold

δ(1 − x1 − x2)

Causal Feynman Prescription

ℱ(x; s) = −sx1x2 + (m2x1+m2x2) (x1 + x2)

= ∫
∞

0
dx1 dx2

𝒰(x)−2+2ϵ

(ℱ(x; s) − iδ)ϵ
δ(1 − x1 − x2) → ∫ dz1

𝒰(z1)−2+2ϵ

ℱ(z1; s, m)ϵ
= ∫

1

0
dx |Jz |

𝒰(z1(x))−2+2ϵ

ℱ(z1(x); s, m)ϵ

Thresholds
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mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)
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� (1 � ↵(x)) . (4.72)
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U(x) = x1 + x2, (4.73)
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Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,
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0
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𝒰(x)−2+2ϵ

(ℱ(x; s) − iδ)ϵ
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Thresholds

:    z = x − iτ ℱ(z; s) = ℱ(x; s) − i∑
j

τj
∂ℱ(x; s)

∂xj
+ 𝒪(τ2)

 with small τj = λj xj(1 − xj)
∂ℱ(x; s)

∂xj
λj > 0

Soper 99; Binoth, Guillet, Heinrich, Pilon, Schubert 05; Nagy, Soper 06; Anastasiou, Beerli, Daleo 07, 08; 
Beerli 08; Borowka, Carter, Heinrich 12; Borowka 14; Borinsky, Munch, Tellander 23; …

−i∑
j ( ∂ℱ

∂xj )
2

correct deformation sign

Realise this integration contour via change of variables

Jacobian determinant
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Thresholds and Discontinuities

Instead, why not remap the  hypersurface to a boundary of integration?ℱ(x; s) = 0

Corresponds to considering discontinuities of the integral, allows to define ``Euclidean’’ like integrals even above physical thresholds

SPJ, Olsson, Stone 25

I(s) =
N+

∑
n+=1

I+,n+(s) + lim
δ→0+

(−1 − iδ)−(N − LD/2)
N−

∑
n−=1

I−,n−(s)

Manifestly non-negative integrands

x1

x2

ℱ(x; s) = 0

δ(1 − x1 − x2)
I+,2

I+,1

I−,1

Generates imaginary part of integral

Britto 23; Britto, Hannesdottir 25
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Bubble Example SPJ, Olsson, Stone 25

ℱ̃(x1, x2; β) = x2
1 + x2

2 − 2
1+β2

1−β2
x1x2 β2 =

x−(m1 + m2)2

x−(m1 − m2)2 ∈ (0,1), γ± =
1
γ∓

=
1±β
1∓β

I : x2 → y2 = x2+γ+x1, ℱ̃+,1 = x2(x2 +
4β

1−β2
x1),

II : x1 → y1 = x1+γ+x2, ℱ̃+,2 = x1(x1 +
4β

1−β2
x2),

III :
x2 → y2 = x2+γ−x1,
x1 → y1 = x1+γ−x2,

ℱ̃−,1 = −
16β2

(1−β)(1+β)3
x1x2,

I(β) = I+,1(β) + I+,2(β) + (−1 − iδ)−ϵ I−,1(β)
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Figure 5: The L-loop banana integrals resolved in this section (L 2 {1, 2, 3}): the equal
mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)

Ibub(s; �) =

Z

R2
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dx1dx2
U(x)�2+2✏

(F(x; s) � i�)✏
� (1 � ↵(x)) . (4.72)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.73)
F(x; s) = �sx1x2 + m2 (x1 + x2)

2 . (4.74)

Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; �) =

Z 1

0
dx1

1

(�sx1 (1 � x1) + m2 � i�)✏
. (4.75)
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x1

x2

I+,2

I+,1

I−,1

x2 = γ+x1

x1 = γ+x2
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Avoiding* Contour Deformation

There have been various other efforts to avoid/mitigate contour deformation in numerical contexts 

Threshold subtraction (used in context of Loop-Tree Duality) 

Numerical integration of the double- and triple-box integrals using threshold subtraction Matilde Vicini

but they yield different algebraic representations (of the same expression). Their derivation exploits

that each (quadratic) propagator denominator

!! = "2
! − #2

! + i$ = ("0
! − %!) ("

0
! + %!) (7)

has two poles at positive and negative on-shell energies "0
! = ±%! . After the integration over the

energy component of the loop momenta, the integrand is given by

∫ "#
$

"∏
#=1

d&0
#

(2')
&'
(
G(") ({&!}) = (−i)" I(")

(
{"&!}

)
, (8)

where G(") denotes the integrand of ( (") . I(") is a rational function of the on-shell energies,

whose integral over the spatial loop momentum space we denote as ) (") . The remaining poles are

precisely the threshold singularities that are addressed in the next section.

We will implement our expressions as in ref. [2]. Since CFF, unlike LTD, has no spurious

singularities, it is more numerically stable and it is therefore our preferred representation for

numerical evaluation. On the other hand, the LTD representation is more compact and we use it for

the residues needed for the threshold counterterms presented below in eq. (17). We generate these

expressions using Form [29–32] and Python, as described in [2].

2.2 Subtraction of threshold singularities

For our scalar integrals, we find the threshold singularities listed as Cutkosky cuts [33] in

figs. 1 and 2. Alternatively, they can be determined from the denominator structure in the CFF or

LTD expression. The threshold singularities illustrated in fig. 1 are

*1 = %2 + %1 − +0
2 − +0

1 , *2 = %6 + %5 − +0
2 − +0

1 , (9)

*3 = %2 + %4 + %5 − +0
2 − +0

1 , *4 = %6 + %4 + %1 − +0
2 − +0

1 , (10)

*5 = %2 + %3 − +0
1 , *6 = %6 + %4 + %3 − +0

1 , (11)

*7 = %3 + %1 − +0
2 , *8 = %4 + %3 + %5 − +0

2 , (12)

*9 = %7 + %5 − "0
1 , *10 = %7 + %4 + %1 − "0

1 , (13)

*11 = %6 + %7 + "0
1 − +0

2 − +0
1 , *12 = %2 + %7 + %4 + "0

1 − +0
2 − +0

1 , (14)

+1 "2

+2 "1

&1 − +1 &2 − "1

&1 − +1 − +2

&1 &2

&2 − +1 − +2

&1 − &2

Figure 1: Cutkosky cuts of the double-box diagram with massive external legs.

