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Naturally blue signals in axion inflation

Recall A+ / e⇡⇠ , ⇠ =
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Inflaton speeds up ! signals naturally increase at smaller scales

CMB signatures ! ⇠ <⇠ 2.5. In this regime, amplified ~A have negligible

backreaction on the background dynamics. No longer the case for ⇠ >⇠ 5

MP, Sorbo, Unal ’16
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µ
�
t,~k

�
+ �A

µ
�
t,~k

�

of the homogeneous inflaton & gauge modes around the AS solution

MP, Sorbo ’22

��
00 +2aH��

0 + a
2
V

00
�� = �

↵

fa2

Z
d
3
k

(2⇡)3
k

2

@

@⌧

⇥
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Figure 1. Stability diagram in the LGEF approach with ncut = 70. The background color
shows the largest real part among all Lyapunov exponents, Re ⇣1, as a function of the axion–vector
coupling in Hubble units, b = �H/Mp, and the potential gradient in Hubble units, v = �V

0
/H

3.
The solid and dashed parts of the red line correspond to Re ⇣1 = 0 and mark the boundary of the
unstable region when approached from the ordinary SR regime and from the stable backreaction
regime, respectively. The red dot at the merger of the solid and dashed red curves denotes the
codimension-2 bifurcation point (see the discussion in Sec. 3.4). The solid black lines show contours
of constant ⇠. The solid green segment denotes the crossing of the instability band for which the
bifurcation diagram is constructed in Sec. 3.4 (cf. Fig. 4). The purple stars indicate the parameter
points studied in the strong-backreaction regime in Sec. 3.5 (cf. Fig. 5).

The black contour lines indicate surfaces of constant ⇠, ranging from 10�5 to 7. In the

lower-left corner of the plot, corresponding to ⇠ < 0.1, gauge-field production is negligible

and inflation proceeds in the standard SR regime. In this limit, the last term in Eq. (3.19)

can be neglected, yielding the Lyapunov exponent ⇣1 = �3, which is clearly visible in the

plot. Perturbations are simply redshifted away and not further sourced by the interaction

with the gauge field.

An interesting feature of Fig. 1 is that, for fixed v > 102 (to the right from the red dot

in Fig. 1), increasing the axion–vector coupling first drives the system into the unstable

region (crossing the solid red line), but at su�ciently large coupling the system re-enters a

stable regime (crossing the dashed red line). This second stable region does not correspond

to slow-roll inflation; instead, the produced gauge field becomes strong and its e↵ective

friction term plays a dominant role in the Klein–Gordon equation (2.11).

To quantify the importance of the gauge-field friction in the Klein–Gordon equa-
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⇤
�A

⇤

�A
00 +

✓
k
2 �

k �̄
0

f

◆
�A =

↵ Ā
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FIG. 1. Top Row: Evolution of the electromagnetic (purple) and inflaton potential (black), kinetic (red) and gradient (blue)
energy densities, all normalized to the total energy density of the system, for ↵⇤ = 15, 18, 20. Solid (dashed) lines correspond
to lattice simulations with inhomogeneous (homogeneous) backreaction. Bottom Row: Evolution of ⇠ for the same coupling
constants, corresponding to simulations with inhomogeneous (black solid) and homogeneous (black dashed) backreaction, and
to gradient expansion [58, 59] (green solid) and iterative method [19] (magenta dashed). Solid and dashed vertical lines signal
the end of inflation in each case. Evolution in the linear regime (black dash-dotted) is also shown for completeness.

ing limits, confirming the validity of the code.
We define the power spectrum of the gauge field as

�(�)
A

(k, t) ⌘ k
3

2⇡2P(�)
A

(k, t), where h ~A(�)(~k, t) ~A(�0)⇤(~k0, t)i
⌘ (2⇡)3P(�)

A
(k, t)���0�D(~k � ~k

0) represents an ensemble
average. In Fig. 2 we plot various power spectra for a
fiducial value ↵⇤ = 18, and compare the outcome of our
inhomogeneous treatment against the solutions of the ho-
mogeneous backreaction and linear regimes. In Fig. 3 we
also show the helicity imbalance measured through a nor-
malized spectral helicity observable defined as

H(k, t) ⌘ �(+)
A

��(�)
A

�(+)
A

+�(�)
A

. (7)

The inclusion of the inhomogeneous terms brings con-
siderable novelties into the dynamics:

