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motivation :

-

- enhanced primordial power spectra on small scales

%
could leave gravitational relics -

- primordial gravitational waves /-&⑧

- primordial black
holes 20

- must violate "slow roll" in single-field inflation

- transient ,
non-attractor dynamics

-non-linear perturbations , non-Gaussianity
- non-Gaussianitya toop corrections

↑

- quantum diffusiona non-perturbative dynamics
- lattice simulationsa stochastic inflation
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sufficient inflation (N = SHd+< 70)

generates density fluctuations on all scales



·as quantum inflatia
universe

-> In(a) = W = SHdt = Se

· quantum field fluctuations perturb local adiabatic expansion

-> curvature perturbation
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diadensityperturbationsominflationa scale invariant
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primordial black holes

from very large (5-1)

very rare (PK10-9
density peaks



mordialblack holes Zeldoriche Novikov (1967)
,
Hawking (1971)

Harking = Carr (1974)
-

· formed by collapse of large density perturbations , 882 Sait
· mass related to horizon mass at formation time in rada .

era

H " = It

-ur

u H mu

Mosn-os Mo

-um

· challenging to model origin during inflation :

non-perturbative ,
SWI and very vare

I

mass fraction at formation : B(m) ~10-3 (Mis
sensitive to primordial non-Gaussianity



tslow-roll
inflation

Starobinsky 192 ; Seto et al 199 ret ultra-slow
Tsamise Woodard'03 : Kinney05 ...

- roll slow-roll
Garcia-Bellido eRuiz 17 :

-

I

primordial curvature -power spectrum

(ri) = ()<say &

I

Pr USR

* primordial black holleseCarre Hawking'74
>

* induced grav. Waves
Ink
/

Komig



~dynamicsinEnwcross
two regimes
-

(i) slow-roll quasi-equilibrium : (i)(3riel

i = - ,
attractor

,
:(a) =-is

(ii) ultra-slow-roll free evolution : 1V11 Briel

= - >His
,

transient decay in 2D phase space

is =
a

3
-> 0 as a->

=- is3



Uke) ultra-slow
- roll slow-roll

-
ansient

~du

use phase

space



madiabaticpressure in single-field inflation

FLRW cosmology : 3 = En + v() ,
p = = - v(x)

non-adiabatic perturba : Crad = 8 =(j)
= O if J attractor i =(b)

on large scales in slow roll

# o on large scales

in ultra slow roll

i + :(d)

curvature evolution : RESPad



Growth of curvature perturbation on super-Hubble scales
enemen

Leach ,
Sasaki , Wands & Liddle (2001)

-

-

ext-super-Hubble
enhancement



~n
: potentials , v()

C

- inflection point - Higgs inflation , polynomial , exponential.....

- localised feature - piecewise linear/quadratic ,

Gaussian bump ,
double well...

&

all require delicate fine-tuning Cole et al (2025)

one part in 103-108 for
sufficient (but not too much !)

USA duration (e) and hence enhanced power
, Pr = 10-1

can we make generic predictions ?



TaosorUrbano (2021)

#flowSRotan
72a
SR USR ~SR

where n = -/ This
3 -

=-&t>
0- 7

N => E , (N)

7= 0, = 3 ,
T = -0

.5 E.= - dInH = H
smooth transition

,
AN = 0

.
5

~ higher-order SR parameters

Eit = Denti



TaosorUrbano (2021)

#flowSRotan
72a
SR USR ~SR

=> linear perturbations, n =aSl

3 -

u" + (k"-M=
where

0- 7
N M= 2- t ,

+3 t +(t - EG +1ts)t
In Pra

7= 0, = 3 ,
T = -0

.5
102-

smooth transition
,
AN = 0

.
5 i↑10-9-

enk



TaosorUrbano (2021)