3

Locate thresholds of integral/amplitude 

Subtract using local counterterms 

Dispersive/absorptive parts can be computed separately

Kermanschah 21; Kermanschah, Vicini 24, 25, 26, 26;  
Locally finite amplitudes: Anastasiou, Haindl, Sterman, Yang, Zeng 20; Anastasiou, Sterman 22; Anastasiou, Karlen, Sterman, Venkata 24; 

GLoop:  Pittau, Webber 22; Pittau 24, 26;

J = lim
δ→0 ∫

1

−1
dx

F(x)
x + iδ

→
−iπ
gδ ∫

1−δ/π

δ/π
dα (1 + i

x(α; δ)
δ ) F(x(α; δ)),

GLoop*

x =
δ

tan [π(1 − α)]

Finite  but flatten behaviour of integral near  with variable changesδ ≠ 0 δ → 0
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Finding the Hypersurfaces

22/31

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

2-Loop Box with 2 Massive Propagators

J(s) = �e
2✏�E �(3+2✏)

Z

R7
�0

7Y

i=1
dxi

U(x)1+3✏

(F(x; s)�i�+)3+2✏ �( 1�↵(x) )

k1

k2 p2

p1

m

m

m

m

Consider the kinematic limit s⇤ : s = 4, t = �1, u = �1 (with m = 1) (see Melih’s talk)

U(x) = x1x3 + x2x3 + x1x4 + x2x4 + x1x5 + x2x5 + x3x5 + x4x5 +

x1x6 + x2x6 + x5x6 + x3x7 + x4x7 + x5x7 + x6x7

F(x; s) = � 4x1x4x5 + 2
⇥
x1x3x6 + x2x3x6 + x2x5x6 + x3x5x6 +

x2x3x7 + x2x4x7 + x2x5x7 + x3x5x7 + x2x6x7 + x3x6x7 + x5x6x7
⇤
+

(x1 + x2 + x5 + x7) x
2
6 + (x3 + x4 + x5 + x6) x

2
7

GCAD ! N+ = 3 positive cells, N� = 1 negative cell

! focus on negative contribution

Advances in Avoiding Contour Deformation for Feynman Integrals Thomas Stone
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Decomposition w/ Bennett, Chargeishvili, Magerya, Olsson, Stone
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Figure 5: The L-loop banana integrals resolved in this section (L 2 {1, 2, 3}): the equal
mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)

Ibub(s; �) =

Z

R2
�0

dx1dx2
U(x)�2+2✏

(F(x; s) � i�)✏
� (1 � ↵(x)) . (4.72)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.73)
F(x; s) = �sx1x2 + m2 (x1 + x2)

2 . (4.74)

Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; �) =

Z 1

0
dx1

1

(�sx1 (1 � x1) + m2 � i�)✏
. (4.75)
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Solutions to  are rays through the origin (due to homogeneity) 

But, rays can trace out non-trivial surfaces on the intersection with  surface of the -functional

ℱ(x; s) = 0
α(x) = 1 δ

For a specified kinematic region : 

Seek decomposition of  into subspaces in which  has fixed sign 

Want parametrisation of the boundaries of this decomposition which define the regions of codim 0

sR
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Bounded by kinematic thresholds
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Figure 5: The L-loop banana integrals resolved in this section (L 2 {1, 2, 3}): the equal
mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)

Ibub(s; �) =

Z

R2
�0

dx1dx2
U(x)�2+2✏

(F(x; s) � i�)✏
� (1 � ↵(x)) . (4.72)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.73)
F(x; s) = �sx1x2 + m2 (x1 + x2)

2 . (4.74)

Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; �) =

Z 1

0
dx1

1

(�sx1 (1 � x1) + m2 � i�)✏
. (4.75)
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Decomposition

How do we find this in practice?

Want a sign-invariant decomposition of 
  

Borrow technique from real algebraic geometry 
Generic Cylindrical Algebraic Decomposition

{ℱ(x; s) < 0} ∧ {0 < x} ∧ sR,

• A cell is a connected region of Rn.

• A decomposition of a space X is a collection of disjoint cells whose union is X.

• A cell is cylindrical with respect to the variable ordering x1 � · · · � xn if, for any i < n, it can
be described as

{(x1, . . . , xn) | gi,1(x1, . . . , xi)  xi+1  gi,2(x1, . . . , xi)},

where gi,1 and gi,2 are continuous functions.

• Furthermore, a cell is algebraic if gi,1 and gi,2 are polynomials, and is called a j-cell if it is
homeomorphic to Rj , for 0  j  n.

• A decomposition is cylindrical with respect to the variable ordering x1 � · · · � xn if, for any
i  n, the projections of any two cells into R[x1, . . . , xi] are either disjoint or identical.

• A CAD is a cylindrical decomposition whose cells are cylindrical and algebraic.

A CAD will only be useful if its cells satisfy some property of interest. We focus on sign-invariance,
where each input polynomial maintains a constant sign (positive, negative, or zero) within a cell. This
invariance means it is su�cient to test a representative sample point for each cell to determine the
signs of the input polynomials.

Definition 1 (Cylindrical Algebraic Decomposition).
For Fn a set of polynomials in variables x1, . . . , xn, an Fn-invariant CAD of Rn

(or colloquially ‘a

CAD of Fn’), denoted CAD(Fn), is a cylindrical decomposition of Rn
whose cells are cylindrical and

algebraic, and over which the polynomials in Fn have constant sign.

!

Figure 2: The graph of F = {x2 + y2 � 1} and its associated sign-invariant CAD of R2. This CAD
consists of 13 cells: five 2-cells (the coloured regions), six 1-cells (the lines between them) and two
0-cells (the two red points where the lines meet). The black crosses represent the sample points for
each cell. These cells stack in cylinders over the five cells of the CAD of R1 (the two points at the

bottom and the regions between them). Each cell is described by constraints on x and y.

For example, the collection of cells in Figure 2 form a CAD of F = {x2 + y2 � 1}, with sample points
(�2, 0), (�1, 1), (�1, 0), (�1,�1), (0, 2), (0, 1), (0, 0), (0,�1), (0,�2), (1, 1), (1, 0), (1,�1) and (2, 0).

2.3 CAD construction

We will also use the term ‘CAD’ to refer to the algorithm that generates a sign-invariant CAD for a
given set of polynomials. Collins’ original algorithm (sometimes referred to as a projection-and-lifting

CAD algorithm) uses a projection operator on the input polynomials to produce a set of polynomials
in one fewer variable, whose properties enable a CAD of the input polynomials to be constructed from
a CAD of their projection.

In one dimension, constructing a sign-invariant CAD is straightforward: its cells are the collection of
roots of the polynomials and the regions either side of them. Each sign-invariant cell defines a region
where the number of real roots (the ‘root structure’) does not change.

3

In higher dimensions, we treat the polynomials in Fn as univariate in the greatest variable with respect
to the ordering, written as Fn ⇢ R[x1, . . . , xn�1][xn]. To find changes in the root structure in xn, we
construct a set of projection polynomials Fn�1 in one fewer variable, whose roots indicate when changes
occur (referred to as ‘projecting with respect to xn’, or ‘projecting away’ xn). This process is repeated,
with each Fk obtained by projecting Fk+1 with respect to xk+1, until we reach F1 ⇢ R[x1] whose
roots and intervals make up a CAD of R1.

Due to the nature of the projection polynomials, the root structure of Fk does not vary over a cell of
the CAD of Rk�1. We can continue the process and decompose the space above the cell into a new
set of sign-invariant cells. The full collection of these cells forms the CAD of Rk.

This algorithm follows a two-phase approach:
• Projection: Repeatedly apply the projec-
tion operator to produce a chain of projection
polynomial sets, each in one variable fewer
than the previous, until reaching a univariate
set of polynomials.

• Lifting: Starting with the univariate set,
construct a CAD of the polynomials. Above
this, one can create a new CAD in one di-
mension greater via lifting, made possible by
Theorem 2.1.