1.- The gauge energy ⇢EM grows exponentially fast
during the linear regime, until it reaches a few % of ⇢K.
The latter, that had been previously slowly growing on a
slow-roll trajectory, starts then decreasing, signaling the
onset of backreaction. In the homogeneous case, ⇢EM and
⇢K may perform some large oscillations [19, 56], almost in
opposite phase. Such oscillations are however damped in

the inhomogeneous dynamics, where the gradient energy
⇢G is also significantly excited, with its contribution po-
tentially comparable or even higher than ⇢K. This could
never be captured in the homogeneous regime, where by
construction ⇢G = 0. In the homogeneous case, for some
couplings (e.g. ↵⇤ = 15) the first and largest oscillation
leads h�̇i to even flip its sign, with ⇠ crossing zero back
and forth (depicted in the figure by dotted lines), signal-
ing that the inflaton climbs its own potential. This, how-
ever, never happens in the inhomogeneous case, where
the growth of ⇢G damps the oscillation amplitude, and
prevents ⇠ from becoming negative.

2.- For all couplings considered, either in the homo-
geneous or inhomogeneous regimes, inflation ends when
⇢EM becomes comparable to ⇢V, resulting in a Universe
already reheated at that moment, which is actually con-
sistent with previous preheating studies for ↵⇤ . 15 [49–
53]. In the homogeneous case, the number of extra efold-
ings is �Nbr ⇡ 3 for all couplings considered. In con-
trast, in the inhomogeneous dynamics, the number of ex-
tra efoldings grows strongly and monotonically with ↵⇤,
from �Nbr ⇡ 2 for ↵⇤ = 15 to �Nbr ⇡ 8 for ↵⇤ = 20.
For ↵⇤ = 15 inflation actually ends earlier in the inho-
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Lizarraga, C. Lòpez-Mediavilla, Urio ’25;

Jamieson, A. Caravano, Komatsu ’25

Figueroa et al ’23

1

cA

• Pattern of oscillations sign of coherency during inflation. Broken by

spatial gradient of inflaton, quickly arising from amplified ~A

• Expensive lattice computations (must control UV and IR in exponentially

expanding background). <⇠ 7 e-folds, here chosen at the end of inflation.

• Hard to get general conclusions, very strong sensitivity to couplings

Inhomogeneous backreaction

Caravano, Komatsu, Lozanov, Weller ’22, ’23;

Figueroa, Lizarraga, Urio, Urrestilla, ’23;

Figueroa, Lizarraga, Loayza, Urio, Urrestilla ’24;

Caravano, MP ’24;

Sharma, Brandenburg, Subramanian, Vikman ’24;
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Figure 1. Diagrammatic interpretation of the leading order correction to h ~E ~Bi in the in-in formalism
due to axion fluctuations. The superscript ‘(0)’ refers to solutions under homogeneous backreaction,
while ‘(s)’ indicates fields sourced through the axion gauge field coupling. The two diagrams corre-
spond to the two terms (3.5) and (3.6). Temporal and spatial derivatives (as needed to obtain the
‘electric’ and ‘magnetic’ contributions) are omitted.

and ⇠. We stress that ’unperturbed’ in this language refers to the assumption of homogeneous
backreaction.

Details of the computation of the expression (3.6) are given in App. A. Omitting for
brevity the momentum dependence, as well as time and spatial derivatives (needed to form
the ‘electric’ and ‘magnetic’ contribution that we are evaluating, as well as those contained
in the interaction), the terms have the structure

h[[A (⌧)A (⌧) , �� (⌧1)A (⌧1)A (⌧1)] , �� (⌧2)A (⌧2)A (⌧2)]i
' [A (⌧) , A (⌧1)] [�� (⌧1) , �� (⌧2)] hA (⌧1)A (⌧2)A (⌧2)A (⌧)i ,

(3.9)

where in the second expression we have retained only the dominant contribution, proportional
to the expectation value of four gauge fields.

This term contributes to the one loop diagram visualized in Fig. 1 and it is interpreted
as the interference term between one ‘unperturbed’ (amplified) A

(0) gauge mode (the last
term in (3.9)) and a gauge mode modified at one loop by the interaction of one ‘unperturbed’
A

(0) gauge mode and one ‘sourced’ scalar field mode.
In App. A we evaluate the correlator

Dhh
Â

⇣
⌧, ~k1

⌘
Â

⇣
⌧
0
, ~k2

⌘
, Hint (⌧1)

i
, Hint (⌧2)

iE
⌘ C(0,0)

�
⌧, ⌧

0
, ⌧1, ⌧2, k1

�
�
(3)

⇣
~k1 + ~k2

⌘
.

(3.10)

The result, reported in Eq. (A.9) is symmetric in the two external times ⌧ and ⌧
0. Defining

C(m,n)
�
⌧, ⌧

0
, ⌧1, ⌧2, k1

�
⌘ @

m

@⌧m

@
n

@⌧n
0 C(0,0)

�
⌧, ⌧

0
, ⌧1, ⌧2, k1

�
(3.11)

the expression (3.6) evaluates to

�
(1)
in-inB (⌧) =

1

a4

Z
d
3
k1d

3
k2

(2⇡)3
ei(

~k1+~k2)·~x✏i
⇣
k̂1

⌘
✏i

⇣
k̂2

⌘
�
(3)

⇣
~k1 + ~k2

⌘

Z
⌧

d⌧1

Z
⌧1

d⌧2


k2

2
C(1,0) (⌧, ⌧, ⌧1, ⌧2, k1) +

k1

2
C(0,1) (⌧, ⌧, ⌧1, ⌧2, k1)

�
.

(3.12)

After performing some momentum integrations, and exploiting the symmetry over the exter-
nal times, this expression simplifies to

�
(1)
in-inB (⌧) =

1

a4

Z
dk

k
3

2⇡2

Z
⌧

d⌧1

Z
⌧1

d⌧2 C(1,0) (⌧, ⌧, ⌧1, ⌧2, k) . (3.13)
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Figure 4. The evolution of the particle production parameter ⇠ for larger couplings. The curves and
markers are defined as in Fig. 2.

The physical intuition for the direction of this transfer is straightforward. In the ex-
amples we study, the Chern–Simons coupling is large enough that significant backreaction
develops before the end of inflation. As a result, a substantial amount of energy is deposited
into gauge bosons with large occupation numbers, concentrated in a relatively narrow band
of wave numbers near horizon crossing. Once our criteria are triggered, nonlinear e↵ects be-
come important and can redistribute this power across momentum space. In that situation,
it is natural to expect the spectrum to broaden toward higher physical momenta. This occurs
because the spectrum of the modes A(0) (those generated as long as the axion gradients are
negligible) is much more populated in the infrared (IR) with respect to a thermal spectrum
with the same energy, so interactions will be characterized by processes with fewer quanta
out than in, that move the spectrum toward the ultraviolet (UV). The perturbative process
corresponding to the second diagram in Fig. 1 is one such example, since the right external
leg is the result of an A

(0) mode interacting with an intermediate sourced axion mode, which
has been sourced by two modes A

(0) (therefore, three A
(0) modes concur to the formation

of A(s)). We note, however, that by construction, the IR-to-UV transfer captured by this
interference term is necessarily limited, since it does not have support beyond that of the
A

(0) modes. We expect the e↵ect to be more pronounced at two loops, where correlators
involving two sourced gauge modes can contribute. In that case, momentum-space convolu-
tions of sourced modes can generate support beyond the one-loop cuto↵, making the transfer
of power to larger wave numbers more manifest. The existing lattice simulations show this
clear shift of the gauge modes spectrum when axion gradients are included: see for instance
Fig. 2 of [31].

We therefore conclude that the two criteria are consistent with one another in pin-
pointing when axion inhomogeneities become important, and that both are supported by
the available lattice simulations. In the next subsection, we move beyond the portion of
parameter space for which lattice results currently exist.

4.2 Exploring stronger couplings

The analysis presented in the previous section shows that both criteria developed in this
work yield plausible results that are broadly consistent with existing nonperturbative lattice
simulations. This validation is essential for establishing the reliability of our criteria before
extrapolating to larger couplings, where lattice results are not yet available. In this section, we
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Figure 9: The five-segment potential defined in eq. (E.1). Parameters values: �̃0 = 57, �̃1 =
112, �̃2 = 186, �̃3 = 221, �̃4 = 317, c1 = 9.48⇥10�4, c2 = 2.39⇥10�6, c3 = 9.05⇥10�9, c4 =
3.97 ⇥ 10�11, and line slopes c5 = �4.95 ⇥ 10�3, c6 = �3.68 ⇥ 10�4. The outmost left and
right (red) vertical dashed lines mark the field value at the beginning of the simulation and
60 e-folds afterwards, where we set the end of inflation. The intermediate (black) dashed
lines indicate the transition points between di↵erent segments of the potential.

parametrization (E.1) is done in terms of the rescaled field �̃ and that the rescaling of the
inflaton depends on f . Specifically, rescaling f ! f at fixed potential results in

f̃ !  f̃ , �̃i ! �̃i/ , c1 !  c1 , c2 ! 2 c2 , c3 ! 3 c3 ,

c4 ! 4 c4 , c5 !  c5 , c6 !  c6 . (E.2)

In the main text, particular attention is paid to the dependence of the sourced signals
on the coupling f̃�1 and the slope of the potential c5 in the intermediate region. For this
discussion, it is convenient to parametrize the slope of the potential with a parameter that,
unlike c5, is not a↵ected by the value of f̃�1. Specifically, we introduce

v0 ⌘
Mp

V0

@V

@'
=

c5

f̃
, �̃2  �̃  �̃3 , (E.3)

which, for the ‘baseline’ model, evaluates to v0 ' �0.2822.
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Figure 4: Evolution of the energy densities for the choice of parameters leading to the power
spectrum shown in the previous figure. The left (respectively, right) panel assumes that the
curvature perturbation obeys Gaussian (respectively, �2) statistics.

4 PBH dark matter

The PBHs of our interest form from the collapse of overdense regions at horizon re-entry [67].
The resulting PBH mass is controlled parametrically by the energy contained in a Hubble
region at re-entry

MH =
4⇡

3
H�3

E
⇢E =

12
p
10M3

p

g1/2⇤,E T 2

E

, (4.1)

and it is modulated by the critical collapse dynamics discussed below. This relation is valid for
modes that re-enter the horizon during the radiation dominated era, and the index E denotes

quantities evaluated at this moment. Using conservation of entropy, (g1/3⇤,s a T = constant,
where g⇤,s denotes the e↵ective bosonic degrees of freedom contributing to the entropy), the
temperature of the thermal bath at re-entry can be written as

TE =
3
p
10

⇡

1

g1/2⇤,E

✓
g⇤,s,E
g⇤,s,0

◆
1/3 Mp

T0

k

a0
, (4.2)

where T0 is the present CMB temperature.
PBH formation occurs when the mass overdensity—conveniently characterized by the

compaction function C [68] introduced in Appendix A—exceeds a threshold value Cth deter-
mined from numerical simulations [69]. In this regime, the collapse is governed by a critical
phenomenon, such that the PBH mass follows a scaling relation with respect to the horizon
mass [70, 71]

MPBH(C) = KMH(C � Cth)⌫� . (4.3)

Assuming the collapse takes place in radiation domination, one finds ⌫� = 0.36 and K = 4 [72]
(see Ref. [73] for a recent review). Moreover, marginalizing over the overdensity distribution,
as detailed in Appendix A, leads to a typical PBH mass hMPBHi = �MH , with � ' 0.6 in
the case of a narrow spectrum and Gaussian statistics. It should be noticed that K accounts
for the non-linear collapse dynamics, as well as accretion during the BH formation, and it
is normalized assuming that the horizon mass appearing in Eq. (4.3) is computed when the
typical (real-space) comoving scale of the perturbation reenters the horizon rm ⌘ /k = 1/H,
where  ' O(3) [53, 74–76], see Appendix A for more details.
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Planck Collaboration: Constraints on Inflation

Fig. 7. Marginalized joint two-dimensional 68 % and 95 % CL regions for combinations of (✏1 , ✏2 , ✏3) (upper panels) and (✏V , ⌘V , ⇠2V )
(lower panels) for Planck TT,TE,EE+lowE+lensing (red contours), compared with Planck TT,TE,EE+lowE+lensing+BK15 (blue
contours).

0.94 0.96 0.98 1.00

Primordial tilt (ns)

0.
00

0.
05

0.
10

0.
15

0.
20

T
en
so
r-
to
-s
ca
la
r
ra
ti
o
(r

0
.0
0
2
)

Convex

Concave

TT,TE,EE+lowE+lensing

TT,TE,EE+lowE+lensing
+BK15

TT,TE,EE+lowE+lensing
+BK15+BAO

Natural inflation

Hilltop quartic model

� attractors

Power-law inflation

R2 inflation

V � �2

V � �4/3

V � �

V � �2/3

Low scale SB SUSY
N�=50

N�=60

Fig. 8. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
BK15 or BK15+BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized joint
68 % and 95 % CL regions assume dns/d ln k = 0.
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Figure 3. Field trajectory (left panel) and equation of state as a function of the number of e-folds (right
panel) for a di↵erent choice of parameters. The end of the metastable inflationary trajectory (occurring at
N = 0) is followed by oscillations about a new inflationary valley connected to the minimum O, by a second
inflationary stage of duration �N ' 4 about this valley, and, finally, by oscillations about the minimum.