#flowSRotan
72a non-linear power spectrum
SR USR ~SR

3 -

0- 7
N

7= 0, = 3 ,
T = -0

.5

smooth transition
,
AN = 0

.
5

Caravano , Franciolini & Renaux-Petel (2024)

primordial non-Gaussianity , etc

see also Ballesteros et al (2024)



~
-flow VSR model => specific potential

M

V
0: 6 Vx-

SR USR USR
3 -

7

0- 7 v VI

N

large , sharp 3x183vn
>

* V"

featuresartefacts" in VI
-

at second transition

USR-> sil

> I



~milteredHubble-flow model remove sharp features

Fourier transform W 77a

I UV

IR

VI
>
N

In Pra

S 102-

ka
,
max ↑

>

second transition
V'"

10

sensitive to
-

In kUV power
> Y



~Filtered
Potential model : polynomial V(C)

Hertzberge Yamada (2018)

I A

V 77/
UV

3-

IR
=

0 .75Vx

0- >

↑ > -3
=

VIll
S

ka
,
max

102&
In Pr

little UV power
- 0 . 002 Va 10-9

3
>

Pr still sensitive to UV filter



~mswrong with 77(N) models of use ?

(A) Smooth (N) -> Smooth V"(N)

use: =-t = -=-
-> compressed V" (4) , large V"(l)

(B) forcing USU (transient) +> SR (attractor)physical

attractor + feature -> transient -

transient + feature -> transient (not attractor !)

Use transient will naturally relax back to SR

in absence of any sharp features



-tityinvariance of Ms mode equation Wands (1999)

hi = E invariant under -E =z(J
e .g. at USR -> SR transition Leach et al (2001)

invariance holds in V(4) USR models (generic feature

broken in Hubble flow <(N) models (not generic
M

mi SR USR-SR

aH2
-

iI > N

UV filter restores M2 ~ constant at transition



↑corrections to power spectrum
?

- Kristiano & Yokoyama (2021) claimed enhanced power

on small scales
,
Pr-10-2

,
gave large loop correct

to power spectrum on CMB scales

-many papers followedd ...

- Kristiano e Yokoyama (2024)

"We find that one loop correction to the power

spectrum... vanish if and only if the MS equation

for perturbation satisfies Wands duality [invariance]
"



clusion,-roll dynamics during inflation
-> enhances density perturbations on small scales

-> primordial black holes + grav .
waves

- "Smooth" Hubble-flow
,
M(N)

,
models of USR inflation

have sharp features in V"(6) at USR-> SR

-> large field self-interactions

"Ur artefacts" Barnet et al
,

arXiv : 2606
.....

- potential models require finely tuned parameters

have smooth VIC) -> weak self-interactions

-> invariance of MS mode equation thin USR -> -SR

next step ,
nonlinear perturbations... Work in progress



bonus material



↑Potential modelsaviaza Pedro (2018) Mishra e Sahni (2020)
A

I
a Inp I

> Ka >ka Ske

V v v

VI VII V"



↑Potential modelsaiarped (2018) MishraeSahri cond)



↑Potential modelsaiarped (2018) MishraeSahri cond)



pressure ~ton-baryon phase space
p = 190a in FLRW cosmology

P..

density

S = Su + Is

adiabatti perturbation non-adiabatic perturbation

R = H = H S = 3H()
= S(p) = 0

a
.

K
.
a .
isocurvature S

entropy perturba.



~flation phasespacea-use

adiabatic expansion

-
slow roll N = S Hdt

adiabatic perturbs

R = Hd
-

R = constant on super-Hubble scales (KLaH)



gange dependence
of large-scale limit

mmmm
Artigas et al ,

arXiv : 2504 .
05937

toniangangnetentual- >G as 1 -> 0

=> SPrad-EE-> O I

Note : Spaad is gange
invariant

so this is a physical restriction

used in stochastic inflation

~aflat sanato ask -> 0

necessary for large-scales intra-slowroll



~inequations
in

gradient expansion si + A

G : ->⑬( + O(DY

Gi -> = + O(x2)

G'ji -> jj = - 3 HAj + o(x))

Gi -> D;F + 45 @X: 5 < X: A + O(x))



Salopek a Bond (1990) gradient expansion or large scales

use

anisotropic shear evolution : Fij = -3HAij

- 3 SHdt
=> Aide

-> O

momentum constraint neglecting anisotropic shear

SH + 4GUSC = SH-S =

adiabatic pertbus => F = H(E)

Hamilton-Jacobi solution for perturbations



see also TanakaeUrakawa (2021)

&gas et as a Tomberg (2023)

SH + 4GUSC = SH-sc-3JHdt
dynamically decays but not gradient suppressed

related to non-adiabatic pressure

SPrad & e-3SHdt

e . g. slow roll i constant => SPrad & e-bJHd+0
-

-> Hamilton-Jacobi ,
F = H(E)

·
ultra-slow roll :exe-3)ridt => Sprad -> constr

=> # = H(, i) 2D phase space
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non-perturbative approach : SN formalism
me

T·in
-

Din + 80(52)

use non-linear FLRW equations on super-Hubble scales

"separate universe approach"



an
le Gaussian Kick Se

+50
sing

~sir 4)
- N() &

S

SN

classical FLRW solutions

nonlinear classical
solution N(C) non-Gaussian

Clendmsn >
N

C
M

chasticaw Win fully non-perturbative

N = Stochastic
& &first passage time 2 quantum diffusion

to cross Cend Handm>
N

-





classical USR take limit VI-> 0

+ Thi = 0 = ce
- 3Ht

~( ,
i) = - ten) +3

-Gl Cai etal 2017

PirSasaki 2022

N-> * as C -> Put = Rond-

Gaussian
,

P(c) -> exponential tail ,
P(N) a e-3N

A

↑
Cert

*/
111.... 22

C trapped if U-Had > -4/3H (incomplete)



Stochastic USR take limit VI-> 0

+ Thi = 0 = ce
- 3Ht

~( ,
i) = - ten) +3

-Gl Cai etal 2017

PirSasaki 2022

N-> * as C -> Put = Rond-

Gaussian
,

P(c) exponential tails, P(N) a e-3N

classical
L Stochastic limit N

~thison etal(2021) I↓↑-11111111
.... 32

Cert N

diffusion takes over when C-Cand > - 4/3H



Stochastic Ultra-Slow-Roll Inflation

seeseem
Fironzjahi et al, Pattison et al (2021)

UV : linear mode functions on sub-Hubble scales

Stochastic noise as modes cross coarse-graining scale

IR : coarse-grained field obeys Langevin equations

for C and T = ac

=
*

squeezed state

-> correlated noise

-

= 3 but not adiabatic
in USR



~medicatiotransit usu stainsina
sch USR

Un = zRk = aSUk ↳

general solution in SR/USR limit

=> un= [* )-n)e-im + Br(+ )eik]

before transition : BD vacuum
,

Xv = 1
, Bu = 0

nurs

after transition : particle production or sub-Hubble scales

mus non-adiabatic pertbus on super-Hubble scales

gradient terms Xn + 0
, Br < (% ) for KK+

at sudden transition



primordial density perturbations in stochastic OSR
cur

single scalar field ,
C(t) Jackson et al 2410 .

13683

potential energy , V(6) + tiny bump
M Mishra etal (2024)

falseracum

true
vacuum

30

typical
fluctuations
Gaussian

smoothing scale k = 2 att



importance sampling in Stochastic USR

-
Jackson et al 2410 .

13683

single scalar field ,
C(t)

potential energy , V(6) + tiny bump
M

-· Ii
vacuum classical

30 Sa

bias dynamics
-> rare fluctuations

but
- - noise calculated only along classical background

-
result depends on coarse-graining scale ,

k = zatt



Stochastic SN

PBHs classical Sa

QFT in

FLRW

spacetime
slow roll


