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Q1: Did inflation happen? 

Primordial tensor modes. CMB B-modes
<latexit sha1_base64="fRkfJz+VR2CgTTatZyh+B1ZCr4Q=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXpXosevFYwX5Auy3ZNNuGJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB6HbqNx+p0iySD2YcU1/ggWQhI9hYqatQRzOBPLebnl1MesWSW3ZnQMvEy0gJMtR6xa9OPyKJoNIQjrVue25s/BQrwwink0In0TTGZIQHtG2pxIJqP51dPUEnVumjMFK2pEEz9fdEioXWYxHYToHNUC96U/E/r52Y8NpPmYwTQyWZLwoTjkyEphGgPlOUGD62BBPF7K2IDLHCxNigCjYEb/HlZdI4L3uVcuX+slS9yeLIwxEcwyl4cAVVuIMa1IGAgmd4hTfnyXlx3p2PeWvOyWYO4Q+czx/ojJF/</latexit>

r → 10→3 (LiteBIRD)

At small scales (CMB + Lyman-             
<latexit sha1_base64="Sy12kAiGc05Rbms+vv7T+77A1O4=">AAACFHicbVA9SwNBEN3zM8avqKXNYhAENdyJqKVoYyNEMDGQO8PeZmKW7N4du3NiOPIjbPwrNhaK2FrY+W/cJFf49WDg7Xsz7MwLEykMuu6nMzE5NT0zW5grzi8sLi2XVlbrJk41hxqPZawbITMgRQQ1FCihkWhgKpRwFfZOh/7VLWgj4ugS+wkEit1EoiM4Qyu1Sts+k0mX+Tv+DvUlGGOEot74iXCHWmXnCR9cZ7veoFUquxV3BPqXeDkpkxzVVunDb8c8VRAhl8yYpucmGGRMo+ASBkU/NZAw3mM30LQ0YgpMkI2OGtBNq7RpJ9a2IqQj9ftExpQxfRXaTsWwa357Q/E/r5li5yjIRJSkCBEff9RJJcWYDhOibaGBo+xbwrgWdlfKu0wzjjbHog3B+33yX1Lfq3gHlYOL/fLxSR5HgayTDbJFPHJIjskZqZIa4eSePJJn8uI8OE/Oq/M2bp1w8pk18gPO+xcUPJ2f</latexit>

ω ↭ 1 Mpc→1

tensor and scalar fluctuations could be much larger
)

Motivation for non-linear perturbation theory and also for
non-perturbative analyses (classical lattice computations)
Caravano, Komatsu, Lozanov, Weller 2021
Caravano, Franciolini, Renaux-Petel 2025, 2026
G. Figueroa, Lizarraga, Loayza, Urio, Urrestilla 2026

<latexit sha1_base64="/FzTy7glzIKvCcwFNJH5FwR+Fxw=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuJCSqFSXRRe6rGAf0MQymU7aoTNJmJkIJWTjr7hxoYhbP8Odf+P0sdDWAxcO59zLvfcECWdKO863tbC4tLyyWlgrrm9sbm3bO7sNFaeS0DqJeSxbAVaUs4jWNdOcthJJsQg4bQaD65HffKRSsTi618OE+gL3IhYygrWROva+p5hArvOQuWe5d5J5UqAb2sg7dskpO2OgeeJOSQmmqHXsL68bk1TQSBOOlWq7TqL9DEvNCKd50UsVTTAZ4B5tGxphQZWfjR/I0ZFRuiiMpalIo7H6eyLDQqmhCEynwLqvZr2R+J/XTnV46WcsSlJNIzJZFKYc6RiN0kBdJinRfGgIJpKZWxHpY4mJNpkVTQju7MvzpHFadivlyt15qXo1jaMAB3AIx+DCBVThFmpQBwI5PMMrvFlP1ov1bn1MWhes6cwe/IH1+QPotJVZ</latexit>

→ 1013 GeV



Q2: How do we test the nature 
(quantum vs classical) of inflation?

Bell inequalities, Wigner function, ...

Pole structure of cosmological correlators
<latexit sha1_base64="x3IrGtXWN2jP/hA/VMcdf4kaVLw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MO57/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH7ZY2e</latexit>

k1
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k2
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k3
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k3 → k1 + k2

Green & Porto 2020
"Poles arise in folded configurations under classical evolution".

Kiefer, Polarski, Starobinski 1998
Campo & Parentani 2005 
Maldacena 2016
Martin & Vennin 2017
Ireland & Vennin 2026
Green, Gupta, Zhang 2026

(And not under quantum evolution)



Q3: Can we use classical evolution to describe inflationary fluctuations?
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→k→1

Quantum

Classical
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quantum nature of these fluctuations, see [26–31] for sev-
eral proposals. It was proposed in [32] that poles in folded
configurations of primordial correlators can be a diagnos-
tic of classical, as opposed to standard (Bunch-Davies)
quantum, fluctuations. As a by-product of our main
analysis, we show that classical evolution from stochas-
tic initial conditions imposed at any finite time does not
produce such poles.

QUANTUM AND CLASSICAL DYNAMICS

Let us consider a collection of canonically normalized
real scalar fields, !a, a = 1, . . . , N , and their conjugate
momenta, which in Fourier space satisfy ”a,k(t) = !̇a,→k.

Let us also consider a quantum operator Ô(t) and its
classical analogue O(t), which depend, respectively, on
quantum and classical versions of those fields. Then, Ô(t)
and O(t) evolve in time as follows:

Ô (t) = F̂
†(t, t0)Ôf (t)F̂ (t, t0) =

∑

n=0

1

(i⊋)n
∫ t

t0

dt1

∫ t1

t0

dt2 · · ·

∫ tn→1

t0

dtn
[[[

Ôf (t) , ĤI(t1)
]
, ĤI(t2)

]
, · · · , ĤI(tn)

]
, (1)

O (t) = F (t, t0)Of (t) =
∑

n=0

∫ t

t0

dt1

∫ t1

t0

dt2 · · ·

∫ tn→1

t0

dtn {· · · {{Of (t) , HI(t1)}0, HI(t2)}0 · · · , HI(tn)}0 . (2)

The operators F̂ and F are the time evolution generators
in the interaction picture, in which the free dynamics of
Ôf (t) and Of (t) are corrected by the e#ects of the inter-
actions determined by the quantum and classical inter-
action Hamiltonians (again, in the interaction picture),
ĤI and HI , evolved from a reference time t0 until time t.
The commutator [ , ] appearing in (1) is the usual one,
while the Poisson bracket of (2) is defined, relative to t0

and integrating in Fourier space, as:

{Af (t1), Bf (t2)}0 →

∑

a

∫
d3k

↑

(
ωAf (t1)

ω!a,k(t0)

ωBf (t2)

ω”a,k(t0)
↓

ωAf (t1)

ω”a,k(t0)

ωBf (t2)

ω!a,k(t0)

)
.

Given a pair of complex solutions to the free equations
of motion, sa,k(t) and s

↑
a,k(t), the classical and quantum

free fields can be written as

!f
a,k(t) = sa,k(t)εa,k + s

↑
a,k(t)ε

↑
a,→k , (3)

!̂f
a,k(t) = sa,k(t)âa,k + s

↑
a,k(t)â

†
a,→k . (4)

The constants εa,k are obtained by imposing that the free

fields !f
a,k must satisfy the initial conditions of !a,k (and

likewise for their respective conjugate momenta) at time

t0: εa,k = W
→1
a,k

(
!a,k(t0)ṡ↑a,k(t0)↓”a,→k(t0)s↑a,k(t0)

)
,

where Wa,k → sa,k(t0)ṡ↑a,k(t0) ↓ s
↑
a,k(t0)ṡa,k(t0) is the

Wronskian and dots denote derivatives with respect to
time, t. Then, {!a,k(t0),”b,p(t0)}0 = ϑab ϑ(k↓p) implies
that {εa,k(t0),ε↑

b,p(t0)}0 = W
→1
a,k ϑab ϑ(k ↓ p). Analo-

gously, imposing standard commutation rules among the

free fields,
[
!̂f

a,k(t), ”̂
f
b,p(t)

]
= i⊋ ϑab ϑ(k ↓ p), we get

[
âa,k, â

†
b,p

]
= i⊋W→1

a,k ϑab ϑ(k ↓ p). Therefore, the stan-

dard commutator for annihilation and creation operators

is recovered with the normalizationWa,k = i⊋, which also
fixes the corresponding Poisson bracket. In this way, both
classical and quantum dynamics are defined. The time
evolutions (1) and (2) have formally analogous expres-
sions, with a key di#erence being that in the quantum
case the order of the fields matters. Besides, whereas
O(t) is determined given the classical initial conditions
!a,k(t0) and ”a,k(t0), Ô(t) is only observable through its
expectation value over the quantum state of the system.
Since we want the classical and quantum evolutions to
be as close as possible, evolving from t0, we impose that
classical and quantum statistics agree at t0.
In inflation, we are usually interested in the quantum

state being the vacuum |$↔, so that any observable takes

the form
〈
Ô(t)

〉
→ ↗$| F̂ †(t, t0)Ôf (t)F̂ (t, t0) |$↔ [21]. In

a system with interactions, |$↔ does not coincide with the
free vacuum |0↔, which is the one that satisfies âa,k |0↔ = 0
(i.e. |0↔ is an instantaneous eigenstate of the free Hamil-
tonian Ĥ0, but |$↔ is not, unless the theory is free). As-
suming that the system becomes asymptotically free in
the limit t0 ↘ ↓≃, we can project |$↔ onto the Bunch-
Davies free vacuum |0↔ with the iϖ prescription:

〈
Ô(t)

〉
= ↗0| F̂ †(t,↓≃+)Ôf (t)F̂ (t,↓≃→) |0↔ n.b. , (5)

where n.b. denotes the removal of bubble diagrams and
t± → t(1± iϖ).
In the classical counterpart, we choose stochastic ini-

tial conditions that match the quantum ones at a finite
time. This means that only statistical averages will be
accessible: ↗O(t)↔Cl