this discrepancy does not reflect in the CMB estimates, which are essentially o↵-set only by 1 e-fold
along the N > 1 part of the inflationary trajectory. This translates into a small discrepancy in the
determination of the field values at CMB scales, and in the evaluation of the slow roll parameters
needed for the CMB predictions. Specifically, the numerical evolution leads to ns = 0.9648 and to
r = 2.1 ⇥ 10�3 through eqs. (5.4). The analytic result of eqs. (4.10) provides a relative discrepancy
of about 0.06% for the spectral tilt and of about 3% for the tensor-to-scalar ratio.

Figure 3 shows the evolutions of the two fields (left panel) and the equation of state as a function
of the number of e-folds (right panel) for a di↵erent example, characterized by n1 = 70

M2
p
, n2 = 500

M2
p
, � =

0.01, r⇤ = 0.25. Di↵erently from the previous example, the figure shows the evolution also after the
end of the metastable inflationary trajectory, that occurs at N = 0 (marked with a red star in the left
panel). Right after this moment, the trajectory reaches the position with greatest value of ✓̂ shown in
the figure, and then performs oscillations about a next inflationary valley connected to the minimum
O shown in the figure. When these oscillations are dumped by the expansion, the evolution proceeds
along the new inflationary valley, providing an extra amount of inflation of about �N ' 4. The fields
then reach the minimum O and start oscillating about it. The right panel shows the corresponding
evolution of the equation of state, that is close to �1 during the two stages of inflation, and that
oscillates while the trajectory is also oscillating. The first oscillation occurs about a negative value, as
the minimum value of the potential energy is greater than zero during those oscillations; the second
oscillation occurs about 0, as it is typical for the oscillations of massive fields.

This behaviour is markedly di↵erent from that of the previous example, in which the evolution
after the end of the metastable trajectory (not shown in the two previous figures) was characterized
by oscillations about the minimum, without a second inflationary stage. Also in this case, the analytic
result (4.10) for the spectral tilt and the tensor-to-ratio is extremely accurate. Specifically, the value
for these two quantities at N = 60 e-folds before the end of the first inflationary stage obtained
numerically (respectively, analytically) is ns = 0.962 (respectively, ns = 0.963) and r = 9.6 ⇥ 10�4

(respectively, r = 9.4 ⇥ 10�4). However, the presence of the second inflationary stage shifts the
position at which these quantities should be evaluated. For example, evaluating them numerically at
N = 60� 4 = 56 e-folds before the end of the metastable trajectory results in r = 1.1⇥ 10�3 (while
ns does not change at the third significant digit).

6 Summary results and CMB phenomenology

The model (2.1) of aligned axion inflation is characterized by 6 parameters: 2 potential scales and
4 axion scales. The scalar spectral tilt and tensor-to-scalar ratio are independent of the overall
normalization ⇤4 of the potential. Furthermore, the redundancy of the model under the internal
rotation (2.5) allows to express the results in terms of three combinations of the axions scales, see
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Figure 6: Left panel: We show the GWs power spectrum obtained with the following parameters: n1 =
152.1/M2

p
, n2 = 390/M2

p
, � = 0.0067 r⇤ = 0.51, cF = 1.6. For these set of parameters, we have a second

phase of inflation of about 27 e-folds and therefore the peak of the power spectrum lies in the LISA range.
The CMB phenomenology is given by ns ' 0.963, r ' 3⇥ 10�3.
Right panel: GWs power spectrum for n1 = 70/M2

p
, n2 = 500/M2

p
, � = 0.0067 r⇤ = 0.2, cF = 1.2. In

this case we have a second phase of inflation which lasts for about 17 e-folds, therefore the peak lies at higher
frequencies. The CMB phenomenology in this case is given by ns ' 0.97, r ' 6⇥ 10�4. In both plots, the
blue line represents the left-handed polarization and the red line the right-handed one. The black dashed
line indicates f0, the frequency corresponding to k0, which is approximately 3⇥10�4 Hz in the left panel and
3.3Hz in the right panel. In addition, we show the integrated sensitivity curves of future gravitational-wave
detectors, reported in [55].

is predominantly sourced by gauge modes crossing the horizon at the same time. Since ⇠ increases with time
in this regime, ⌦GW(k) also increases with k. This behavior changes once ⇠ becomes approximately constant
or slightly decreases, as occurs after the transition. Consequently, the overall evolution of ⇠ naturally leads
to a peak in the power spectrum around the frequency f0.

Another feature of the power spectra that we find is the violation of parity, typical of ALPs coupled to
a gauge field. In this case, we have a non chiral power spectrum for f . f0, while after the transition scale,
the right-handed GWs decay at a faster rate with respect to the other polarization. To analyze the chiral
behavior of the power spectrum, we define the chirality parameter at a certain frequency f as

��(f) :=
P+(f) � P�(f)

P+(f) + P�(f)
, (5.2)

and for the three frequencies marked in the right panel of fig. (6), we find ��(f1) ' 0.007, ��(f2) '
0.13, ��(f3) ' 0.999, with f1 ' 0.2 Hz, f2 ' 3.6 Hz, f3 ' 142 Hz. The pattern of parity violation can
be understood by examining the loop contributions that source the gravitational waves [45]. Gravitational

waves with |~k| . k0 are produced during the phase in which ⇠ is increasing. Their generation is mainly
sourced by gauge modes with |~p|, |~q| & k0, since these modes are amplified later than those of order k0,
when ⇠ is larger and the production more e�cient. In this regime, momentum conservation requires the two
gauge field momenta to be nearly anti-aligned. As a result, the corresponding state carries almost no net
helicity, leading to an approximately equal production of the two GW polarizations. On the other hand,
gravitational waves with |~k| & k0 are predominantly sourced by gauge modes with |~p|, |~q| . k0, as they are
produced during the stage in which ⇠ undergoes damped oscillations. In this regime, the initial helicity is
no longer nearly vanishing, leading to the parity violation observed in fig. (6). In this case, left-handed
gauge modes predominantly source left-handed gravitational waves, and analogously for the right-handed
ones. Since right-handed gauge modes are produced less e�ciently, the right-handed gravitational wave
component is suppressed. Including the right-handed polarization of the gauge field in the calculation would
thus slightly enhance the right-handed power spectrum, resulting in a mild reduction of �� for f � f0.
A more detailed discussion of these e↵ects is presented in Appendix C. It is important to remind that
these results are obtained under the assumption of homogeneous axion fields, with the backreaction treated
accordingly. Verifying this requires a study of the scalar perturbations, which is left for future work.
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Figure 3. Contour plot of (2.10), for parameters in the 1
r4f

< r⇤ <
1
r2f

region, together with valleys

(green) and crests (magenta). The two red curves are two distinct inflationary trajectories in this
model. They are obtained from a numerical evolution of the exact model (2.5). Both evolutions
shown contain 60 e-folds of inflation plus a brief transient moment after inflation in which the system
reaches the minimum.

The evolution shown in the figure is characterized by N = 60 e-folds of inflation along the
valley connected to SB; the following phase, from the moment the system leaves the valley
to when it first reaches the minimum, lasts for ' 2.9 e-folds. During this second stage, the
equation of state oscillates with average wave ' �0.16. This phase should be understood as
the beginning of the post-inflationary reheating.

4 {ns � r} phenomenology

In this Section we study the CMB phenomenology of Aligned Natural Inflation in the {ns � r}
plane. As discussed in the previous Section, we find two classes of inflationary trajectories in
this model: those along valleys connected to a minimum, and those along valleys disconnected
from any minimum. In the first case, inflation ends as the fields approach the minimum of
the potential; in the second case inflation terminates at the end of the valley, due to an
instability in the heavy  direction. This second class of solutions exist only for r⇤ in the

1
r
4
f
,

1
r
2
f

�
interval. 9

9To be precise, such an evolution can also take place for r⇤ slightly greater than 1
r2f

, so that evolutions

where inflation ends due to instability in the  direction are possible for 1
r4f

< r⇤ < 1
r2f

+ ✏, with ✏ small.

The reason for this is that, for r⇤ = 1
r2f

, one finds @2V2
@ 2 = 0 at the precise point where the valley connects

with the crest shown in the figure, so that the fields do not bend along the valley, but escape from it (ending
inflation), and again reach the minimum shown on the top of the figure. This behavior rapidly disappears
as r⇤ increases slightly above 1

r2f
, since @V2

@ > 0 all along the valley in this case. For the parameters used in

Figure 3, we numerically found that ✏ ' 0.004 (while 1
r2f

' 0.4444).
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