This recursive approach ultimately leads to a com-
plete CAD for the original polynomial set.

Fn CAD(Fn)?yproj
x?Lift

Fn�1 CAD(Fn�1)?yproj
x?Lift

...
...?yproj
x?Lift

F2 CAD(F2)?yproj
x?Lift

F1
find roots���������!

split into cells
CAD(F1)

Theorem 2.1 ([Col75], Theorem 5).
Let F be a non-empty set of non-zero real polynomials in n � 2 real variables. Let S be a connected

subset of Rn�1
. If every element of the projection of F is sign-invariant on S, then the polynomials

in F are delineable over S.

Definition 2.

A set of polynomials is delineable over S if the number of distinct collective roots remains constant,

i.e., their roots do not intersect or disappear (see Figure 3).

Figure 3: Illustration of delineability, from [Bro04].

This theorem allows us to obtain an n-dimensional sign-invariant CAD by studying a finite set of
sample points for the cells in an (n � 1)-dimensional decomposition. For example, the sign-invariant
CAD of F = {x2+y2�1} seen in Figure 2 can be obtained by studying a point over each sign-invariant
cell of the CAD of the projection polynomials {x� 1, x+ 1}.

2.4 Choices made for the package

Certain decisions have been made in designing the CAD algorithm to best suit this package. These
decisions are explained below.

4

Lee, del Río, Rahkooy 25

(CAD) Collins 75; Davenport, Heintz 88; Lazard 94; McCallum 19; … 
(GCAD) Strzeboński 00; …

codim 0 projection 
of cells 
either 
disjoint or 
identical

cell 
boundaries 
are roots of 
polynomials

union of 
disjoint 
cells is ℝN

w/ Bennett, Chargeishvili, Magerya, Olsson, Stone

Projection operators: 
{Leading Coefficient, 
Discriminant, Resultant} 

Similar to projections 
used in Landau literature
Correia, Giroux, Mizera 25

Solves arbitrary systems of strict polynomial inequalities 

Downside can be very slow!
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Example 1: 2-Loop Box Stone (Loops & Legs) 26

22/31

Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

2-Loop Box with 2 Massive Propagators

J(s) = �e
2✏�E �(3+2✏)

Z

R7
�0

7Y

i=1
dxi

U(x)1+3✏

(F(x; s)�i�+)3+2✏ �( 1�↵(x) )

k1

k2 p2

p1

m

m

m

m

Consider the kinematic limit s⇤ : s = 4, t = �1, u = �1 (with m = 1) (see Melih’s talk)

U(x) = x1x3 + x2x3 + x1x4 + x2x4 + x1x5 + x2x5 + x3x5 + x4x5 +

x1x6 + x2x6 + x5x6 + x3x7 + x4x7 + x5x7 + x6x7

F(x; s) = � 4x1x4x5 + 2
⇥
x1x3x6 + x2x3x6 + x2x5x6 + x3x5x6 +

x2x3x7 + x2x4x7 + x2x5x7 + x3x5x7 + x2x6x7 + x3x6x7 + x5x6x7
⇤
+

(x1 + x2 + x5 + x7) x
2
6 + (x3 + x4 + x5 + x6) x

2
7

GCAD ! N+ = 3 positive cells, N� = 1 negative cell

! focus on negative contribution

Advances in Avoiding Contour Deformation for Feynman Integrals Thomas Stone
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Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

2-Loop Box with 2 Massive Propagators

{F(x) < 0} ^ {0 < x}

0 < x6 ^ 0 < x7 ^ 0 < x2 ^ 0 < x3 ^ x5 < 0 ^
(2x2 + x7) x7

4x5
< x1 ^

N (x 6=4)

4x1x5 � (2x2 + x7) x7
< x4

GCAD with projection ordering x6, x7, x2, x3, x5, x1, x4

x4 ! x4 +
N (x6=4)

4x1x5 � (2x2 + x7) x7
THEN x1 ! x1 +

(2x2 + x7 )x7
4x5

J
�(s⇤) = �e

2✏�E �(3 + 2✏)
Z

R7
�0

7Y

i=1
dxi x

�4�5✏
1 x

�3�2✏
4 (4x5)

�6�11✏ poly(x)1+3✏ �( 1 � ↵(x) )

Positive integrand!

Advances in Avoiding Contour Deformation for Feynman Integrals Thomas Stone
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Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

2-Loop Box with 2 Massive Propagators

J(s) = �e
2✏�E �(3+2✏)
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R7
�0

7Y

i=1
dxi

U(x)1+3✏

(F(x; s)�i�+)3+2✏ �( 1�↵(x) )

k1

k2 p2

p1

m

m

m

m

Consider the kinematic limit s⇤ : s = 4, t = �1, u = �1 (with m = 1) (see Melih’s talk)

U(x) = x1x3 + x2x3 + x1x4 + x2x4 + x1x5 + x2x5 + x3x5 + x4x5 +

x1x6 + x2x6 + x5x6 + x3x7 + x4x7 + x5x7 + x6x7

F(x; s) = � 4x1x4x5 + 2
⇥
x1x3x6 + x2x3x6 + x2x5x6 + x3x5x6 +

x2x3x7 + x2x4x7 + x2x5x7 + x3x5x7 + x2x6x7 + x3x6x7 + x5x6x7
⇤
+

(x1 + x2 + x5 + x7) x
2
6 + (x3 + x4 + x5 + x6) x

2
7

GCAD ! N+ = 3 positive cells, N� = 1 negative cell

! focus on negative contribution

Advances in Avoiding Contour Deformation for Feynman Integrals Thomas Stone

Abreu, Becchetti, Duhr, Ozcelik 25
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Example 2: 2-loop Sunrise

s

m

m

(a)

s

m1

m2

(b)

s

m

m

m

(c)

s m
m
m

m

(d)

Figure 5: The L-loop banana integrals resolved in this section (L 2 {1, 2, 3}): the equal
mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)

Ibub(s; �) =

Z

R2
�0

dx1dx2
U(x)�2+2✏

(F(x; s) � i�)✏
� (1 � ↵(x)) . (4.72)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.73)
F(x; s) = �sx1x2 + m2 (x1 + x2)

2 . (4.74)

Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; �) =

Z 1

0
dx1

1

(�sx1 (1 � x1) + m2 � i�)✏
. (4.75)

– 23 –

GCAD

4 positive cells 
1 negative cell

𝒰(x) = x1x2 + x2x3 + x1x3,
ℱ(x; s̃) = −s̃x1x2x3 + 𝒰(x)(x1 + x2 + x3)

sR = {s̃ > 9}
s̃ ≺ x1 ≺ x2 ≺ x3

0 < x1 ∧ x2 < γx1 ∧ f1(x1, x2; s̃) − f2(x1, x2; s̃) < x3 < f1(x1, x2; s̃) + f2(x1, x2; s̃)

Negative Cell

I−,1 = 23−3ϵc13−4ϵc7 R0(x3)1−2ϵ R1(x1, x2)
3
2 −2ϵ R2(x1, x2, x3)−1+ϵ( R1(x1, x2) R3(x1, x2, x3) − R2(x1, x2, x3) R4(x1, x2))

−3+3ϵ

Can still sector decompose algebraic integrand via  and evaluate 

In general, we need a method for decomposing sign-invariant algebraic functions

x1 → y−1
0 y0

1 y1
2y1

3 , x2 → y−1
0 y1

1y0
2 y1

3

R0(x3) = x3, R1(x1, x2, x3) = c4x3(x1 + x2),
R2(x1, x2, x3) = −c6x1x2−c5(x2

1 + x2
2) + 2c4(x1 + x2)x3, R3(x1, x2) = c12x1x2(c3x1x2 + 4c2(x2

1 + x2
2))

 
are constants 
depending 
algebraically 
on  only

γ, c1, …, c7

s̃
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Example 3: Cat’s Eye
Masters: the cat’s eye

Loop-wrangling 20/30

⌘ I (t ) ⇠ I0 (t )

I Very difficult
I Seemingly breaks renormalization:

I
(d=4�2✏)

⇠

managed by countertermsz }| {
1
✏3

+
[I ]

✏2
+

[I ]

✏
+

finitez}|{
Ī

I
(d=4�2✏)

⇠
1
✏3

+

no counterterm!z }| {
[I , I , I ]

✏2
+

[I , I , I ]

✏
+

finitez}|{
Ī

ℱ(x; t) = (4−t) x0x4x6x7 + x2
0 x1x6 + … (50 terms)

t = p2/M2E5(t) = M6 I(d)
1,1,0,1,1,0,1,1,0(p2, M2)

sR = t > 4 ∧ t < 16
Lellouch, Lupo, Sjö, Vanhove 26

Choose kinematic region above 2-particle cut and below 4-particle cut

Negative Cells    : 34ℱ(x; t) < 0

For simplicity, let us fix  as an example point in   
Ordering  yields GCAD in ~13 seconds (1 core, Mathematica)

t = 5 sR
x4 ≺ x1 ≺ x7 ≺ x6 ≺ x3 ≺ x0

I(s) =
72

∑
n+=1

I+,n+(s) + lim
δ→0+

(−1 − iδ)−(N − LD/2)
34

∑
n−=1

I−,n−(s)

Cell boundaries are algebraic  need sector decomposition of algebraic functions⟹
Did not attempt to obtain 
this and evaluate the 
integral yet!

Positive Cells    : 72ℱ(x; t) > 0

Ideally want to keep  in GCADt

x0

x3

x1

x4

x6 x7
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Pinched Contours & Hidden Regions

p1 p3

p2 p4

(a) G••

p1 p3

p2 p4

(b) G•s

p1 p3

p2 p4

(c) G•t

p1 p3

p2 p4

(d) G•u

p1 p3

p2 p4

(e) Gss

p1 p3

p2 p4

(f) Gtt

p1 p3

p2 p4

(g) Guu

p1 p3

p2 p4

(h) Gst

p1 p3

p2 p4

(i) Gsu

p1 p3

p2 p4

(j) Gtu

Figure 2: All the four-point three-loop graphs with possibly hidden Landau singularities.

variables. Might be good to say something about the logic of inserting the derivative with the
imaginary part.]Einan

F(e↵) = F(↵) � i

X

j

⌧j
@F(↵)

@↵j
+ O(⌧

2
), ⌧j = �j↵j(1 � ↵j)

@F(↵)

@↵j
, (3.18)

– 12 –
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Landau Analysis

To characterise singularities, simultaneously solve 1st and 2nd Landau Equations 

Focus on leading Landau singularities (  ignore solutions with some )⟹ xj = 0

 ℱ(x; s) = 0

∂ℱ(x; s)
∂xj

= 0 ∀j

1 

2 

At most quadratic in xi

At most linear in xi

Can we use Generic Cylindrical Algebraic Decomposition (GCAD) to solve this problem?
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Bubble

s

m

m

(a)

s

m1

m2

(b)

s

m

m

m

(c)

s m
m
m

m

(d)

Figure 5: The L-loop banana integrals resolved in this section (L 2 {1, 2, 3}): the equal
mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)

Ibub(s; �) =

Z

R2
�0

dx1dx2
U(x)�2+2✏

(F(x; s) � i�)✏
� (1 � ↵(x)) . (4.72)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.73)
F(x; s) = �sx1x2 + m2 (x1 + x2)

2 . (4.74)

Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; �) =

Z 1

0
dx1

1

(�sx1 (1 � x1) + m2 � i�)✏
. (4.75)

– 23 –

ℱ(x; s) = −sx1x2 + (m2x1+m2x2) (x1 + x2)

Suppose we are interested in evaluating/expanding at , consider  (  and ) y = s − 4m2 ∼ 0 y → λy m2 = 1 s = 4

ℱ(x; 0) = (x1 − x2)2,
∂ℱ(x; 0)

∂x1
= 2(x1 − x2),

∂ℱ(x; 0)
∂x2

= − 2(x1 − x2)

x1

x2
ℱ(x; 0) > 0 ℱ(x; 0) > 0

x1

x2

∂ℱ(x; 0)/∂x1 < 0

∂ℱ(x; 0)/∂x1 > 0

x1

x2

ℱ(x; 0) > 0

∂ℱ(x; 0)/∂x2 < 0

∂ℱ(x; 0)/∂x2 > 0
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Example 1: Bubble

Let’s compute a GCAD of the following systems

ℱ(x; 0) > 0 ∧
∂ℱ(x; 0)

∂x1
> 0 ∧

∂ℱ(x; 0)
∂x2

< 0 ∧ x1 > 0 ∧ x2 > 0 ⟹ x2 < x1

Can dissect integral into two integrals that have solutions of the Landau Equations only on the boundary 

Examining the facet regions of the new integrals we obtain 

ℱ(x; 0) > 0 ∧
∂ℱ(x; 0)

∂x1
< 0 ∧

∂ℱ(x; 0)
∂x2

> 0 ∧ x1 > 0 ∧ x2 > 0 ⟹ x1 < x2

{λ0, λ0} & {λ0, λ
1
2}

Hard region: 
Facet of original integral

Potential region: 
``Hidden’’ region, facet of dissected integral

Jantzen, A. Smirnov, V. Smirnov 12

This dissection can be 
found with Asy2
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Example 2: Pentagon
6

p1 + p2

q1 + q2

p2 + q2

p1

q1

1

2

3

4

5

Fig. 1 One-loop five-point integral exhibiting a Glauber contribution

more integrals with a set of regions of a different type (com-
posed of 1 and 0).

Let us finally mention that the preresolution algorithm
also works for threshold expansions with unequal masses.
Returning to the one-loop example (9), but now with differ-
ent masses m1 and m2 in the propagators and the expansion
parameter defined as y = (m1+m2)2/4−q2/4→ 0, we call:
AlphaRepExpand[{k},

{k^2 - m1^2, (k - q)^2 - m2^2},

{q^2 -> (m1 + m2)^2 - 4*y},

{y -> x, m1 -> 2, m2 -> 3/2},

PreResolve -> True]

We have set the values of the masses to different ratio-
nal numbers, m1 → 2 and m2 → 3/2 (the actual values are
irrelevant), thus permitting the preresolution algorithm to
know about their sign without assuming any equality or
other relation between them. The polynomialF in the para-
metric representation of the Feynman integral reads F =
(m1x1 − m2x2)2 + 4yx1x2, and cancellations occur where
m1x1 = m2x2. These cancellations are automatically made
explicit by adequate changes of variables. The output
{{{x[1] -> y[1] + 3*y[2]/7,

x[2] -> 4*y[2]/7}, 7/4, {0, -1/2}},

{{x[1] -> y[1] + 3*y[2]/7,

x[2] -> 4*y[2]/7}, 7/4, {0, 0}},

{{x[1] -> 3*y[1]/7,

x[2] -> 4*y[1]/7 + y[2]}, 7/3, {0, 0}},

{{x[1] -> 3*y[1]/7,

x[2] -> 4*y[1]/7 + y[2]}, 7/3, {0, 1/2}}}

shows that asy2.m detects both regions. The variable trans-
formations are always normalized such that sums of the pa-
rameters (here x1+ x2) remain invariant.

So, we now have a manifestly Lorentz-invariant treat-
ment of threshold expansion and a code that automatically
provides the set of relevant regions.

4 Revealing Glauber contributions

Let us consider the one-loop five-point integral in Fig. 1,
where two initial-state partons both perform a collinear split-
ting into two partons each with momenta p1, p2 and q1,q2,

respectively. While two partons, one of each pair, collide
with a large centre-of-mass energy Q =

√

(p2+ q2)2, the
two remaining partons exchange a particle with the small
mass m. We will use the simplified kinematics p1 = p2 = p

and q1= q2= qwith p2= q2= 0 and (p+q)2= 2p ·q= Q2

in the limit m2/Q2→ 0:

F(Q2,m2) =
∫ ddk

(k2−m2)(k2− 2p · k)(k2+ 2p · k)

×
1

(k2− 2q · k)(k2+ 2q · k)
. (15)

Before we search for regions using asy.m, we notice
that this five-point integral is similar to the Sudakov form
factor example treated in Section 6 of [12]. From the view-
point of the convergence of the expansions, the second and
third propagators of (15) are equivalent, and so are the fourth
and fifth propagators. Effectively, the five-point integral has
only three different types of propagators which are equiv-
alent to the ones of the three-point integral in [12]. So the
integral (15) can be expanded in loop-momentum space
employing the regions and convergence domains known
from [12] (and using generic propagator powers as analytic
regulators where necessary):

– a hard region where k ∼ Q,
– a 1-collinear region where k2 ∼ p ·k ∼ m2 and q ·k ∼ Q2,
– a 2-collinear region where k2 ∼ q ·k ∼ m2 and p ·k ∼ Q2,
– a Glauber region where p · k ∼ q · k ∼ m2, and the com-
ponents of k perpendicular to the plane spanned by p,q
scale as k⊥ ∼ m.

The collinear-plane region mentioned in [12] yields only
scaleless contributions. But, in contrast to the three-point in-
tegral, the five-point integral has a non-vanishing Glauber
contribution. The Glauber region even provides the lead-
ing contribution scaling as (m2)−2−ε , whereas the collinear
contributions start with (m2)−1−ε and the hard contribution
starts with (m2)0.

The five-point integral (15) can be represented in terms
of an integral over Feynman parameters,

F(Q2,m2) =−iπd/2Γ (3+ ε)
∫

· · ·
∫

dx1 · · ·dx5

×
δ (∑i xi − 1) (x1+ . . .+ x5)1+2ε

[

x1(x1+ . . .+ x5)m2+(x2− x3)(x4− x5)Q2− i0
]3+ε ,

(16)

where one can choose the sum in the argument of the delta
function in an appropriate way, i.e. restrict only the sum over
a subset of the parameters to 1 and extend the integration
over the rest of the parameters to the whole domain [0,∞).

Applying the strategy of expansion by regions in
Feynman-parameter space and trying to reveal regions rele-
vant to the given limit m2/Q2→ 0 with the help of the code
asy.m [15], we call:

ℱ(x; s) = x1(x1 + x2 + x3 + x4 + x5) m2+(x2 − x3)(x4 − x5) q2

Expansion m2 → λm2

ℱ(x; 0) = (x2 − x3)(x4 − x5) q2

GCAD system

ℱ(x; 0) > 0 ∧
∂ℱ(x; 0)

∂x2
> 0 ∧

∂ℱ(x; 0)
∂x3

< 0 ∧
∂ℱ(x; 0)

∂x4
> 0 ∧

∂ℱ(x; 0)
∂x5

< 0 ∧ xi > 0

x3 < x2 ∧ x5 < x4

The new facet introduced by this dissection corresponds to a Glauber region
Jantzen, A. Smirnov, V. Smirnov 12 Jantzen, A. Smirnov, V. Smirnov 12

This dissection can be 
found with Asy2

Jantzen, A. Smirnov, V. Smirnov 12
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Example 3: Pentagon II

ℱ(x; s) = − x1x3 s23−x1x4 s51−x3x5 s45−x4x5 m2−x2x4 s34−x2x5 s12

Expansion s34 → λs34, s12 → λs12,

ℱ(x; 0) = − x1x3 s23−x1x4 s51−x3x5 s45−x4x5 m2

One of the GCAD systems

ℱ(x; 0) > 0 ∧
∂ℱ(x; 0)

∂x1
< 0 ∧

∂ℱ(x; 0)
∂x3

> 0 ∧
∂ℱ(x; 0)

∂x4
< 0 ∧

∂ℱ(x; 0)
∂x5

< 0 ∧ xi > 0 ∧ s23 > 0 ∧ s45 < 0 ∧ s51 < 0

m2s23

s45
< s51 ∧

s23x1

−s45
< x5 ∧

−s45x3

m2
< x4 <

s23x3

−s51

The new facet introduced by this dissection corresponds to a Glauber region Not found with Asy2

4

pc
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4
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3
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4

5≠pc + ls

1

k

≠qc

≠ls
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k
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qc
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1
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4

5≠pc + ls

1

k
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≠ls

p̄c̄
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≠qck
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qc
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FIG. 2. Mapping of low-energy contributions to Wm onto
pentagon diagrams. The external momentum p25 6= 0 flows
into the hard amplitude Mm.

this fact, we consider the full result for the pentagon in-
tegral, which contains �-suppressed terms with prefactor

s45s51
s45s51 �m2s23| {z }

��1


1� ei⇡"⇥

✓
1 +

m2s23 � s45s51
s45s51| {z }

�

◆�"�
,

(11)
where

⇥ ⌘ ✓(m2) + ✓(s23)� ✓(s45)� ✓(s51) . (12)

This quantity vanishes for the kinematics of the lower
graph in Fig. 2, and the above factor is of O(1). However,
for the upper diagram ⇥ is non-zero, since m2, s23 > 0
and s45, s51 < 0. This generates a non-trivial phase e2i⇡",
leading to a power enhancement in (11), which compen-
sates the power suppression and thus induces additional
leading-order terms. More generally, such terms only
arise between incoming lines involving a space-like split-
ting and a virtual gluon attached to both the soft and
the split-o↵ gluon, as is indeed the case for the upper,
but not the lower diagram in Fig. 2.