→ ↗F (t, t0)Of (t)↔
Cl, where ↗ ↔

Cl de-
notes the average over the probability distribution func-
tion of the object inside. This quantity depends on the
initial conditions, which we impose to be determined by
quantum statistics at t0 according to Eq. (5).
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†(t, t0)Ôf (t)F̂ (t, t0) =

∑

n=0

1

(i⊋)n
∫ t

t0

dt1

∫ t1

t0

dt2 · · ·

∫ tn→1

t0

dtn
[[[
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†
b,p

]
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a,k ϑab ϑ(k ↓ p). Therefore, the stan-

dard commutator for annihilation and creation operators

is recovered with the normalizationWa,k = i⊋, which also
fixes the corresponding Poisson bracket. In this way, both
classical and quantum dynamics are defined. The time
evolutions (1) and (2) have formally analogous expres-
sions, with a key di#erence being that in the quantum
case the order of the fields matters. Besides, whereas
O(t) is determined given the classical initial conditions
!a,k(t0) and ”a,k(t0), Ô(t) is only observable through its
expectation value over the quantum state of the system.
Since we want the classical and quantum evolutions to
be as close as possible, evolving from t0, we impose that
classical and quantum statistics agree at t0.
In inflation, we are usually interested in the quantum

state being the vacuum |$↔, so that any observable takes

the form
〈
Ô(t)

〉
→ ↗$| F̂ †(t, t0)Ôf (t)F̂ (t, t0) |$↔ [21]. In

a system with interactions, |$↔ does not coincide with the
free vacuum |0↔, which is the one that satisfies âa,k |0↔ = 0
(i.e. |0↔ is an instantaneous eigenstate of the free Hamil-
tonian Ĥ0, but |$↔ is not, unless the theory is free). As-
suming that the system becomes asymptotically free in
the limit t0 ↘ ↓≃, we can project |$↔ onto the Bunch-
Davies free vacuum |0↔ with the iϖ prescription:

〈
Ô(t)

〉
= ↗0| F̂ †(t,↓≃+)Ôf (t)F̂ (t,↓≃→) |0↔ n.b. , (5)

where n.b. denotes the removal of bubble diagrams and
t± → t(1± iϖ).
In the classical counterpart, we choose stochastic ini-

tial conditions that match the quantum ones at a finite
time. This means that only statistical averages will be
accessible: ↗O(t)↔Cl

→ ↗F (t, t0)Of (t)↔
Cl, where ↗ ↔

Cl de-
notes the average over the probability distribution func-
tion of the object inside. This quantity depends on the
initial conditions, which we impose to be determined by
quantum statistics at t0 according to Eq. (5).
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quantum nature of these fluctuations, see [26–31] for sev-
eral proposals. It was proposed in [32] that poles in folded
configurations of primordial correlators can be a diagnos-
tic of classical, as opposed to standard (Bunch-Davies)
quantum, fluctuations. As a by-product of our main
analysis, we show that classical evolution from stochas-
tic initial conditions imposed at any finite time does not
produce such poles.

QUANTUM AND CLASSICAL DYNAMICS

Let us consider a collection of canonically normalized
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while the Poisson bracket of (2) is defined, relative to t0

and integrating in Fourier space, as:

{Af (t1), Bf (t2)}0 →

∑

a

∫
d3k

↑

(
ωAf (t1)

ω!a,k(t0)

ωBf (t2)

ω”a,k(t0)
↓

ωAf (t1)

ω”a,k(t0)

ωBf (t2)

ω!a,k(t0)

)
.

Given a pair of complex solutions to the free equations
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↑
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Ôf (t) , ĤI(t1)
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tonian Ĥ0, but |$↔ is not, unless the theory is free). As-
suming that the system becomes asymptotically free in
the limit t0 ↘ ↓≃, we can project |$↔ onto the Bunch-
Davies free vacuum |0↔ with the iϖ prescription:

〈
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p → 0. In the limit p ↑ k, f0 scales as p
→1, and is thus

compatible with the consistency relation. The other fi

of (11) include denominators which, a priori, may seem
problematic in the p → 0 limit due to their p→4 scaling.
However, !Bω(ω → 0; {ki}) scales as p0 in the squeezed
limit due to a subtle cancellation of independently diver-
gent terms, therefore fulfilling the consistency relation,
contrary to what the classical result in [32] implies. Sim-
ilarly, a superficial look at (11) may give the impression
of divergences (poles) arising in the limit in which two
momenta are collinear (i.e. a folded momentum configu-
ration), due to the dependence on Ki in the denomina-
tor. However, it can be explicitly checked that (11) is not
divergent in these configurations. Moreover, the bispec-
trum is not generically enhanced in said configurations
for arbitrary values of ω0. This means that neither poles
nor an enhanced signal in near-folded limits are a signa-
ture of classical evolution from a finite time onwards.

Unlike in the quantum calculation, there is no clas-
sical analogue of the iε prescription that yields a well-
defined ω0 → ↓↔ limit while remaining compatible with
the consistency relation. Taking inspiration from the
(quantum) iε prescription, one could naively introduce
a factor e→ε(ϑ→ϑ →) in the integrand of (10) in an attempt
to remove terms linear and quadratic in ω0 while tak-
ing ω0 → ↓↔. That would lead to only the second line
of (11) surviving, which would not satisfy the consistency
relation, and would also give rise to poles at physical mo-
menta in the folded configurations mentioned above. It
is therefore necessary to keep the contribution from the
matching time to verify the absence of poles, which is
not an artefact of the choice of initial conditions. It fol-
lows from the integrals being defined over a finite time
interval. The classical bispectrum was computed in [32]
integrating from ω = ↓↔, but dropping the contribution
to the integral coming from that limit –as the contribu-
tion from the end of inflation was considered there to be
dominant– leading to the appearance of poles [35].

SCALAR INDUCED TENSOR FLUCTUATIONS

Let us now consider an inflaton field, ϑ, minimally cou-
pled to gravity in quasi-de Sitter spacetime. We work in
the gauge in which the only scalar perturbation is the
field perturbation ϖϑ and the spatial part of the metric is
a
2(eh)ij , with ϱihij = 0 and hij traceless, which defines

the tensor modes. At lowest order in ε, which allows to
neglect shift and lapse perturbations [36] the interactions
between hij and ϖϑ come from the (assumed standard)
kinetic term of ϑ:

S ↗

∫
dω d3x

a
2(ω)

2

(
hij ↓

1

2
hikhkj

)
ϱiϖϑ ϱjϖϑ . (12)

The one-loop correction to the (quantum) tensor power
spectrum, PQ 1l

h (ω, k), can be computed using the in-in

formalism [21] and the polarization basis {eϖij(k)}ϖ=+,↑,

in which hij(x) = (2ς)→3/2
∫
d3k e

ik·x ∑
ϖ e

ϖ
ij(k)h

ϖ
k(ω)

[37].
The procedure to determine the classical counterpart

to P
Q 1l
h (ω, k) at the same perturbative order is identical

to the one we applied for the scalar bispectrum. First, we
determine the statistics of φa,k, see Eq. (3), now for ϖϑ

and hij , matching the classical and quantum statistics at
ω = ω0. Second, we use this matching with the classical
evolution encoded in (2) to compute the classical power
spectrum at ω > ω0.
The di”erence between the quantum and classical

power spectra is:

!Ph(ω, k) =
⊋2k3
16ς2

∫
d3p

(2ς)3
p
4 sin4 ↼

∫ ϑ

ϑ0

dω ↓a2
∫ ϑ →

ϑ0

dω ↓↓a2

↘ g
h
k (ω, ω

↓)ghk (ω, ω
↓↓)gϱp (ω

↓
, ω

↓↓)gϱq (ω
↓
, ω

↓↓) , (13)

where g
ϱ,h
k denote the Green functions for ϖϑk and for

h
ϖ
k (with g

h
k being independent of the polarization). The

angle between k and p is denoted by ↼, and q ≃ k↓ p.
In the limit kω0 → 0, the tensor modes become con-

stant, ghk (ω, ω
↓) → 0 and !Ph(ω, k) vanishes. Away from

this trivial (non-dynamical) limit, it is di”erent from
zero. We can obtain the behaviour for kω0 → ↓↔

with the sub-horizon limits: s
ϱ
k =

⇐
⊋ e→ikϑ

/a
⇐
2k and

s
h
k = 2sϱk/aMP . Thanks to the suppression of the Green
functions in this limit, the super-horizon contribution of
scalar modes running in the loop is negligible, which jus-
tifies using the previous expression for s

ϱ
k . Finally, we

obtain !Ph(ω, k) ⇒ (kω0)2 for kω0 → ↓↔.

DISCUSSION

Di”erences between quantum and classical computa-
tions of cosmological correlation functions are unveiled
only if interactions are taken into account. At tree-
level, it is necessary to consider correlations of three or
more fields. At loop-level, the power spectrum is suf-
ficient. These di”erences are controlled by products of
Green functions, i.e. by products of imaginary parts.
Eqs. (10) and (13) show this explicitly for the two ex-
amples we have considered. This dependence is not an
accident: classical and quantum dynamics have anal-
ogous functional forms, see Eqs. (1) and (2), and the
mismatch comes from the nature of the quantum build-
ing blocks, which are operators whose ordering mat-
ters. Indeed, for any two operators Â and B̂ evalu-

ated at di”erent times: Â(ω1)B̂(ω2) =
1
2

[
Â(ω1), B̂(ω2)

]
+

1
2

(
Â(ω1)B̂(ω2) + B̂(ω2)Â(ω1)

)
. The anti-commutator is

insensitive to operator ordering and is therefore classi-
cally reproducible once the initial statistics are matched.
However, the commutator is intrinsically quantum and
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Example 1: Scalar bispectrum

3

It has been common to study the classical evolution
with Gaussian initial conditions, both in cases where the
dynamics of inhomogeneities were treated perturbatively
–see e.g. [32, 33]– and non-perturbatively, in particular
in lattice calculations [16–18]. The prescription above is
preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
properties through classical evolution.

SCALAR BISPECTRUM

Let us consider the same action for the primordial cur-
vature perturbation ω that was used in [32]:

S =

∫
dε d3x a

2
M

2
P ϑ

(
ω
→2
→ ϖω

2 +
ϱ

3!

ω
→3

aH

)
, (6)

where primes denote derivatives with respect to confor-
mal time, ε , and ϱ is a constant. For simplicity, and
following [32], we assume a de Sitter background metric:
a(ε) = →1/(Hε), neglecting O(ϑ) slow-roll corrections,
where ϑ ↑ →H

→
/aH

2. The free equation of motion has
sk(ε) = [H2⊋/(4M2

P ϑk
3)]1/2(1 + ikε)e↑ikω as a solution,

where we have imposed Bunch-Davies initial conditions
at very early times and used a normalization that ensures
canonical commutation relations for the creation and an-
nihilation operators associated to the canonically nor-
malized field

↓
2ϑaMP ω, being MP the reduced Planck

mass.
The (quantum) bispectrum in terms of the three-point

expectation value of ω̂k(ε) reads (2ς)3/2
〈∏3

i=1 ω̂ki(ε)
〉
↑

φ(k1 + k2 + k3)B
Q
ε (ε ; {ki}), which is computed using

Eq. (5). Hereafter, we suppress the explicit dependence
of BQ

ε (ε ; {ki}) for notational simplicity. At linear order
in ϱ, it is:

B
Q
ε = →

2M2
P ϑϱ

H⊋ Im

{∫ ω

↑↓→

dε → a
3∏

i=1

ski(ε)s
→↔
ki
(ε →)

}
, (7)

lim
ω↗0

B
Q
ε =

ϱ ⊋2H4

16ϑ2M4
P

1

k1k2k3(k1 + k2 + k3)3
. (8)

Taking into account that sk ↔
↓
⊋, the quantum bispec-

trum scales as ⊋2, consistently with a purely perturbative
calculation. The fact that the leading order is suppressed
by ⊋ (squared) is a consequence of the quantum nature
of the vacuum, with no classical analogue.

Considering ω to be instead a classical field, its time
evolution at O(ϱ) is given by Eq. (2):

ωk1(ε) = ω
f
k1
(ε)→

M
2
P ϑϱ

H⊋

∫ ω

ω0

dε →a(ε →)

↗

∫
d3p

(2ς)3/2
Im

{
sk1(ε)s

→↔
k1
(ε →)

}
ω
f →
pω

f →
k↑p

∣∣∣
ω ↑

. (9)

From (9), we obtain the classical connected three-point
function of ωk, noting that ↘ωfk1

ω
f
k2
ω
f
k3
≃
Cl is non-vanishing

and necessary to match the quantum and classical bispec-
tra at ε0. To perform the calculation we need the two-
and three-point statistical averages of the coe!cients ↼k,
see Eq. (3). The two-point statistics of ↼k at O

(
ϱ
0
)
is de-

termined by imposing equality of the quantum and clas-
sical tree-level power spectra at ε = ε0. This leads to
↘↼k1↼k2≃ = 0 and

〈
↼k1↼

↔
k2


= φ(k1 → k2)/2, which

determine the contribution generated by a single inser-
tion of HI at O(ϱ). The three-point statistic of ↼k at
O(ϱ) accounts for the non-vanishing initial bispectrum,
and is determined by requiring the classical bispectrum
to be equal to the quantum one at ε0. The only in-
dependent non-vanishing three-point classical average of
↼k and ↼

↔
k is

↘↼k1↼k2↼k3≃
Cl =

iM
2
P ϑϱ

H⊋

φ

(
3

i=1
ki

)

(2ς)3/2

∫ ω0

↑↓→

dε →a
3∏

i=1

s
→↔
ki
.

Subtracting the classical bispectrum from its quantum
counterpart we obtain:

”Bε = →
⊋2M2

P ϑϱ

4H

∫ ω

ω0

dε →a
3∏

i=1

ϖω ↑gki(ε, ε
→) , (10)

where gk(ε, ε →) = 2⊋↑1 Im{sk(ε)s↔k(ε
→)} is the Green

function, see also [32]. The di#erence (10) vanishes for
kε0 ⇐ 0. Thus, for classical and quantum evolution to
coincide at all times, the initial matching between the two
needs to be imposed choosing ε0 such that ω is already
constant. That would be a self-defeating strategy, as it
requires doing the complete quantum calculation until
the modes cross the horizon and freeze. Only in that case
”Bε(ε ; {ki}) will vanish at later times. This conclusion
appears consistent with the notion that ω classicalizes as
it freezes at comoving distances su!ciently larger than
1/(aH); see [30] for a related discussion.
Performing the time integral in (10) and taking the

limit ε ⇐ 0, we obtain

lim
ω↗0

”Bε =
ϱH

4⊋2
4ϑ2M4

P

Re

{
f0 →


f3

+
3k43(k

2
1 + k

2
2 → k

2
3)→ 14/3 k21k

2
2k

2
3

K
3
0K

3
1K

3
2K

3
3

+ perms.

}
, (11)

where we define K0 =
3

i ki, Kj = K0 → 2kj , j = 1, 2, 3;
and also fi = e

iKiω0(2→ 2iKiε0 → (Kiε0)2)/32k1k2k3K3
i ,

i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
Sitter approximation we are using, the consistency re-
lation reduces simply to p

3
k
3
Bε(ε ⇐ 0; p, k, k) ⇐ 0 as
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following [32], we assume a de Sitter background metric:
a(ε) = →1/(Hε), neglecting O(ϑ) slow-roll corrections,
where ϑ ↑ →H

→
/aH

2. The free equation of motion has
sk(ε) = [H2⊋/(4M2

P ϑk
3)]1/2(1 + ikε)e↑ikω as a solution,

where we have imposed Bunch-Davies initial conditions
at very early times and used a normalization that ensures
canonical commutation relations for the creation and an-
nihilation operators associated to the canonically nor-
malized field

↓
2ϑaMP ω, being MP the reduced Planck

mass.
The (quantum) bispectrum in terms of the three-point

expectation value of ω̂k(ε) reads (2ς)3/2
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Eq. (5). Hereafter, we suppress the explicit dependence
of BQ

ε (ε ; {ki}) for notational simplicity. At linear order
in ϱ, it is:

B
Q
ε = →

2M2
P ϑϱ

H⊋ Im

{∫ ω

↑↓→

dε → a
3∏

i=1

ski(ε)s
→↔
ki
(ε →)

}
, (7)

lim
ω↗0

B
Q
ε =

ϱ ⊋2H4

16ϑ2M4
P

1

k1k2k3(k1 + k2 + k3)3
. (8)

Taking into account that sk ↔
↓
⊋, the quantum bispec-

trum scales as ⊋2, consistently with a purely perturbative
calculation. The fact that the leading order is suppressed
by ⊋ (squared) is a consequence of the quantum nature
of the vacuum, with no classical analogue.

Considering ω to be instead a classical field, its time
evolution at O(ϱ) is given by Eq. (2):
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and necessary to match the quantum and classical bispec-
tra at ε0. To perform the calculation we need the two-
and three-point statistical averages of the coe!cients ↼k,
see Eq. (3). The two-point statistics of ↼k at O
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termined by imposing equality of the quantum and clas-
sical tree-level power spectra at ε = ε0. This leads to
↘↼k1↼k2≃ = 0 and
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determine the contribution generated by a single inser-
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→)} is the Green

function, see also [32]. The di#erence (10) vanishes for
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needs to be imposed choosing ε0 such that ω is already
constant. That would be a self-defeating strategy, as it
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appears consistent with the notion that ω classicalizes as
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where we define K0 =
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i ki, Kj = K0 → 2kj , j = 1, 2, 3;
and also fi = e

iKiω0(2→ 2iKiε0 → (Kiε0)2)/32k1k2k3K3
i ,

i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
Sitter approximation we are using, the consistency re-
lation reduces simply to p

3
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with Gaussian initial conditions, both in cases where the
dynamics of inhomogeneities were treated perturbatively
–see e.g. [32, 33]– and non-perturbatively, in particular
in lattice calculations [16–18]. The prescription above is
preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
properties through classical evolution.
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Taking into account that sk ↔
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⊋, the quantum bispec-

trum scales as ⊋2, consistently with a purely perturbative
calculation. The fact that the leading order is suppressed
by ⊋ (squared) is a consequence of the quantum nature
of the vacuum, with no classical analogue.
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function of ωk, noting that ↘ωfk1

ω
f
k2
ω
f
k3
≃
Cl is non-vanishing

and necessary to match the quantum and classical bispec-
tra at ε0. To perform the calculation we need the two-
and three-point statistical averages of the coe!cients ↼k,
see Eq. (3). The two-point statistics of ↼k at O
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sical tree-level power spectra at ε = ε0. This leads to
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determine the contribution generated by a single inser-
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O(ϱ) accounts for the non-vanishing initial bispectrum,
and is determined by requiring the classical bispectrum
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where gk(ε, ε →) = 2⊋↑1 Im{sk(ε)s↔k(ε
→)} is the Green

function, see also [32]. The di#erence (10) vanishes for
kε0 ⇐ 0. Thus, for classical and quantum evolution to
coincide at all times, the initial matching between the two
needs to be imposed choosing ε0 such that ω is already
constant. That would be a self-defeating strategy, as it
requires doing the complete quantum calculation until
the modes cross the horizon and freeze. Only in that case
”Bε(ε ; {ki}) will vanish at later times. This conclusion
appears consistent with the notion that ω classicalizes as
it freezes at comoving distances su!ciently larger than
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where we define K0 =
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i ki, Kj = K0 → 2kj , j = 1, 2, 3;
and also fi = e
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i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
Sitter approximation we are using, the consistency re-
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Example 1: Scalar bispectrum
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It has been common to study the classical evolution
with Gaussian initial conditions, both in cases where the
dynamics of inhomogeneities were treated perturbatively
–see e.g. [32, 33]– and non-perturbatively, in particular
in lattice calculations [16–18]. The prescription above is
preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
properties through classical evolution.
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Let us consider the same action for the primordial cur-
vature perturbation ω that was used in [32]:

S =

∫
dε d3x a
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where primes denote derivatives with respect to confor-
mal time, ε , and ϱ is a constant. For simplicity, and
following [32], we assume a de Sitter background metric:
a(ε) = →1/(Hε), neglecting O(ϑ) slow-roll corrections,
where ϑ ↑ →H

→
/aH

2. The free equation of motion has
sk(ε) = [H2⊋/(4M2

P ϑk
3)]1/2(1 + ikε)e↑ikω as a solution,

where we have imposed Bunch-Davies initial conditions
at very early times and used a normalization that ensures
canonical commutation relations for the creation and an-
nihilation operators associated to the canonically nor-
malized field

↓
2ϑaMP ω, being MP the reduced Planck

mass.
The (quantum) bispectrum in terms of the three-point

expectation value of ω̂k(ε) reads (2ς)3/2
〈∏3

i=1 ω̂ki(ε)
〉
↑

φ(k1 + k2 + k3)B
Q
ε (ε ; {ki}), which is computed using

Eq. (5). Hereafter, we suppress the explicit dependence
of BQ

ε (ε ; {ki}) for notational simplicity. At linear order
in ϱ, it is:
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Taking into account that sk ↔
↓
⊋, the quantum bispec-

trum scales as ⊋2, consistently with a purely perturbative
calculation. The fact that the leading order is suppressed
by ⊋ (squared) is a consequence of the quantum nature
of the vacuum, with no classical analogue.

Considering ω to be instead a classical field, its time
evolution at O(ϱ) is given by Eq. (2):
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From (9), we obtain the classical connected three-point
function of ωk, noting that ↘ωfk1

ω
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f
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≃
Cl is non-vanishing

and necessary to match the quantum and classical bispec-
tra at ε0. To perform the calculation we need the two-
and three-point statistical averages of the coe!cients ↼k,
see Eq. (3). The two-point statistics of ↼k at O

(
ϱ
0
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is de-

termined by imposing equality of the quantum and clas-
sical tree-level power spectra at ε = ε0. This leads to
↘↼k1↼k2≃ = 0 and
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
= φ(k1 → k2)/2, which

determine the contribution generated by a single inser-
tion of HI at O(ϱ). The three-point statistic of ↼k at
O(ϱ) accounts for the non-vanishing initial bispectrum,
and is determined by requiring the classical bispectrum
to be equal to the quantum one at ε0. The only in-
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counterpart we obtain:
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where gk(ε, ε →) = 2⊋↑1 Im{sk(ε)s↔k(ε
→)} is the Green

function, see also [32]. The di#erence (10) vanishes for
kε0 ⇐ 0. Thus, for classical and quantum evolution to
coincide at all times, the initial matching between the two
needs to be imposed choosing ε0 such that ω is already
constant. That would be a self-defeating strategy, as it
requires doing the complete quantum calculation until
the modes cross the horizon and freeze. Only in that case
”Bε(ε ; {ki}) will vanish at later times. This conclusion
appears consistent with the notion that ω classicalizes as
it freezes at comoving distances su!ciently larger than
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Performing the time integral in (10) and taking the

limit ε ⇐ 0, we obtain

lim
ω↗0

”Bε =
ϱH

4⊋2
4ϑ2M4

P

Re

{
f0 →


f3

+
3k43(k

2
1 + k

2
2 → k

2
3)→ 14/3 k21k

2
2k

2
3

K
3
0K

3
1K

3
2K

3
3

+ perms.

}
, (11)

where we define K0 =
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i ki, Kj = K0 → 2kj , j = 1, 2, 3;
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i ,

i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
Sitter approximation we are using, the consistency re-
lation reduces simply to p
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It has been common to study the classical evolution
with Gaussian initial conditions, both in cases where the
dynamics of inhomogeneities were treated perturbatively
–see e.g. [32, 33]– and non-perturbatively, in particular
in lattice calculations [16–18]. The prescription above is
preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
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where primes denote derivatives with respect to confor-
mal time, ε , and ϱ is a constant. For simplicity, and
following [32], we assume a de Sitter background metric:
a(ε) = →1/(Hε), neglecting O(ϑ) slow-roll corrections,
where ϑ ↑ →H

→
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2. The free equation of motion has
sk(ε) = [H2⊋/(4M2
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where we have imposed Bunch-Davies initial conditions
at very early times and used a normalization that ensures
canonical commutation relations for the creation and an-
nihilation operators associated to the canonically nor-
malized field
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Taking into account that sk ↔
↓
⊋, the quantum bispec-

trum scales as ⊋2, consistently with a purely perturbative
calculation. The fact that the leading order is suppressed
by ⊋ (squared) is a consequence of the quantum nature
of the vacuum, with no classical analogue.

Considering ω to be instead a classical field, its time
evolution at O(ϱ) is given by Eq. (2):
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From (9), we obtain the classical connected three-point
function of ωk, noting that ↘ωfk1
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≃
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and necessary to match the quantum and classical bispec-
tra at ε0. To perform the calculation we need the two-
and three-point statistical averages of the coe!cients ↼k,
see Eq. (3). The two-point statistics of ↼k at O
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termined by imposing equality of the quantum and clas-
sical tree-level power spectra at ε = ε0. This leads to
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determine the contribution generated by a single inser-
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O(ϱ) accounts for the non-vanishing initial bispectrum,
and is determined by requiring the classical bispectrum
to be equal to the quantum one at ε0. The only in-
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Subtracting the classical bispectrum from its quantum
counterpart we obtain:
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where gk(ε, ε →) = 2⊋↑1 Im{sk(ε)s↔k(ε
→)} is the Green

function, see also [32]. The di#erence (10) vanishes for
kε0 ⇐ 0. Thus, for classical and quantum evolution to
coincide at all times, the initial matching between the two
needs to be imposed choosing ε0 such that ω is already
constant. That would be a self-defeating strategy, as it
requires doing the complete quantum calculation until
the modes cross the horizon and freeze. Only in that case
”Bε(ε ; {ki}) will vanish at later times. This conclusion
appears consistent with the notion that ω classicalizes as
it freezes at comoving distances su!ciently larger than
1/(aH); see [30] for a related discussion.
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limit ε ⇐ 0, we obtain

lim
ω↗0

”Bε =
ϱH

4⊋2
4ϑ2M4

P

Re

{
f0 →


f3

+
3k43(k

2
1 + k

2
2 → k

2
3)→ 14/3 k21k

2
2k

2
3

K
3
0K

3
1K

3
2K

3
3

+ perms.

}
, (11)

where we define K0 =
3
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and also fi = e
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i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
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Quantum vs Classical evolution (Green function)

3

It has been common to study the classical evolution
with Gaussian initial conditions, both in cases where the
dynamics of inhomogeneities were treated perturbatively
–see e.g. [32, 33]– and non-perturbatively, in particular
in lattice calculations [16–18]. The prescription above is
preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
properties through classical evolution.
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where ϑ ↑ →H
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sk(ε) = [H2⊋/(4M2

P ϑk
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where we define K0 =
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i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
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lation reduces simply to p
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calculation. The fact that the leading order is suppressed
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needs to be imposed choosing ε0 such that ω is already
constant. That would be a self-defeating strategy, as it
requires doing the complete quantum calculation until
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dynamics of inhomogeneities were treated perturbatively
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the modes cross the horizon and freeze. Only in that case
”Bε(ε ; {ki}) will vanish at later times. This conclusion
appears consistent with the notion that ω classicalizes as
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1/(aH); see [30] for a related discussion.
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where we define K0 =
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i ki, Kj = K0 → 2kj , j = 1, 2, 3;
and also fi = e

iKiω0(2→ 2iKiε0 → (Kiε0)2)/32k1k2k3K3
i ,

i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
Sitter approximation we are using, the consistency re-
lation reduces simply to p

3
k
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Bε(ε ⇐ 0; p, k, k) ⇐ 0 as
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It has been common to study the classical evolution
with Gaussian initial conditions, both in cases where the
dynamics of inhomogeneities were treated perturbatively
–see e.g. [32, 33]– and non-perturbatively, in particular
in lattice calculations [16–18]. The prescription above is
preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
properties through classical evolution.

SCALAR BISPECTRUM

Let us consider the same action for the primordial cur-
vature perturbation ω that was used in [32]:

S =
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dε d3x a
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where primes denote derivatives with respect to confor-
mal time, ε , and ϱ is a constant. For simplicity, and
following [32], we assume a de Sitter background metric:
a(ε) = →1/(Hε), neglecting O(ϑ) slow-roll corrections,
where ϑ ↑ →H

→
/aH

2. The free equation of motion has
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3)]1/2(1 + ikε)e↑ikω as a solution,

where we have imposed Bunch-Davies initial conditions
at very early times and used a normalization that ensures
canonical commutation relations for the creation and an-
nihilation operators associated to the canonically nor-
malized field

↓
2ϑaMP ω, being MP the reduced Planck

mass.
The (quantum) bispectrum in terms of the three-point
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Taking into account that sk ↔
↓
⊋, the quantum bispec-

trum scales as ⊋2, consistently with a purely perturbative
calculation. The fact that the leading order is suppressed
by ⊋ (squared) is a consequence of the quantum nature
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needs to be imposed choosing ε0 such that ω is already
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requires doing the complete quantum calculation until
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”Bε(ε ; {ki}) will vanish at later times. This conclusion
appears consistent with the notion that ω classicalizes as
it freezes at comoving distances su!ciently larger than
1/(aH); see [30] for a related discussion.
Performing the time integral in (10) and taking the

limit ε ⇐ 0, we obtain

lim
ω↗0

”Bε =
ϱH

4⊋2
4ϑ2M4

P

Re

{
f0 →


f3

+
3k43(k

2
1 + k

2
2 → k

2
3)→ 14/3 k21k

2
2k

2
3

K
3
0K

3
1K

3
2K

3
3

+ perms.

}
, (11)

where we define K0 =
3

i ki, Kj = K0 → 2kj , j = 1, 2, 3;
and also fi = e

iKiω0(2→ 2iKiε0 → (Kiε0)2)/32k1k2k3K3
i ,
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Green function

5

it translates into products of Green functions in explicit
computations, which implies that its e!ect cannot be re-
produced in general with classical dynamics. A necessary
condition for classical dynamics to be a good approxima-
tion is therefore Re{sk(ω)s→k(ω

↑)} → Im{sk(ω)s→k(ω
↑)} –

compare e.g. Eqs. (7) and (10)– which means that the
anti-commutator dominates over the commutator, see
also [30].

However, even if that condition is met in a classical
calculation, there is always a residual dependence on the
time, ω0, at which the matching between classical and
quantum initial conditions is imposed. After performing
the time integrations in Eq. (2), products of Green func-
tions lead to a dependence on ω0 that is quadratic in the
examples we have explored. This implies an exponen-
tial dependence on the number of e-folds (N =

∫
aH dω)

elapsed between ω0 and the time of horizon crossing.

We can anticipate the residual ω0 dependence of any
classical observable inspecting the time scaling of the
interaction vertices. In the sub-horizon regime, for a
fluctuation ” with a standard kinetic term, the modes
go as s

!
k ↑ e

↓ikω
/a. Therefore, an interaction of the

schematic form
↓
↔g ε

n”m
/a

n, where ε denotes spatial
or conformal-time derivatives, scales as a

4↓n↓m, which
diverges at early times unless 4 ↗ n +m. The quantum
calculation is insensitive to this scaling because the iϑ

prescription exponentially suppresses it. In the classical
case, by contrast, the absence of such a prescription im-
plies that the vertex scales as ωn+m↓4

0 . This dependence
is essential for the consistency of classical predictions, as
we discussed for the scalar bispectrum.

The accumulated error from using classical dynamics
to compute the equilateral configuration of the scalar
bispectrum for the action of Eq. (6) in quasi-de Sit-
ter can be evaluated analytically: #B/B

Q = 20 +

1
8Re

{
81e↓iz(z2↔2zi↔2)↔e

↓3iz
(
9z2 ↔ 6iz ↔ 2

)}
, where

z ↘ ↔kω0 = k/a(ω0)H = e
”N , being #N the number of

e-folds elapsed from ω0 until the time at which k = aH.
If the matching is done one e-fold before k = aH, then∣∣#B/B

Q
∣∣ ≃ 50. The issue can be illustrated as well

using the (one-loop) tensor power spectrum induced by
scalar fluctuations, PQ 1l

h . From our results, we expect

#Ph/P
Q 1l
h ≃ e

2”N to capture the order of magnitude of
this ratio, which again indicates an exponential discrep-
ancy between classical and quantum calculations.

No matter how well the classical initial conditions are
set to mimic the quantum dynamics, the classical evolu-
tion rapidly departs from the quantum result. The root
of this behaviour is that the classical limit, ⊋ ⇐ 0, is not
appropriate: the fluctuations originate from the quan-
tum vacuum and must be computed using an intrinsi-
cally quantum method. Whenever deviations from the
free Gaussian theory are probed, classical dynamics can
dramatically fail to capture the quantum nature of the

fluctuations. Due to the dependence on ω0, great care
is needed to interpret predictions for inflationary statis-
tics obtained with classical methods: not only perturba-
tive (classical Green functions) but also non-perturbative
ones, specifically lattice simulations (whose use is rather
recent and has mainly been focused on the scalar power
spectrum). The dependence on ω0 can be hidden if the
interactions are very small [16] or if the integrals are
dominated by time intervals away from ω0, where the
interactions are most relevant and the modes can be en-
hanced [18, 38]. However, this does not ensure the accu-
racy of the classical calculation.
For instance, reference [18] studied transient ultra

slow-roll inflation in a regime that produces a large spec-
tral peak at specific comoving scales, which can lead
to the production of primordial black holes in the ra-
diation or matter epochs. One can verify, either with
a concrete inflationary potential [39] or with an ad-hoc
parametrization of the dynamics [36], that the proxy con-
dition Re{sk(ω)s→k(ω

↑)} → Im{sk(ω)s→k(ω
↑)} is not satis-

fied for the modes of interest to describe the peak of
the power spectrum at the times around the transitions
associated with the ultra slow-roll stage, where the in-
teractions are more important [40]. The same can be
expected to occur in other scenarios that feature super-
horizon evolution of the modes. This suggests that the
application of lattice methods in such cases is hindered.
We can consider the extreme case in which the in-

teractions are strictly localized in time. An example
is provided by the tree-level bispectrum for the ac-
tion of Eq. (6) with a toy interaction in which ϖ(ω) ↑

ϱ(ω ↔ ω→). At late times and in the equilateral limit,
#B/B

Q = sin2(kω→)/(2 cos(2kω→) + 1). This ratio di-
verges for 2kω→ = 2ς/3 ↔ 2ς c, with c ⇒ N. While the
divergence in k is an artefact of the instantaneous inter-
action, the example illustrates that localized interactions
can screen the sensitivity to ω0, which does not imply
that the classical and quantum predictions agree.
We conclude by stressing that, in our classical calcu-

lation starting from a finite initial time, the scalar bis-
pectrum does not develop poles in folded configurations.
Moreover, its squeezed limit satisfies the consistency rela-
tion. Therefore, poles in this observable are not a signal
of classical evolution in this setup. We speculate that,
analogously, poles will be absent from higher-order cor-
relators when the evolution is defined over a finite time
interval. Our analysis is not conclusive about the ap-
pearance of poles –or enhanced bispectra– in folded con-
figurations as a consequence of classical evolution from
ω = ↔⇑, see [32]. However, the lack of a robust ana-
logue to the iϑ prescription actually implies a general
impediment for reaching a conclusion in that regard.
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tion. Therefore, poles in this observable are not a signal
of classical evolution in this setup. We speculate that,
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interval. Our analysis is not conclusive about the ap-
pearance of poles –or enhanced bispectra– in folded con-
figurations as a consequence of classical evolution from
ω = ↔⇑, see [32]. However, the lack of a robust ana-
logue to the iϑ prescription actually implies a general
impediment for reaching a conclusion in that regard.
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Example 1: Scalar bispectrum

3

It has been common to study the classical evolution
with Gaussian initial conditions, both in cases where the
dynamics of inhomogeneities were treated perturbatively
–see e.g. [32, 33]– and non-perturbatively, in particular
in lattice calculations [16–18]. The prescription above is
preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
properties through classical evolution.

SCALAR BISPECTRUM

Let us consider the same action for the primordial cur-
vature perturbation ω that was used in [32]:

S =

∫
dε d3x a

2
M

2
P ϑ

(
ω
→2
→ ϖω

2 +
ϱ

3!

ω
→3

aH

)
, (6)

where primes denote derivatives with respect to confor-
mal time, ε , and ϱ is a constant. For simplicity, and
following [32], we assume a de Sitter background metric:
a(ε) = →1/(Hε), neglecting O(ϑ) slow-roll corrections,
where ϑ ↑ →H

→
/aH

2. The free equation of motion has
sk(ε) = [H2⊋/(4M2

P ϑk
3)]1/2(1 + ikε)e↑ikω as a solution,

where we have imposed Bunch-Davies initial conditions
at very early times and used a normalization that ensures
canonical commutation relations for the creation and an-
nihilation operators associated to the canonically nor-
malized field

↓
2ϑaMP ω, being MP the reduced Planck

mass.
The (quantum) bispectrum in terms of the three-point

expectation value of ω̂k(ε) reads (2ς)3/2
〈∏3

i=1 ω̂ki(ε)
〉
↑

φ(k1 + k2 + k3)B
Q
ε (ε ; {ki}), which is computed using

Eq. (5). Hereafter, we suppress the explicit dependence
of BQ

ε (ε ; {ki}) for notational simplicity. At linear order
in ϱ, it is:

B
Q
ε = →

2M2
P ϑϱ

H⊋ Im

{∫ ω

↑↓→

dε → a
3∏

i=1

ski(ε)s
→↔
ki
(ε →)

}
, (7)

lim
ω↗0

B
Q
ε =

ϱ ⊋2H4

16ϑ2M4
P

1

k1k2k3(k1 + k2 + k3)3
. (8)

Taking into account that sk ↔
↓
⊋, the quantum bispec-

trum scales as ⊋2, consistently with a purely perturbative
calculation. The fact that the leading order is suppressed
by ⊋ (squared) is a consequence of the quantum nature
of the vacuum, with no classical analogue.

Considering ω to be instead a classical field, its time
evolution at O(ϱ) is given by Eq. (2):

ωk1(ε) = ω
f
k1
(ε)→

M
2
P ϑϱ

H⊋

∫ ω

ω0

dε →a(ε →)

↗

∫
d3p

(2ς)3/2
Im

{
sk1(ε)s

→↔
k1
(ε →)

}
ω
f →
pω

f →
k↑p

∣∣∣
ω ↑

. (9)

From (9), we obtain the classical connected three-point
function of ωk, noting that ↘ωfk1

ω
f
k2
ω
f
k3
≃
Cl is non-vanishing

and necessary to match the quantum and classical bispec-
tra at ε0. To perform the calculation we need the two-
and three-point statistical averages of the coe!cients ↼k,
see Eq. (3). The two-point statistics of ↼k at O

(
ϱ
0
)
is de-

termined by imposing equality of the quantum and clas-
sical tree-level power spectra at ε = ε0. This leads to
↘↼k1↼k2≃ = 0 and

〈
↼k1↼

↔
k2


= φ(k1 → k2)/2, which

determine the contribution generated by a single inser-
tion of HI at O(ϱ). The three-point statistic of ↼k at
O(ϱ) accounts for the non-vanishing initial bispectrum,
and is determined by requiring the classical bispectrum
to be equal to the quantum one at ε0. The only in-
dependent non-vanishing three-point classical average of
↼k and ↼

↔
k is

↘↼k1↼k2↼k3≃
Cl =

iM
2
P ϑϱ

H⊋

φ

(
3

i=1
ki

)

(2ς)3/2

∫ ω0

↑↓→

dε →a
3∏

i=1

s
→↔
ki
.

Subtracting the classical bispectrum from its quantum
counterpart we obtain:

”Bε = →
⊋2M2

P ϑϱ

4H

∫ ω

ω0

dε →a
3∏

i=1

ϖω ↑gki(ε, ε
→) , (10)

where gk(ε, ε →) = 2⊋↑1 Im{sk(ε)s↔k(ε
→)} is the Green

function, see also [32]. The di#erence (10) vanishes for
kε0 ⇐ 0. Thus, for classical and quantum evolution to
coincide at all times, the initial matching between the two
needs to be imposed choosing ε0 such that ω is already
constant. That would be a self-defeating strategy, as it
requires doing the complete quantum calculation until
the modes cross the horizon and freeze. Only in that case
”Bε(ε ; {ki}) will vanish at later times. This conclusion
appears consistent with the notion that ω classicalizes as
it freezes at comoving distances su!ciently larger than
1/(aH); see [30] for a related discussion.
Performing the time integral in (10) and taking the

limit ε ⇐ 0, we obtain

lim
ω↗0

”Bε =
ϱH

4⊋2
4ϑ2M4

P

Re

{
f0 →


f3

+
3k43(k

2
1 + k

2
2 → k

2
3)→ 14/3 k21k

2
2k

2
3

K
3
0K

3
1K

3
2K

3
3

+ perms.

}
, (11)

where we define K0 =
3

i ki, Kj = K0 → 2kj , j = 1, 2, 3;
and also fi = e

iKiω0(2→ 2iKiε0 → (Kiε0)2)/32k1k2k3K3
i ,

i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
Sitter approximation we are using, the consistency re-
lation reduces simply to p

3
k
3
Bε(ε ⇐ 0; p, k, k) ⇐ 0 as
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preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
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a(ε) = →1/(Hε), neglecting O(ϑ) slow-roll corrections,
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Example 2: Scalar-induced tensor modes
Inflaton field minimally coupled to gravity with a standard kinetic term 
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p → 0. In the limit p ↑ k, f0 scales as p
→1, and is thus

compatible with the consistency relation. The other fi

of (11) include denominators which, a priori, may seem
problematic in the p → 0 limit due to their p→4 scaling.
However, !Bω(ω → 0; {ki}) scales as p0 in the squeezed
limit due to a subtle cancellation of independently diver-
gent terms, therefore fulfilling the consistency relation,
contrary to what the classical result in [32] implies. Sim-
ilarly, a superficial look at (11) may give the impression
of divergences (poles) arising in the limit in which two
momenta are collinear (i.e. a folded momentum configu-
ration), due to the dependence on Ki in the denomina-
tor. However, it can be explicitly checked that (11) is not
divergent in these configurations. Moreover, the bispec-
trum is not generically enhanced in said configurations
for arbitrary values of ω0. This means that neither poles
nor an enhanced signal in near-folded limits are a signa-
ture of classical evolution from a finite time onwards.

Unlike in the quantum calculation, there is no clas-
sical analogue of the iε prescription that yields a well-
defined ω0 → ↓↔ limit while remaining compatible with
the consistency relation. Taking inspiration from the
(quantum) iε prescription, one could naively introduce
a factor e→ε(ϑ→ϑ →) in the integrand of (10) in an attempt
to remove terms linear and quadratic in ω0 while tak-
ing ω0 → ↓↔. That would lead to only the second line
of (11) surviving, which would not satisfy the consistency
relation, and would also give rise to poles at physical mo-
menta in the folded configurations mentioned above. It
is therefore necessary to keep the contribution from the
matching time to verify the absence of poles, which is
not an artefact of the choice of initial conditions. It fol-
lows from the integrals being defined over a finite time
interval. The classical bispectrum was computed in [32]
integrating from ω = ↓↔, but dropping the contribution
to the integral coming from that limit –as the contribu-
tion from the end of inflation was considered there to be
dominant– leading to the appearance of poles [35].

SCALAR INDUCED TENSOR FLUCTUATIONS

Let us now consider an inflaton field, ϑ, minimally cou-
pled to gravity in quasi-de Sitter spacetime. We work in
the gauge in which the only scalar perturbation is the
field perturbation ϖϑ and the spatial part of the metric is
a
2(eh)ij , with ϱihij = 0 and hij traceless, which defines

the tensor modes. At lowest order in ε, which allows to
neglect shift and lapse perturbations [36] the interactions
between hij and ϖϑ come from the (assumed standard)
kinetic term of ϑ:

S ↗

∫
dω d3x

a
2(ω)

2

(
hij ↓

1

2
hikhkj

)
ϱiϖϑ ϱjϖϑ . (12)

The one-loop correction to the (quantum) tensor power
spectrum, PQ 1l

h (ω, k), can be computed using the in-in

formalism [21] and the polarization basis {eϖij(k)}ϖ=+,↑,

in which hij(x) = (2ς)→3/2
∫
d3k e

ik·x ∑
ϖ e

ϖ
ij(k)h

ϖ
k(ω)

[37].
The procedure to determine the classical counterpart

to P
Q 1l
h (ω, k) at the same perturbative order is identical

to the one we applied for the scalar bispectrum. First, we
determine the statistics of φa,k, see Eq. (3), now for ϖϑ

and hij , matching the classical and quantum statistics at
ω = ω0. Second, we use this matching with the classical
evolution encoded in (2) to compute the classical power
spectrum at ω > ω0.
The di”erence between the quantum and classical

power spectra is:

!Ph(ω, k) =
⊋2k3
16ς2

∫
d3p

(2ς)3
p
4 sin4 ↼

∫ ϑ

ϑ0

dω ↓a2
∫ ϑ →

ϑ0

dω ↓↓a2

↘ g
h
k (ω, ω

↓)ghk (ω, ω
↓↓)gϱp (ω

↓
, ω

↓↓)gϱq (ω
↓
, ω

↓↓) , (13)

where g
ϱ,h
k denote the Green functions for ϖϑk and for

h
ϖ
k (with g

h
k being independent of the polarization). The

angle between k and p is denoted by ↼, and q ≃ k↓ p.
In the limit kω0 → 0, the tensor modes become con-

stant, ghk (ω, ω
↓) → 0 and !Ph(ω, k) vanishes. Away from

this trivial (non-dynamical) limit, it is di”erent from
zero. We can obtain the behaviour for kω0 → ↓↔

with the sub-horizon limits: s
ϱ
k =

⇐
⊋ e→ikϑ

/a
⇐
2k and

s
h
k = 2sϱk/aMP . Thanks to the suppression of the Green
functions in this limit, the super-horizon contribution of
scalar modes running in the loop is negligible, which jus-
tifies using the previous expression for s

ϱ
k . Finally, we

obtain !Ph(ω, k) ⇒ (kω0)2 for kω0 → ↓↔.

DISCUSSION

Di”erences between quantum and classical computa-
tions of cosmological correlation functions are unveiled
only if interactions are taken into account. At tree-
level, it is necessary to consider correlations of three or
more fields. At loop-level, the power spectrum is suf-
ficient. These di”erences are controlled by products of
Green functions, i.e. by products of imaginary parts.
Eqs. (10) and (13) show this explicitly for the two ex-
amples we have considered. This dependence is not an
accident: classical and quantum dynamics have anal-
ogous functional forms, see Eqs. (1) and (2), and the
mismatch comes from the nature of the quantum build-
ing blocks, which are operators whose ordering mat-
ters. Indeed, for any two operators Â and B̂ evalu-

ated at di”erent times: Â(ω1)B̂(ω2) =
1
2

[
Â(ω1), B̂(ω2)

]
+

1
2

(
Â(ω1)B̂(ω2) + B̂(ω2)Â(ω1)

)
. The anti-commutator is

insensitive to operator ordering and is therefore classi-
cally reproducible once the initial statistics are matched.
However, the commutator is intrinsically quantum and
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limit due to a subtle cancellation of independently diver-
gent terms, therefore fulfilling the consistency relation,
contrary to what the classical result in [32] implies. Sim-
ilarly, a superficial look at (11) may give the impression
of divergences (poles) arising in the limit in which two
momenta are collinear (i.e. a folded momentum configu-
ration), due to the dependence on Ki in the denomina-
tor. However, it can be explicitly checked that (11) is not
divergent in these configurations. Moreover, the bispec-
trum is not generically enhanced in said configurations
for arbitrary values of ω0. This means that neither poles
nor an enhanced signal in near-folded limits are a signa-
ture of classical evolution from a finite time onwards.

Unlike in the quantum calculation, there is no clas-
sical analogue of the iε prescription that yields a well-
defined ω0 → ↓↔ limit while remaining compatible with
the consistency relation. Taking inspiration from the
(quantum) iε prescription, one could naively introduce
a factor e→ε(ϑ→ϑ →) in the integrand of (10) in an attempt
to remove terms linear and quadratic in ω0 while tak-
ing ω0 → ↓↔. That would lead to only the second line
of (11) surviving, which would not satisfy the consistency
relation, and would also give rise to poles at physical mo-
menta in the folded configurations mentioned above. It
is therefore necessary to keep the contribution from the
matching time to verify the absence of poles, which is
not an artefact of the choice of initial conditions. It fol-
lows from the integrals being defined over a finite time
interval. The classical bispectrum was computed in [32]
integrating from ω = ↓↔, but dropping the contribution
to the integral coming from that limit –as the contribu-
tion from the end of inflation was considered there to be
dominant– leading to the appearance of poles [35].

SCALAR INDUCED TENSOR FLUCTUATIONS

Let us now consider an inflaton field, ϑ, minimally cou-
pled to gravity in quasi-de Sitter spacetime. We work in
the gauge in which the only scalar perturbation is the
field perturbation ϖϑ and the spatial part of the metric is
a
2(eh)ij , with ϱihij = 0 and hij traceless, which defines

the tensor modes. At lowest order in ε, which allows to
neglect shift and lapse perturbations [36] the interactions
between hij and ϖϑ come from the (assumed standard)
kinetic term of ϑ:

S ↗

∫
dω d3x

a
2(ω)

2

(
hij ↓

1

2
hikhkj

)
ϱiϖϑ ϱjϖϑ . (12)

The one-loop correction to the (quantum) tensor power
spectrum, PQ 1l

h (ω, k), can be computed using the in-in

formalism [21] and the polarization basis {eϖij(k)}ϖ=+,↑,

in which hij(x) = (2ς)→3/2
∫
d3k e

ik·x ∑
ϖ e

ϖ
ij(k)h

ϖ
k(ω)

[37].
The procedure to determine the classical counterpart

to P
Q 1l
h (ω, k) at the same perturbative order is identical

to the one we applied for the scalar bispectrum. First, we
determine the statistics of φa,k, see Eq. (3), now for ϖϑ

and hij , matching the classical and quantum statistics at
ω = ω0. Second, we use this matching with the classical
evolution encoded in (2) to compute the classical power
spectrum at ω > ω0.
The di”erence between the quantum and classical

power spectra is:

!Ph(ω, k) =
⊋2k3
16ς2

∫
d3p

(2ς)3
p
4 sin4 ↼

∫ ϑ

ϑ0

dω ↓a2
∫ ϑ →

ϑ0

dω ↓↓a2

↘ g
h
k (ω, ω

↓)ghk (ω, ω
↓↓)gϱp (ω

↓
, ω

↓↓)gϱq (ω
↓
, ω

↓↓) , (13)

where g
ϱ,h
k denote the Green functions for ϖϑk and for

h
ϖ
k (with g

h
k being independent of the polarization). The

angle between k and p is denoted by ↼, and q ≃ k↓ p.
In the limit kω0 → 0, the tensor modes become con-

stant, ghk (ω, ω
↓) → 0 and !Ph(ω, k) vanishes. Away from

this trivial (non-dynamical) limit, it is di”erent from
zero. We can obtain the behaviour for kω0 → ↓↔

with the sub-horizon limits: s
ϱ
k =

⇐
⊋ e→ikϑ

/a
⇐
2k and

s
h
k = 2sϱk/aMP . Thanks to the suppression of the Green
functions in this limit, the super-horizon contribution of
scalar modes running in the loop is negligible, which jus-
tifies using the previous expression for s

ϱ
k . Finally, we

obtain !Ph(ω, k) ⇒ (kω0)2 for kω0 → ↓↔.

DISCUSSION

Di”erences between quantum and classical computa-
tions of cosmological correlation functions are unveiled
only if interactions are taken into account. At tree-
level, it is necessary to consider correlations of three or
more fields. At loop-level, the power spectrum is suf-
ficient. These di”erences are controlled by products of
Green functions, i.e. by products of imaginary parts.
Eqs. (10) and (13) show this explicitly for the two ex-
amples we have considered. This dependence is not an
accident: classical and quantum dynamics have anal-
ogous functional forms, see Eqs. (1) and (2), and the
mismatch comes from the nature of the quantum build-
ing blocks, which are operators whose ordering mat-
ters. Indeed, for any two operators Â and B̂ evalu-

ated at di”erent times: Â(ω1)B̂(ω2) =
1
2

[
Â(ω1), B̂(ω2)

]
+

1
2

(
Â(ω1)B̂(ω2) + B̂(ω2)Â(ω1)

)
. The anti-commutator is

insensitive to operator ordering and is therefore classi-
cally reproducible once the initial statistics are matched.
However, the commutator is intrinsically quantum and
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Excited states
2.4 Can classical lattice evolution work?

Highly excited states can satisfy the classicality condition.

A transition induces a Bogoliubov transformation:

s
out

k
(⌧) = cosh rk s

in

k
(⌧) + e

i✓k sinh rk s
in⇤
k

(⌧).

Re[s
out

k
(⌧)s

out⇤
k

(⌧
0
)]

Im[s
out

k
(⌧)s

out⇤
k

(⌧ 0)]
=

Re[s
out

k
(⌧)s

out⇤
k

(⌧
0
)]

Im[s
in

k
(⌧)s

in⇤
k

(⌧ 0)]
⇠ e

2|rk| � 1 (|rk| � 1).

The hierarchy must arise while the observable is being generated.

Transient USR:
The relevant hierarchy develops after the

interaction-dominated transition.

matching ⌧0

dominant interaction

excitation /

freeze-out

Matching quantum statistics is not enough to reproduce interacting quantum
evolution.

[Ballesteros, JGE, Pérez Rodŕıguez ’26]
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Excited states may, in principle, satisfy the classicality condition

Caveat: it must hold when the observable is generated

Bogolyubov transformation



Transient ultra slow-rollBack-up: USR excitation and classicality

Same SR–USR–SR toy model as in the perturbativity analysis.
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green bands: SR–USR transitions;
blue dashed: k/k⇤ = 10, 100, 500, 1000.
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Hiding the dependence on the matching time

3

It has been common to study the classical evolution
with Gaussian initial conditions, both in cases where the
dynamics of inhomogeneities were treated perturbatively
–see e.g. [32, 33]– and non-perturbatively, in particular
in lattice calculations [16–18]. The prescription above is
preferable, as it exactly reproduces the quantum statis-
tics at t0. However, as we will see with two examples,
this prescription does not capture the complete quantum
properties through classical evolution.

SCALAR BISPECTRUM

Let us consider the same action for the primordial cur-
vature perturbation ω that was used in [32]:

S =

∫
dε d3x a

2
M

2
P ϑ

(
ω
→2
→ ϖω

2 +
ϱ

3!

ω
→3

aH

)
, (6)

where primes denote derivatives with respect to confor-
mal time, ε , and ϱ is a constant. For simplicity, and
following [32], we assume a de Sitter background metric:
a(ε) = →1/(Hε), neglecting O(ϑ) slow-roll corrections,
where ϑ ↑ →H

→
/aH

2. The free equation of motion has
sk(ε) = [H2⊋/(4M2

P ϑk
3)]1/2(1 + ikε)e↑ikω as a solution,

where we have imposed Bunch-Davies initial conditions
at very early times and used a normalization that ensures
canonical commutation relations for the creation and an-
nihilation operators associated to the canonically nor-
malized field

↓
2ϑaMP ω, being MP the reduced Planck

mass.
The (quantum) bispectrum in terms of the three-point

expectation value of ω̂k(ε) reads (2ς)3/2
〈∏3

i=1 ω̂ki(ε)
〉
↑

φ(k1 + k2 + k3)B
Q
ε (ε ; {ki}), which is computed using

Eq. (5). Hereafter, we suppress the explicit dependence
of BQ

ε (ε ; {ki}) for notational simplicity. At linear order
in ϱ, it is:

B
Q
ε = →

2M2
P ϑϱ

H⊋ Im

{∫ ω

↑↓→

dε → a
3∏

i=1

ski(ε)s
→↔
ki
(ε →)

}
, (7)

lim
ω↗0

B
Q
ε =

ϱ ⊋2H4

16ϑ2M4
P

1

k1k2k3(k1 + k2 + k3)3
. (8)

Taking into account that sk ↔
↓
⊋, the quantum bispec-

trum scales as ⊋2, consistently with a purely perturbative
calculation. The fact that the leading order is suppressed
by ⊋ (squared) is a consequence of the quantum nature
of the vacuum, with no classical analogue.

Considering ω to be instead a classical field, its time
evolution at O(ϱ) is given by Eq. (2):

ωk1(ε) = ω
f
k1
(ε)→

M
2
P ϑϱ

H⊋

∫ ω

ω0

dε →a(ε →)

↗

∫
d3p

(2ς)3/2
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}
ω
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pω

f →
k↑p

∣∣∣
ω ↑

. (9)

From (9), we obtain the classical connected three-point
function of ωk, noting that ↘ωfk1

ω
f
k2
ω
f
k3
≃
Cl is non-vanishing

and necessary to match the quantum and classical bispec-
tra at ε0. To perform the calculation we need the two-
and three-point statistical averages of the coe!cients ↼k,
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ϱ
0
)
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〈
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Subtracting the classical bispectrum from its quantum
counterpart we obtain:
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where gk(ε, ε →) = 2⊋↑1 Im{sk(ε)s↔k(ε
→)} is the Green

function, see also [32]. The di#erence (10) vanishes for
kε0 ⇐ 0. Thus, for classical and quantum evolution to
coincide at all times, the initial matching between the two
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the modes cross the horizon and freeze. Only in that case
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where we define K0 =
3

i ki, Kj = K0 → 2kj , j = 1, 2, 3;
and also fi = e

iKiω0(2→ 2iKiε0 → (Kiε0)2)/32k1k2k3K3
i ,

i = 0, 1, 2, 3. The consistency relation between the
power spectrum and the squeezed limit of the bispec-
trum [20, 34] is satisfied for (8) and (11); therefore, it
also holds for the classical bispectrum. In the quasi-de
Sitter approximation we are using, the consistency re-
lation reduces simply to p

3
k
3
Bε(ε ⇐ 0; p, k, k) ⇐ 0 as

2.4 A perturbative bispectrum test

Particular simple EFToI model: HI =
4
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Stochastic matching at ⌧0: classical = quantum statistics.
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Late-time equilateral test in dS

M
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�N : e-folds from matching to

horizon exit

M
4

3
(⌧) / �(⌧ � ⌧⇤),

�B

BQ =
sin

2
(k⌧⇤)

2 cos(2k⌧⇤)+1
.

No ⌧0 sensitivity, but the mismatch can

remain large.

Absence of folded poles
Typical time integrals in �BZ

⌧
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d⌧
0
⌧
0n
e
iK⌧

0
is regular as K = k1 + k2 � k3 ! 0.

(Folded configuration)

No folded poles [Green, Porto ’20].

No probe of the classical nature of

inflationary fluctuations.
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There is no dependence on the matching time, 
but the Q vs C difference can be arbitrarily large



Summary

In general, classical dynamics does not reproduce (interacting) primordial correlators.

(Even if setting stochastic initial conditions that match quantum statistics at a finite time) 

In the above setup (matching at finite time), the scalar bispectrum 
does not develop poles in folded configurations

Lattice simulations of inflation need to be interpreted with great care.
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is observed in the limit t
Õ
, t

ÕÕ æ ≠Œ, introducing a damping in the time integrals, which
is interpreted as a projection onto the interaction vacuum. Now we use the definition of
time ordering to rewrite

1
2T

⁄
t

≠Œ
dt

Õ
⁄

t

≠Œ
dt

ÕÕ
HI(tÕ

≠)HI(tÕÕ
≠) =

⁄
t

≠Œ
dt

Õ
⁄

t
Õ

≠Œ
dt

ÕÕ
HI(tÕ

≠)HI(tÕÕ
≠)

=
⁄

t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ
HI(tÕÕ

≠)HI(tÕ
≠) . (A.21)

Therefore, F and its inverse are

F (t, ≠Œ≠) = 1 ≠ i

⁄
t

≠Œ
dt

Õ
HI(tÕ

≠) ≠
⁄

t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ
HI(tÕÕ

≠)HI(tÕ
≠) , (A.22)

F
≠1(t, ≠Œ+) = 1 + i

⁄
t

≠Œ
dt

Õ !
HI(tÕ

≠)
"† ≠

⁄
t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ !
HI(tÕÕ

≠)HI(tÕ
≠)

"†
, (A.23)

so that the VEV of Q can be written as

ÈQ(t)Í = È0| QI(t) |0Í + 2 Im
;⁄

t

≠Œ
dt

Õ È0| QI(t)HI(tÕ
≠) |0Í

<

+
⁄

t

≠Œ
dt

Õ
⁄

t

≠Œ
dt

ÕÕ È0| HI(tÕÕ
+)QI(t)HI(tÕ

≠) |0Í

≠ 2 Re
;⁄

t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ È0| QI(t)HI(tÕÕ
≠)HI(tÕ

≠) |0Í
<

. (A.24)

Using that

È0| HI(tÕ
+)QI(t)HI(tÕÕ

≠) |0Í = È0| HI(tÕÕ
+)QI(t)HI(tÕ

≠) |0Íú (A.25)

we can rewrite the last term of the first line of (A.24) as
⁄

t

≠Œ
dt

Õ
⁄

t

≠Œ
dt

ÕÕ È0|HI(tÕÕ
+)QI(t)HI(tÕ

≠) |0Í = 2Re
;⁄

t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ È0|HI(tÕÕ
+)QI(t)HI(tÕ

≠) |0Í
<

,

(A.26)
so that the final expression is

ÈQ(t)Í = È0| QI(t) |0Í + 2 Im
;⁄

t

≠Œ
dt

Õ È0| QI(t)HI(tÕ
≠) |0Í

<

+ 2 Re
;⁄

t

≠Œ
dt

Õ
⁄

t

tÕ
dt

ÕÕ È0|
!
HI(tÕÕ

+)QI(t) ≠ QI(t)HI(tÕÕ
≠)

"
HI(tÕ

≠) |0Í
<

. (A.27)

We emphasize that this expression does not include the bubble diagrams and we stress the
importance of the prescription iÊ (represented by t±) for the convergence of the time integrals.

B Action for fluctuations in the ”„-gauge

In the ADM formalism [45, 46, 52] the spacetime metric is written as follows:

ds
2 = ≠N

2dt
2 + “ij

1
N

idt + dx
i
2 1

N
jdt + dx

j
2

, (B.1)
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and we obtain the following useful relation between the vacuum in the interaction and
Heisenberg picture:13

F (t, ≠Œ≠) |�Í
H

= F (t, ≠Œ≠) |0Í
I

H
È�|0Í

I

© N F (t, ≠Œ≠) |0Í
I

(A.14)

and
H

È�| F
≠1(t, ≠Œ+) = N ú

I
È0| F

≠1(t, ≠Œ+) , (A.15)

where Œ+ © Œ(1 + iÊ). This allows us to write all the elements of the VEV in the
interaction picture:

ÈQ(t)Í = |N |2
I
È0| F

≠1(t, ≠Œ+)QI(t)F (t, ≠Œ≠) |0Í
I

, (A.16)

where F
≠1(t, ≠Œ+) can be read from (A.9). The last piece we need to understand is what

is |N |2. Assuming that |�Í
H

is properly normalized, i.e.
H

È�|�Í
H

= 1, if we calculate the
VEV of the identity operator (Q = 1), we get that

1
|N |2

=
I
È0| F

≠1(t, ≠Œ+)F (t, ≠Œ≠) |0Í
I

. (A.17)

Making a perturbative expansion, it becomes clear that |N |≠2 is the sum over the bubble-
type diagrams, defined as the set of diagrams with at least one part disconnected from
any external leg. Thus, the final formula to be used for the calculation of the VEV of any
operator Q(t) is (see also [51])

ÈQ(t)Í = I
È0| F

≠1(t, ≠Œ+)QI(t)F (t, ≠Œ≠) |0Í
I

I
È0| F ≠1(t, ≠Œ+)F (t, ≠Œ≠) |0Í

I

=
I
È0| F

≠1(t, ≠Œ+)QI(t)F (t, ≠Œ≠) |0Í
I

----
no bubbles

. (A.18)

For brevity, we write |0Í
I

as |0Í in what follows (and in the main body of this work) and,
even if we will not write it explicitly, bubble diagrams will be assumed to be removed.

The main expression we use in this paper, eq. (3.1), is a second order expansion in the
interaction Hamiltonian of the in-in formalism for the calculation of a VEV. To derive it
we proceed by first expanding F (t, ≠Œ≠) from eq. (A.9):

F (t, ≠Œ≠) = 1 ≠ i

⁄
t

≠Œ≠
dt

Õ
HI(tÕ) ≠ 1

2T

⁄
t

≠Œ≠
dt

Õ
⁄

t

≠Œ≠
dt

ÕÕ
HI(tÕ)HI(tÕÕ) . (A.19)

Now, we make a redefinition of time such that the prescription iÊ passes from the lower
integration limit to the time of the Hamiltonian, t æ t≠ = t(1 ≠ iÊ), such that

F (t, ≠Œ≠) = 1 ≠ i

⁄
t

≠Œ
dt

Õ
HI(tÕ

≠) ≠ 1
2T

⁄
t

≠Œ
dt

Õ
⁄

t

≠Œ
dt

ÕÕ
HI(tÕ

≠)HI(tÕÕ
≠) . (A.20)

In principle, the upper integration limit should also be modified, but this change has no e�ect
when, at the end of the calculation, we take Ê æ 0. The only e�ect of the prescription iÊ

13
We interpret the prescription iÊ as a way to turn o� the interactions in the limit t æ ≠Œ, well motivated

by the Bunch-Davies initial conditions.
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In principle, the upper integration limit should also be modified, but this change has no e�ect
when, at the end of the calculation, we take Ê æ 0. The only e�ect of the prescription iÊ

13
We interpret the prescription iÊ as a way to turn o� the interactions in the limit t æ ≠Œ, well motivated

by the Bunch-Davies initial conditions.
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Classical evolution in the interaction picture

2

quantum nature of these fluctuations, see [26–31] for sev-
eral proposals. It was proposed in [32] that poles in folded
configurations of primordial correlators can be a diagnos-
tic of classical, as opposed to standard (Bunch-Davies)
quantum, fluctuations. As a by-product of our main
analysis, we show that classical evolution from stochas-
tic initial conditions imposed at any finite time does not
produce such poles.

QUANTUM AND CLASSICAL DYNAMICS

Let us consider a collection of canonically normalized
real scalar fields, !a, a = 1, . . . , N , and their conjugate
momenta, which in Fourier space satisfy ”a,k(t) = !̇a,→k.

Let us also consider a quantum operator Ô(t) and its
classical analogue O(t), which depend, respectively, on
quantum and classical versions of those fields. Then, Ô(t)
and O(t) evolve in time as follows:

Ô (t) = F̂
†(t, t0)Ôf (t)F̂ (t, t0) =

∑

n=0

1

(i⊋)n
∫ t

t0

dt1

∫ t1

t0

dt2 · · ·

∫ tn→1

t0

dtn
[[[

Ôf (t) , ĤI(t1)
]
, ĤI(t2)

]
, · · · , ĤI(tn)

]
, (1)

O (t) = F (t, t0)Of (t) =
∑

n=0

∫ t

t0

dt1

∫ t1

t0

dt2 · · ·

∫ tn→1

t0

dtn {· · · {{Of (t) , HI(t1)}0, HI(t2)}0 · · · , HI(tn)}0 . (2)

The operators F̂ and F are the time evolution generators
in the interaction picture, in which the free dynamics of
Ôf (t) and Of (t) are corrected by the e#ects of the inter-
actions determined by the quantum and classical inter-
action Hamiltonians (again, in the interaction picture),
ĤI and HI , evolved from a reference time t0 until time t.
The commutator [ , ] appearing in (1) is the usual one,
while the Poisson bracket of (2) is defined, relative to t0

and integrating in Fourier space, as:

{Af (t1), Bf (t2)}0 →

∑

a

∫
d3k

↑

(
ωAf (t1)

ω!a,k(t0)

ωBf (t2)

ω”a,k(t0)
↓

ωAf (t1)

ω”a,k(t0)

ωBf (t2)

ω!a,k(t0)

)
.

Given a pair of complex solutions to the free equations
of motion, sa,k(t) and s

↑
a,k(t), the classical and quantum

free fields can be written as

!f
a,k(t) = sa,k(t)εa,k + s

↑
a,k(t)ε

↑
a,→k , (3)

!̂f
a,k(t) = sa,k(t)âa,k + s

↑
a,k(t)â

†
a,→k . (4)

The constants εa,k are obtained by imposing that the free

fields !f
a,k must satisfy the initial conditions of !a,k (and

likewise for their respective conjugate momenta) at time

t0: εa,k = W
→1
a,k

(
!a,k(t0)ṡ↑a,k(t0)↓”a,→k(t0)s↑a,k(t0)

)
,

where Wa,k → sa,k(t0)ṡ↑a,k(t0) ↓ s
↑
a,k(t0)ṡa,k(t0) is the

Wronskian and dots denote derivatives with respect to
time, t. Then, {!a,k(t0),”b,p(t0)}0 = ϑab ϑ(k↓p) implies
that {εa,k(t0),ε↑

b,p(t0)}0 = W
→1
a,k ϑab ϑ(k ↓ p). Analo-

gously, imposing standard commutation rules among the

free fields,
[
!̂f

a,k(t), ”̂
f
b,p(t)

]
= i⊋ ϑab ