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Motivation for ax-attractor models of inflation

Kallosh-Linde-Roest 2013; Ferrara-Kallosh-Linde-Porrati 2013; Ferrara-Kallosh 2016;
Kallosh-Linde-Wrase-Yamada 2017; Kallosh-Linde 2022, 2025, 2026; ...

o Seven-disk manifolds described by seven complex fields appear in M-theory, string
theories and maximal supergravity
When some conditions are fulfilled one scalar may be identified with the inflaton
and has kinetic term related to hyperbolic geometry with constant curvature

e Kahler potential has the form (in disk or half-plane variable):
K(Z,Z) = —3alog(1 — ZZ) with Z = tanh ( éMi;) et
K(T,T) = —3alog(T +T) with T = exp (— %Mip) + 16
o Kahler curvature equals R = —2/(3a) with 3a € {1,2,3,4,5,6,7}

o Simple potentials for Z or T field lead to several classes of a-attractor models
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Classes of a-attractor models

Potentials regular at the border of the moduli space

2n
— 1
e T-models: (ZZ)" = Vr(¢)=AL, (tanh [, /aMip]>

—\ 2n 2n
T+T 2 ¢
o E-models: (1 — T) = Ve(¢)= A;‘nf (1 — exp l_, /gm]>
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Classes of a-attractor models

Potentials regular at the border of the moduli space

2n
— 1
e T-models: (ZZ)" = Vr(¢)=AL, (tanh [, /aMip]>

—\ 2n 2n
T+T [2 ¢
E-models: {1 — —— =A*. (1- =2
e E-models ( 5 ) = Vi (9) mf< expl 3aMp]>
v

Potentials with divergent derivative at the border of the moduli space

1
e P-models: = Ve () = Al

14 (1n Lf) o .

e
$*" + ( %Mpyn
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Classes of a-attractor models

Potentials regular at the border of the moduli space
o T-models: (ZZ)" = Vr(¢)= (tanh [\/ ])
a Mp

2n
o E-models: (1 — #) = Ve (¢) = Ay (1 - eXp l V3 Mp])

1 ¢2n

e P-models:

1+ (lnTTﬁ)_

Potentials singular at the border of the moduli space (examples)

Vsan)T(¢) = Afs tanhzn( GIQM ) [1 + 61In™ (cosh2 ( %Mi;))]
Vsm)r(9) = Al tanh®" ( %M ) [1 + 6 cosh®™ ( iMip)}
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Parameters of inflation models as functions of CMB observables

Usually one calculates predictions for values of CMB observables for a given model of
inflation and given values of its parameters

2 (2)
=1 (s (22 -5 P)

V(d)) bP=o
2 [V (d)\? V (¢r)
r(k) =8Mp | ———~ Ags(k) =
"= ( V@) ) o= * 1272 M ("’%‘{és’”)z\

b=y
In some models it is possible and convenient to reverse these relationships and
calculate values of the model parameters necessary to obtain given values of CMB

observables.
For example in T-models

2 2 R 2n
o = 64"’L 1 A?nfzﬂMéTAs £+ \/5 1+1
3r &2 -1 2 e+ /€2 -1-1

¢ = Mp rw )nm@+¢?‘j

where £ = n (8 1= — 1)
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Reheating temperature and consistency condition

@ Results of CMB experiments are used to determine bounds on parameters
characterizing the CMB radiation corresponding to some conveniently chosen
comoving pivot scale or wavenumber k.: As(k.), ns(k.), r(k.), as(ks)

o k. = 0.05ao Mpc~! is the most common choice
(0.002 ap Mpc™* was also used)

o Perturbations with such wavenumber generated during inflation was inflated and

became super-horizon when the following condition was satisfied

ki* = ag, Hk*

ai, and Hy  are values of the cosmic scale factor and the Hubble parameter at
that time
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Reheating temperature and consistency condition

@ Results of CMB experiments are used to determine bounds on parameters
characterizing the CMB radiation corresponding to some conveniently chosen
comoving pivot scale or wavenumber k.: As(k.), ns(k.), r(k.), as(ks)

o k. = 0.05ao Mpc~! is the most common choice
(0.002 ap Mpc™* was also used)

o Perturbations with such wavenumber generated during inflation was inflated and
became super-horizon when the following condition was satisfied

ki* = ag, Hk*

ai, and Hy  are values of the cosmic scale factor and the Hubble parameter at
that time

o The above condition may be rewritten in the form

k. Qend ARH a0 kK
O=In({—— ) =1In
ay, Hg, ag, Qend ArRH aoHp,
where acngq, aryg and ag are values of the cosmic scale factor at the end of
inflation, at the end of reheating and today, respectively
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Reheating temperature and consistency condition

@ Number of e-folds of consecutive phases of the evolution of the universe:

e Ni, =1In (id> — inflation after the scale k.. crossed the horizon
ag.,

o Nru = In (aRH) — reheating
Qend

ao

o Nrp+wmp = In ( ) — standard evolution after the end of reheating (RD + MD)

aRrH

o Equation from the previous slide may be rewritten as the following consistency
condition relating these numbers of e-folds

aoHy,
Ny, + Nru + Nrp4+mp = In e
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Reheating temperature and consistency condition

@ Ny, depends on
o model of inflation (inflaton potential)
o values of CMB observables

@ Nrp+wmp depends on
o reheating temperature Tru

@ Nry depends on

o model of inflation and values of CMB observables (energy density at the end of inflation)
o reheating temperature Trux
o mechanism of reheating
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Reheating temperature and consistency condition

@ Ny, depends on
o model of inflation (inflaton potential)
o values of CMB observables

@ Nrp+wmp depends on
o reheating temperature Tru

@ Nry depends on

o model of inflation and values of CMB observables (energy density at the end of inflation)
o reheating temperature Trux
o mechanism of reheating

@ We use simple description of mechanism of reheating, namely:

o The same inflaton potential describes both inflation and reheating (plateau of the potential
important for inflation, part of the potential around its minimum important for reheating)

o Transfer of inflaton energy to energy of SM plasma described by a decay constant T" which
for a given model is in one-to-one correspondence with Ty
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Reheating temperature and consistency condition

N, depends on

o model of inflation (inflaton potential)
o values of CMB observables

@ Nrp+wmp depends on
o reheating temperature Tru

Ngry depends on

o model of inflation and values of CMB observables (energy density at the end of inflation)

o reheating temperature Trux

o mechanism of reheating

@ We use simple description of mechanism of reheating, namely:

o The same inflaton potential describes both inflation and reheating (plateau of the potential
important for inflation, part of the potential around its minimum important for reheating)

o Transfer of inflaton energy to energy of SM plasma described by a decay constant T" which
for a given model is in one-to-one correspondence with Ty

All important numbers of e-folds for a given model of inflation depend only on

o values of CMB observables
o reheating temperature Tru
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Reheating temperature and consistency condition

Nk, +Nru+Nrp+wvp = In (agHy, /ky)

end

1076 10 107%° 1032 102 10~"® 10® 10°

alag
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For a given model of inflation and
given values of CMB observables
(model + values of its parameters)

o value of Tryy is fixed
by the consistency condition
o shorter reheating period

I
higher Try1 (bigger T')

o Maximal possible Try
corresponds to instantaneous
reheating
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Reheating temperature and consistency condition

Nk, +Nru+Nrp+wvp = In (agHy, /ky)

For a given model of inflation and
given values of CMB observables
(model + values of its parameters)

o value of Tryy is fixed
by the consistency condition

o shorter reheating period

I

10-25 end ] higher Try1 (bigger T')
sl ) ) ) ) ) ) o Maximal possible Try
1075 10~%® 1040 10-32 10-2% 10-'® 10-® 10° corresponds to instantaneous
reheating
alag

The reheating temperature is bounded
e upper bound from consistency (value depends mainly on r, O(10'%) GeV for big r)
e lower bound O(10) MeV from BBN constraints
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Reheating temperature and consistency condition

Ny,

4+ Nrua+ Nrp+wMp = In (agHy, /k.)

end

10

.-56 10.-48 10.—40 10.—32 10.-24 10.-16 1(;—8 100
alag

The reheating temperature is bounded

For a given model of inflation and
given values of CMB observables
(model + values of its parameters)

o value of Tryy is fixed
by the consistency condition
o shorter reheating period

I
higher Try1 (bigger T')

o Maximal possible Try
corresponds to instantaneous
reheating

e upper bound from consistency (value depends mainly on r, O(10'%) GeV for big r)

e lower bound O(10) MeV from BBN constraints

Bound on Try translate into bounds on N,
(some common choices of IV, are (partially) inconsistent)
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Reheating