Using the known results for the pentagon integrals,
and subtracting the soft-collinear contribution, we can
derive the extra terms in the physical scattering kinemat-
ics given in (8). In the method of regions, these terms
must be generated by a new region absent in Euclidean
kinematics. We find that they are proportional to i⇡, and
are generated by a Glauber region k ⇠ Q(�2,�,�). The
upper pentagon in Fig. 2 expanded in this region takes

the form (with implicit +i0 prescriptions)

Ig = i(4⇡)2�"

Z
ddk

(2⇡)d
1

�k2
T

1

k+ q�c � k2
T
� 2kT · qcT

⇥
1⇥

�k+ (p�c � q�c )� q+c p�c � k2
T
� 2kT · qcT

⇤

⇥
1

p̄+
c̄ (k� � l�s )

1

�l+s k� � k2
T
+ 2kT · lsT

(13)

and is well-defined in dimensional regularization. The
k+ and k� integrations can be performed using residues.
Evaluating the remaining two-dimensional Euclidean tri-
angle integral, one obtains [40]

Ig = �
2⇡ i

p̄+
c̄ p�c

"
�
l2
sT

+ q2
cT

+ s2
T

�✓1

"
� ln

�
l2
sT

q2
cT

s2
T

�◆

+ 2l2
sT

ln l2
sT

+ 2q2
cT

ln q2
cT

+ 2s2
T
ln s2

T

#
e�"�E

l2
sT

q2
cT

s2
T

, (14)

with sT = lsT+qcT . Note that the triangle integral has an
IR divergence even though all external momenta are o↵
shell. This is possible because in two dimensions a single
vanishing massless propagator can produce a singularity.
It is interesting to understand the appearance of this

“hidden” Glauber region from the representation of the
pentagon integral in Feynman parameter space (more
precisly the closely related Lee-Pomeransky space [41]),
where variables xi are associated with the respective
propagators, e.g. x1 is linked to the propagator be-
tween vertices 1 and 2, and the ensuing xi follow in
counter-clockwise direction. For the upper graph in
Fig. 2, the Glauber region is characterized by the scaling
(x1, x2, x3, x4, x5) ⇠ (��2,��2,��2,��1,��2). For the
associated F polynomial, one finds

F = �x1x3s23| {z }
��3

�x1x4s51| {z }
��3

�x3x5s45| {z }
��3

� x4x5m
2

| {z }
��3

�x2x4s34| {z }
��2

�x2x5s12| {z }
��2

. (15)

The first four terms constitute the leading power contri-
bution, which using (8) can be factorized in the form

F =
�
�q�

c
x1 + (p�

c
� q�

c
)x5

�
| {z }

��2

�
l+
s
x3 � p̄+

c̄
x4

�
| {z }

��1

. (16)

For physical kinematics, where all light-cone components
are positive and p�

c
> q�

c
, large cancellations occur

within the F polynomial. The hidden Glauber pinch
appears when both brackets in (16) vanish individually,
in accordance with the Landau equations [25, 27]. The
double cancellation with unequal coe�cients of the pa-
rameters xi may be the reason why we were unable to
find this region using Asy2.1 [21, 42].
With this understanding of the appearance of the

Glauber region in the context of the scalar example, we

Becher, Hager, Jaskiewicz, Neubert, Schwienbacher 24

Becher, Hager, Jaskiewicz, Neubert, Schwienbacher 24

(Apologies to the authors if this is not 
the relevant kinematic region…)

Does not factor in 
these variables
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Example 4: Crown

ℱ(x; s) = −s12 (x1x4 − x0x5) (x3x6 − x2x7)−s13 (x1x2 − x0x3) (x5x6 − x4x7)+ p2
i (…)

Consider   (and insert  as an inessential simplification)p2
i → λp2

i s12 = 1, s13 = − 1

ℱ(x; 0) = − (x3x4 − x2x5)(x1x6 − x0x7)

One of the GCAD systems

ℱ(x; 0) < 0 ∧
∂ℱ(x; 0)

∂x0
< 0 ∧

∂ℱ(x; 0)
∂x1

> 0 ∧
∂ℱ(x; 0)

∂x2
< 0 ∧

∂ℱ(x; 0)
∂x3

> 0 ∧
∂ℱ(x; 0)

∂x4
> 0 ∧

∂ℱ(x; 0)
∂x5

< 0 ∧
∂ℱ(x; 0)

∂x6
> 0 ∧

∂ℱ(x; 0)
∂x7

< 0 ∧ xi > 0

x5 >
x3x4

x2
∧ x7 >

x1x6

x0

The new facet introduced by this dissection corresponds to a Landshoff scattering region
Non-linear 

Not found with Asy2

Gardi, Herzog, Jones, Ma 24

p1 p3

p2 p4

(a) G••

p1 p3

p2 p4

(b) G•s

p1 p3

p2 p4

(c) G•t

p1 p3

p2 p4

(d) G•u

p1 p3

p2 p4

(e) Gss

p1 p3

p2 p4

(f) Gtt

p1 p3

p2 p4

(g) Guu

p1 p3

p2 p4

(h) Gst

p1 p3

p2 p4

(i) Gsu

p1 p3

p2 p4

(j) Gtu

Figure 2: All the four-point three-loop graphs with possibly hidden Landau singularities.

variables. Might be good to say something about the logic of inserting the derivative with the
imaginary part.]Einan

F(e↵) = F(↵) � i

X

j

⌧j
@F(↵)

@↵j
+ O(⌧

2
), ⌧j = �j↵j(1 � ↵j)

@F(↵)

@↵j
, (3.18)

– 12 –
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Outlook

Method for evaluating integrals in parameter space above threshold without contour deformation 

Exposes the (potentially integrable) singular structure of Feynman Integrals 

Directions to explore 

Efficient implementation in numerical computations 

Finding hidden regions in the Method of Regions  

Utility for analytic calculations and understanding of sequential discontinuities 

Open questions  

Sector decomposition of algebraic functions 

Simpler way to obtain GCAD output 

Thank You For Listening!



Various tools attempt to find re-mappings using linear changes of variables 

ASY/FIESTA 
Check all pairs of variables ( ) which are part of monomials of opposite sign 

For each pair, try to build linear combination  s.t negative monomial vanishes 

Repeat until all negative monomials vanish or warn user 

ASPIRE 
Consider Gröbner basis of  (i.e.  and Landau equations) 

Eliminate negative monomials with linear transformations  

This is not enough to expose all regions and/or singularities in parameter space

α1, α2

x1 → bx′�1, x2 → x′�2 + bx′ �1

{ℱ, ∂ℱ/α1, ∂ℱ/α2, …} ℱ
x1 → bx′�1, x2 → x′�2 + bx′ �1

Jantzen, A. Smirnov, V. Smirnov 12

Ananthanarayan, Pal, Ramanan, Sarkar 18; B. Ananthanarayan, Das, Sarkar 20

39

Existing Tools
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Preliminaries Univariate Bisectable Integrals Beyond UB Integrals Outlook

2-Loop Non-Planar Hexagon-Box
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NOCD (6 � 2✏)

N+ = 4 N� = 4
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Advances in Avoiding Contour Deformation for Feynman Integrals Thomas Stone
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s12 = 0.4

s12 = 0.04

s12 = 0.004

s12 = 0.0004

(a) pentagon (b) planar pentagon-box

(c) non-planar hexagon-box (d) non-planar double pentagon

Figure 1: All integral topologies with the maximal number of denominators from each
integral family considered in this work. Momenta and propagator indices are shown for the
standard permutation �0. All lines are massless, and all external momenta are incoming.
The numbering of the denominators corresponds to eq. (3.2).

3 Integral Topologies

We consider all Feynman integral topologies required in computation of two-loop scattering
amplitudes of five massless particles. There are four topologies, see fig. 1. Their legs
are decorated with particle labels what we call the topology permutation. To regularize
the divergences of loop integrals we employ dimensional regularization and extend the
integration measure to D = 4�2✏ dimensions. We define the integral families G⌧,� for each
topology ⌧ in permutation � as

G⌧,� [~a] := e✏L⌧�E
�
µ2
�✏L⌧

Z  L⌧Y

i=1

dD`i

i ⇡
D
2

!
1

~D
~a
⌧,�

, ~D
~a
⌧,� =

Y

i

Dai
⌧,� i (3.1)

where �E is the Euler-Mascheroni constant1, L⌧ is a number of loops in topology ⌧ , ~D⌧,� is
an ordered set of inverse propagators of integral topology ⌧ in permutation �, the exponents
ai 2 Z for i 2 [1, 8] and ai 2 Z0 for i 2 [9, 11], and µ2 is an arbitrary regularization scale,
which preserves the integer dimensions of the integrals. In this paper, we choose the units

1
In this normalization �E does not appear in the expressions for integrals.

– 5 –
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Figure 2: Massless non-planar 2-loop boxes with 6 (2a: BNP6) and 7 (2b: BNP7) propa-
gators respectively.

4.1.4 2-Loop Non-Planar 6 Propagator Box

The non-planar box with six propagators (BNP6, see Fig. 2a) can be parameterised by the
Mandelstam invariants s12 = (p1 + p2)2 and s23 = (p2 + p3)2 after applying the momentum
conservation rule s12 + s23 + s13 = 0 to eliminate s13. The integral may be written as,

JBNP6(s) = � (2 + 2✏) lim
�!0+

IBNP6(s; �)

IBNP6(s; �) =

Z

R6
�0

6Y

i=1

dxi
U(x)3✏

(F(x; s) � i�)2+2✏ � (1 � ↵(x))
(4.39)

with the U and F polynomials,

U(x) = x1x2 + x1x3 + x1x4 + x1x5 + x2x3 + x2x4 + x2x6+

x3x5 + x3x6 + x4x5 + x4x6 + x5x6,

F(x; s) = � s12x2x3x6 � s23x1x2x4 + (s12 + s23)x1x3x5.

(4.40)

We restrict to the physical kinematic regime for massless 2 ! 2 scattering, sphys = {0 <

s12 < 1, �s12 < s23 < 0}. Applying the algorithm, we find that we can bisect the integral
with the parameter xi = x1, choosing xj = x6:

x1 ! y01 =
x1

x1 + x6
f(x 6=1), F

�(x; s) =
s12x2x3x2

6

x1 + x6
, (4.41)

x1 ! y1 = x1 + f(x 6=1), F
+(x; s) = x1 [(s12 + s23)x3x5 � s23x2x4] , (4.42)

with
f(x 6=1) =

s12x2x3x6

(s12 + s23) x3x5 � s23x2x4
, (4.43)

and we emphasise that (s12 + s23) > 0 and (�s23) > 0 in our restricted kinematic regime.
These transformations result in the resolved integrands,

I
�
BNP6 =

�
s12x2x3x

2
6

��1�2✏
(x1 + x6)

�✏ [(s12 + s23) x3x5 � s23x2x4]
�1�3✏

⇥ (4.44)
h
[(s12 + s23) x3x5 � s23x2x4] (x1 + x6) [(x3 + x4) (x2 + x5) + (x2 + x3 + x4 + x5) x6] +

s12x1x2x3x6 (x2 + x3 + x4 + x5)
i3✏

,
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Figure 2: Massless non-planar 2-loop boxes with 6 (2a: BNP6) and 7 (2b: BNP7) propa-
gators respectively.

4.1.4 2-Loop Non-Planar 6 Propagator Box

The non-planar box with six propagators (BNP6, see Fig. 2a) can be parameterised by the
Mandelstam invariants s12 = (p1 + p2)2 and s23 = (p2 + p3)2 after applying the momentum
conservation rule s12 + s23 + s13 = 0 to eliminate s13. The integral may be written as,

JBNP6(s) = � (2 + 2✏) lim
�!0+

IBNP6(s; �)

IBNP6(s; �) =

Z

R6
�0

6Y

i=1

dxi
U(x)3✏

(F(x; s) � i�)2+2✏ � (1 � ↵(x))
(4.39)

with the U and F polynomials,

U(x) = x1x2 + x1x3 + x1x4 + x1x5 + x2x3 + x2x4 + x2x6+

x3x5 + x3x6 + x4x5 + x4x6 + x5x6,

F(x; s) = � s12x2x3x6 � s23x1x2x4 + (s12 + s23)x1x3x5.

(4.40)

We restrict to the physical kinematic regime for massless 2 ! 2 scattering, sphys = {0 <

s12 < 1, �s12 < s23 < 0}. Applying the algorithm, we find that we can bisect the integral
with the parameter xi = x1, choosing xj = x6:

x1 ! y01 =
x1

x1 + x6
f(x 6=1), F

�(x; s) =
s12x2x3x2

6

x1 + x6
, (4.41)

x1 ! y1 = x1 + f(x 6=1), F
+(x; s) = x1 [(s12 + s23)x3x5 � s23x2x4] , (4.42)

with
f(x 6=1) =

s12x2x3x6

(s12 + s23) x3x5 � s23x2x4
, (4.43)

and we emphasise that (s12 + s23) > 0 and (�s23) > 0 in our restricted kinematic regime.
These transformations result in the resolved integrands,

I
�
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2
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��1�2✏
(x1 + x6)

�✏ [(s12 + s23) x3x5 � s23x2x4]
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h
[(s12 + s23) x3x5 � s23x2x4] (x1 + x6) [(x3 + x4) (x2 + x5) + (x2 + x3 + x4 + x5) x6] +
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s23 = − 1



10�1010�810�610�410�2

Requested Relative Error

100

101

102

103

In
te

gr
at

io
n

T
im

e
[s

]

1L Pentagon - Integration Time vs. Relative Error

s12 = 4

s12 = 40

s12 = 400

s12 = 4000

p1

p2

p3

p4

x1

x4

x2

x3

(a)

p1

p2

p3

p4

x1

x4

x2

x3

(b)

p1

p2

p5

p4

p3

x5

x4

x3

x2

x1

(c)

Figure 1: The massless box with all on-shell legs (1a), an off-shell leg (p1) (1b) and the
massless pentagon (1c).

In the remainder of this work we will focus on studying individual integrals involving
internal masses including integrals known to be elliptic and hyperelliptic. In these cases,
we will directly inspect the geometry of the variety of F and derive a valid decomposition,
demonstrating that this principle can be applied for a wide class of Feynman integrals.
With our current methods, we will find that, in contrast to Algorithm 1, we often need
more than one positive and one negative integrand, motivating the general decomposition
formula of Eq. (3.1). ]Stephen

4 Examples

4.1 Massless Examples

In this section, we provide examples of massless integrals which are resolved by the algorithm
presented in Section 3.2. We show that this procedure can be successfully applied to
several integrals with up to 3 loops (including non-planar integrals) and up to 5 legs. For
pedagogical reasons, we apply each step of the algorithm in detail to a simple massless box
with on-shell legs before presenting the remaining examples more succinctly.

4.1.1 1-Loop Box with On-Shell Legs

To clarify the application of the algorithm presented in Section 3.2, let us begin by analysing
the simple case of a 1-loop massless box with all external legs on-shell, shown in Fig. 1a.
Each step will be carried out in detail for this simple example in the hope that this illumi-
nates the abstract procedure.

The integral we wish to resolve can be written in Feynman parameter space as,

Jbox(s) = � (2 + ✏) lim
�!0+

Ibox(s; �), (4.1)

Ibox(s; �) =

Z

R4
�0

4Y

i=1

dxi
U(x)2✏

(F(x; s) � i�)2+✏ � (1 � ↵(x)) , (4.2)

where the U(x) and F(x; s) polynomials are given by

U(x) = x1 + x2 + x3 + x4, (4.3)

– 12 –

(s23, s34, s45, s51) = (−3,2.5, − 3,5)
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Figure 7: Independent equal mass triangles with an off-shell leg (p2 > 0)

[(m1 + m2)(x1 + x2) � (m1 � m2)(x1 � x2)�]�2+2✏ �
⇣
1 �

X2

i=1
↵ixi

⌘
.

(4.97)

The symmetry of the integral Eq. (4.93) is manifest in the resolved integrals. The inte-
grands appearing in I+,1

bub,m1 6=m2
and I+,2

bub,m1 6=m2
are related by the simultaneous interchange

x1 $ x2 and m1 $ m2, while I�bub,m1 6=m2
is invariant under this exchange. These integrals

can be analytically evaluated by direct integration and match the known result for the un-
equal mass bubble order-by-order in the expansion in ✏. Again, the analytic continuation
of the result is manifest in Eq. (4.94) and the expansion in ✏ of the resolved integrals and
their numerical evaluation is straightforward.

4.2.3 1-Loop Triangle with an Off-Shell Leg

For our final 1-loop massive example, we consider the massive triangle with an off-shell
leg (the independent equal-mass configurations of which are shown in Fig. 7). For brevity,
we present the resolution of the fully massive triangle (Fig. 7e) in detail and remark that
the others may be similarly resolved using the procedure outlined here. We pick the fully
massive triangle for our exposition as it is the most difficult and the analysis of the other
examples is carried out almost identically. The integral we wish to consider is

Jtri = lim
�!0+

�� (1 + ✏) Itri

Itri =

Z

R3
�0

dx1dx2dx3
(x1 + x2 + x3)

�1+2✏

⇣
�p2x1x2 + m2 (x1 + x2 + x3)

2
� i�

⌘1+✏ �
⇣
1 �

X3

i=1
↵ixi

⌘
.

(4.98)
It is possible to make multiple choices to parameterise the projective integral and we note
that, for example, making different choices of hyperplane ↵(x) =

P
i ↵ixi can lead to dif-

ferent solutions of the problem. In our experience, being guided by the symmetry of the
problem where possible leads to the neatest solutions though one may choose e.g. � (1 � x1)

and successfully avoid contour deformation (although not necessarily easily avoiding square
roots involving the Feynman parameters). Following this philosophy, we make the symmet-
ric choice (here, � (1 � x1 � x2 � x3)) which is often the optimal choice at 1-loop as it sets
the U polynomial immediately to 1. Defining �2 = p2�4m2

p2 2 (0, 1) and using the �-function

– 27 –
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Figure 5: The L-loop banana integrals resolved in this section (L 2 {1, 2, 3}): the equal
mass (5a) and unequal mass (5b) bubble integrals, the equal mass elliptic sunrise integral
(5c), and the 3-loop equal mass banana integral (5d).

4.2 Massive Examples

In this section, we present 1-, 2- and 3-loop examples of integrals with massive propagators.
Understanding the resolution of such integrals is important for applying the method to
the calculation of massive phenomenologically-relevant amplitudes, for example, involving
massive quarks, electroweak bosons or Higgs bosons. The primary complication in the
massive case is that the F polynomial gets modified by a term proportional to U such that
each Feynman parameter associated with a massive propagator may appear quadratically
in the monomials of F ,

F(x; s) = F0(x; s) + U(x; s)
NX

j=1

m2
jxj , (4.70)

where F0 is the polynomial corresponding to the massless version of the integral. We analyse
the 1-loop massive bubble and triangle initially in Sections 4.2.1, 4.2.2 and 4.2.3 before
applying the method to 2-loop elliptic and 3-loop hyperelliptic examples in Sections 4.2.4
and 4.2.5, respectively.

4.2.1 Equal Mass Bubble

To investigate how massive integrals can be resolved, we begin by considering the bubble
integral in Fig. 5a with internal propagators of equal (positive) mass, m2 > 0. In Feynman
parameter space, the integral can be written as,

Jbub(s) = � (✏) lim
�!0+

Ibub(s; �), (4.71)

Ibub(s; �) =

Z

R2
�0

dx1dx2
U(x)�2+2✏

(F(x; s) � i�)✏
� (1 � ↵(x)) . (4.72)

with the Symanzik polynomials,

U(x) = x1 + x2, (4.73)
F(x; s) = �sx1x2 + m2 (x1 + x2)

2 . (4.74)

Making the choice ↵(x) = x1 + x2, we can perform the x2 integral to obtain,

Ibub(s; �) =

Z 1

0
dx1

1

(�sx1 (1 � x1) + m2 � i�)✏
. (4.75)
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Figure 30: Magnitude of the real part of the positive and negative contributions compared
to the total integral for the all massive 1-loop triangle at orders ✏�1, ✏0, ✏3 and ✏4. � =

lim�!0+(�1�i�)�1�✏. The 1, 2, 3 indices corresponds to the different positive regions shown
in Figure 9. B 2 (0.01, 0, 99) and m = 1 fixed.
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Figure 31: Magnitude of the real part of the positive and negative contributions compared
to the total integral for the elliptic sunrise at orders 1, 2, 3, 4 in the ✏ expansion. � =

lim�!0+(�1 � i�)�1�2✏. The 1, 2, 3 indices corresponds to the different positive regions
shown in 13. � 2 (0.01, 0.9) and m = 2.
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