10° This schematic drawing corresponds to
10° (over)simplification in which each period of the
T 107 evolution (straight segment) is described by a
£ 107 constant equation of state parameter w:
© 10—20
1025 Wint = —1; WD = 3; wmD = 0;
1030 WRH = Z—:L} for inflaton potential dominated

10756 1078 107%° 1072 10724 107"¢ 10°® 10°
alag

(during reheating) by the term ¢2"
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Reheating

0 . . .
10 This schematic drawing corresponds to
-5 . e . . . .
10 (over)simplification in which each period of the
T 10-10 . . . .
T evolution (straight segment) is described by a
£ 107 constant equation of state parameter w
% 40720 1
1025 Winf = —1; wrDp = 3; wvmD = 0;
10-%0 wra = 7= for inflaton potential dominated
1076 10-%% 10-%° 10~%2 10724 107'¢ 10~® 10° -1

(during reheating) by the term ¢2"

alag

@ Number of e-folds during inflation (after scale k. crossed the horizon) Ny, is

obtained from .
1 * Pend V
N, = _7/ ﬂd(ﬁ
Dre 8¢V(¢)

) _ N _1647(£2—1)+4/16+7(£2—1)4/r(62—1)
e.g. for T-models: N;, = r(£2 <2£ 2<\/16+7’(£271)+\/7‘(52*1)> >
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Reheating

0 . . .
100 This schematic drawing corresponds to
-5 . e . . . .
10 (over)simplification in which each period of the
T 10-10 . . . .
T evolution (straight segment) is described by a
£ 107 constant equation of state parameter w:
% 40720 1
1025 , Winf = —1; wrDp = 3; wvmD = 0;
10-%0 wra = 7= for inflaton potential dominated
1076 10-%% 10-%° 10~%2 10724 107'¢ 10~® 10° -1

(during reheating) by the term ¢2"

alag

@ Number of e-folds during inflation (after scale k. crossed the horizon) Ny, is

obtained from .
1 * Pend V
Ny, = —— / VD) d¢
MP J b, 8¢V(¢)
. N _1647(£2—1)+4/16+7(£2—1)4/r(62—1)
e.g. for T-models: N;,, = T($2 <2§ 2<\/16+T(£271)+\/T(£271)> >

@ Number of e-folds during reheating Ngry is obtained by solving appropriate set of
Boltzmann equations
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Nru

Approximating inflaton potential during reheating by a monomial V' o< ¢2™ one gets
the following set of Boltzmann equations

( Py = —3(1+w)Hpy — Tpy pr = —4Hpr + T'py ]
with w = ZI_} and H? = TT?
Using (standard) approximation H? = 35’\;’}3_ and changing the independent variable

from the cosmic time to the number of e-folds (after the end of inflation),
N = a(t)/aend, we obtain the set of equations

((aepo = =31 +w)py — VEMpT /55 &pr = —4pr + VEMT /p; |

which may be solved (to simplify notation we introduce v = W)

3 2
pd)(N) = Pend |:(1 + 7)6_5(1+W)N - '7]
_ 2(1+19) —2(14w)N —4N g —4N
PR(N) = Ppena3(1+ w)y [5—3w (e —e >_Z<1_e )
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Nru

o Transition between reheating and RD is smooth

e The most natural way to define the end of reheating is the condition py = pr
o In full analogy to the usual definition of the RD/MD border: pr = pus
o With such definition the reheating temperature, Tru = T, is the temperature of the

SM plasma at the very beginning of its domination (over inflaton energy)
V3(5—3w)1/4

o Easily related to less natural (but often used) definitions e.g. Ty—r ~ —~"—=2L Ty
(24++/9—3w)1/2
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Nru

o Transition between reheating and RD is smooth

e The most natural way to define the end of reheating is the condition py = pr
o In full analogy to the usual definition of the RD/MD border: pr = pus
o With such definition the reheating temperature, Tru = T, is the temperature of the
SM plasma at the very beginning of its domination (over inflaton energy)

. —_ ~ V3B(5—3w)l/4
o Easily related to less natural (but often used) definitions e.g. Tr—r ~ Gtrfosu)ira X

@ Solutions of the Boltzmann equations give

1/4 — 1/2
Tru = Tx ~ T Mp ( 45 ) (2"}_7 Mu)

29 (5 —3w)m

New = Ny v 2 ( 2(1 4+ ~)(5 — 3w) >

31+ w) ™\ 5 (16 + 3(1 + w)vO —3w)

o Results obtained in the approximation e =%V < e~ 2 +*)N o not accurate for very

rapid reheating
o Very rapid (almost instantaneous) reheating is quite simple and no detailed analysis of

such process is needed

dels of inflation by CMB and reheating temperature
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Non-perturbative effects

e Boltzmann equations describe smooth and continuous flow of energy from the

oscillating inflaton field
= Equation of state parameter during reheating wgry changes smoothly
from the initial value of Z—_T_i (value corresponding to oscillating inflaton field)

towards % (plasma of relativistic SM particles)

dels of inflation by CMB and reheating temperature
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Non-perturbative effects

e Boltzmann equations describe smooth and continuous flow of energy from the
oscillating inflaton field
= Equation of state parameter during reheating wgry changes smoothly

from the initial value of Z—_T_i (value corresponding to oscillating inflaton field)

towards % (plasma of relativistic SM particles)

@ Non-perturbative fragmentation of inflaton condensate may change the results if

such fragmentation takes place before the end of reheating
o Produced inflaton particles are typically relativistic so, in the first approximation,

. . . —1 1
fragmentation results in rapid change of winfiaton from 705 to 3
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Non-perturbative effects

e Boltzmann equations describe smooth and continuous flow of energy from the
oscillating inflaton field
= Equation of state parameter during reheating wgry changes smoothly

from the initial value of 2—1 (value corresponding to oscillating inflaton field)
n+1

towards % (plasma of relativistic SM particles)

@ Non-perturbative fragmentation of inflaton condensate may change the results if
such fragmentation takes place before the end of reheating
o Produced inflaton particles are typically relativistic so, in the first approximation,

fragmentation results in rapid change of Wingaaton from == to 1

n+1 3

o Lattice simulations necessary to analyse quantitatively the impact of
fragmentation
o Fragmentation leads to qualitatively different modification for n > 2 and n < 2
o and has practically no effect on models with:
n = 1 (no fragmentation in quadratic potential)

n = 2 (for quartic potential Winfiaton = % even before fragmentation)

dels of inflation by CMB and reheating temperature
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Non-perturbative effects

(1)

Results of fragmentation quite simple for models with n > 2 so Z—__& >

@ Only time of fragmentation matters

o Reheating shorter then time to fragmentation
= no modifications (no condensate to be
fragmented)

o Reheating longer then time to fragmentation
= evolution of the cosmic scale factor a just
the same as for reheating ending at the

% 10 10 102 10 10° 10°  10° moment of fragmentation
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Non-perturbative effects

(1)

Results of fragmentation quite simple for models with n > 2 so Z—__& >

@ Only time of fragmentation matters

o Reheating shorter then time to fragmentation
= no modifications (no condensate to be
fragmented)

o Reheating longer then time to fragmentation
= evolution of the cosmic scale factor a just
the same as for reheating ending at the

% 10 10 102 10 10° 10°  10° moment of fragmentation

Fragmentation in models with n > 2

Reheating temperatures smaller than some critical value

lead to the same predictions

for values of CMB observables as this critical (model dependent) T

Garcia-Gross-Mambrini-Olive-Pierre-Yoon 2023; Ellis-Garcia-Olive-Verner 2025
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Non-perturbative effects

@ Results of fragmentation for models with n < 2 is different
_ n—1 1
@ Winflaton — r‘f‘l < 3
= energy density of inflaton particles produced during fragmentation red-shifts faster
than the energy density of the remaining inflaton condensate
o = inflaton equation of state parameter winfaton during fragmentation increases from

initial Z;i towards relativistic 3 but after fragmentation it decreases back towards Z_T_}
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Non-perturbative effects

@ Results of fragmentation for models with n < 2 is different
_ n—1 1
@ Winflaton — r‘f‘l < 3
= energy density of inflaton particles produced during fragmentation red-shifts faster
than the energy density of the remaining inflaton condensate
o = inflaton equation of state parameter winfaton during fragmentation increases from

initial "_i towards relativistic 3 but after fragmentation it decreases back towards Z_T_}

nt

o Case by case lattice simulations are necessary
o Predictions for most values of T are modified
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Non-perturbative effects

(]

@ Results of fragmentation for models with n < 2 is different

<3
= energy density of inflaton particles produced during fragmentation red-shifts faster
than the energy density of the remaining inflaton condensate

o = inflaton equation of state parameter winfaton during fragmentation increases from

@ Winflaton —

initial 2= towards relativistic 1 but after fragmentation it decreases back towards 2—*
n+1 3 n+1
107°
— pot [M]
Yavar: Pt V]
-11[) | “ﬁ,\
10 \‘ : Ograd [Mﬁ]
10713
1075;
30
10-56 10-48 10-40 10-32 10-24 10-16 10-8 100 0.0 ‘ ] ’ W
-0.1 U <w>
Case by case lattice simulations are necessary -02
Predictions for most values of T are modified _O'S'L'I HHH:
~0.4
Example of fragmentation for n = % — !
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T-models

Reheating temperature in the range: 10MeV < T < 1.6 - 10'° GeV

1o 20  Planck+BICEP/Keck+DESI (P-BK-D)
16" 20 Planck+BICEP/Keck+DESI+ACT (P-BK-D-ACT)

0.04+

r 0.034

0.02+

0.014

0.0

0.96 0965 097 0975 098 0985
n
.
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T-models

Reheating temperature in the range: 10MeV < T < 1.6 - 10'° GeV

1o 20  Planck+BICEP/Keck+DESI (P-BK-D)
16" 20 Planck+BICEP/Keck+DESI+ACT (P-BK-D-ACT)

n=1
T-model

1 - T T T T
0.960 0.965 0.970 0.975 0.980 0.985
n
s
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T-models

Reheating temperature in the range: 10MeV < T < 1.6 - 10'° GeV

1o 20  Planck+BICEP/Keck+DESI (P-BK-D)
16" 20 Planck+BICEP/Keck+DESI+ACT (P-BK-D-ACT)

0.064 0.06 0.069

n=1 T-model n=3 T-model n=5
T-model
0.05 0.05 0.059 .
0.044 0.04 0.044
r 0.034 r 0.034 r 0.031
0.024 0.02- 0.024
0.01 0.01 0.01
a=7/3 lo=7/3
(RS A Lt I NN - R ; | o R : |
0.960 0.965 0.970 0.975 0.980 0.985 .970 0.975 0.980 0.985 0.960 0.965 0.970 0.975 0.980 0.985
n n n
s s s

o Typically predictions of T-models are outside 20 region of P-BK-D-ACT bounds
e Very low Ty excluded in T-model with n =1
e 7 in the range 1073 <+ 102 for supergravity motivated vales of a

Results for E-models are quite similar
Ellis-Garcia-Olive-Verner 2025
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P-models

0.06 =
2o n=1

= P-model
0.05

0.04+
r 0.039
0.029

0.014

0.0

0.96 0.965 0.97 0.975 0.98 0.985
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P-models

0.06

n=1

1
n=3 P-model n=5
P-model .

0.05
0.04
r 0.034
0.02

0.014

CE
0.960 0.965 0.970 0.975 0.980 0.985

n n n
s s s

0.0

0.96 0565; 0.i97 ov;75 0.8 0985 0.§60 I O.9I70 I 0.§80
o P-model with n = 1:
o consistent at 1o level with P-BK-D data for full range of reheating temperature
10MeV < Ty < 10'° GeV
o consistent at 1o level with both sets of experimental data for reheating temperature in
the range 10'° GeV < T« < 10'° GeV
o P-model with n > 1:

o consistent with P-BK-D-ACT data only at 20 level
o values of r for supergravity motivated « are below ©(10~?) and decrease with n
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P-models with n < 1

0.06- 0.06 0.06-
n=1 P-model n=0.75 P-model n=0.5
P-model
0.05 0.05 0.05 s
i
0.04 0.04 0.04 !
)
|
1
r 0.03q r 0.03 T 003, 7
0.029 0.024}\.2=7/3 | 0.021 I~
[\ i ~
\!
\ —
0.01 0.014 Na=1/3 | 0.01 —
[\ p—
\ L
)
0.07 T T T ; T v 0= Tt T — T v 0 T T T e v
0.96 0965 097 0975 0.98 0.985 0.960 0.965 0.970 0.975 0.980 0.985 0.960 0.965 0.970 0.975 0.980 0.985
n n n
s s s

For P-models with n < 1 decreasing n results in:
o slightly bigger values of n; for very high reheating temperature;
e smaller (much smaller) values of n; for medium (low) reheating temperature;
o stronger lower bounds on T resulting from CMB experimental data;
o (non-perturbative fragmentation weakens the last two properties but only slightly)
o bigger r for supergravity motivated models.
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Singular T-models

Two types of singular a-attractor T-models:
o Logarithmic singularity at the border of supergravity moduli space:

V(¢) = Vo tanh®” (@]\Z) [1 +6In™ <cosh2 (@]\Z)))]

o Power-low singularity at the border of supergravity moduli space:

_ 2n ii 2m ii
V(¢) = Vp tanh (1/ 6o MP> ll + & cosh (\/ o MP)]

One additional exponent, m or 2m, in the definition of a model
One additional parameter J, § > 0 in singular models
Linde et al 2017; Kallosh-Linde 2025
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Singular T-models

S(In)-T-model n=1 m=1 o=7/3

8=0.08

0.96 0.97 0.98 0.99
The simplest (n = 1, m = 1) logarithmically singular T-model

o for a = % and 0.01 < § < 0.2 gives predictions for n; in nice agreement with the
P-BK-D-ACT data and relatively big values of » (up to present exp. bounds)
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Singular T-models

S(In)-T-model n=1 m=1 o=7/3 S(In)-T-model n=1 m=1 o=1/3

The simplest (n = 1, m = 1) logarithmically singular T-model

o for a = g and 0.01 < d < 0.2 gives predictions for n; in nice agreement with the
P-BK-D-ACT data and relatively big values of r (up to present exp. bounds)

o predicted values of n; increase with decreasing «

1

o for a = 3 experimental bounds may be fulfilled only for small values of r and ¢
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Singular T-models

S(In)-T-model n=1 m=1 o=7/3 S(In)-T-model n=1 m=1 o=1/3 S(p)-T-model n=1 m=1 o=1/3

0.04+
0.034
0.024

1-5=0.08

0.014

5=0 5=0.00002

T T T T T
0.96 0.97 0.98 0.99 0.95 0.96 0.97 0.98 0.99 0.95 0.96 0.97 0.98 0.99

The simplest (n = 1, m = 1) logarithmically singular T-model
o for a = % and 0.01 < d < 0.2 gives predictions for n; in nice agreement with the
P-BK-D-ACT data and relatively big values of r (up to present exp. bounds)

o predicted values of ng increase with decreasing «

o for a = % experimental bounds may be fulfilled only for small values of r and &

In many versions of singular models predictions for n; are too high (often n, > 1)
even for very small values of §
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Summary

o Predictions for CMB observables compared with experimental bounds for several
classes of supergravity motivated «-attractor models of inflation:
T-models, E-models, P-models and singular T-models investigated

@ Consistency condition used to determine reheating temperature T for each model

o Lattice simulations performed in order to take into account non-perturbative
fragmentation of oscillating inflaton field
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Summary

Predictions for CMB observables compared with experimental bounds for several
classes of supergravity motivated «-attractor models of inflation:

T-models, E-models, P-models and singular T-models investigated

Consistency condition used to determine reheating temperature T’y for each model

Lattice simulations performed in order to take into account non-perturbative
fragmentation of oscillating inflaton field

Model-independent limits on T (lower from BBN, upper from inflation energy
scale) in many cases lead to quite strong bounds on the spectral index ng
o The resulting allowed range for the number of e-folds during inflation, NV},
is substantially different from the often assumed one 50 < N, < 60
For some models experimental bounds on CMB observables result in limits on Ty
stronger than the model-independent ones (e.g. models with n < 1)

P-models, especially for n < 1, may accommodate slightly bigger maximal values
and much smaller minimal values of n; as compared to T- and E-models

o Singular T-models may accommodate much bigger values of n,

e in many cases ns becomes too big
o one of the simplest models nicely agrees with P-BK-D-ACT data
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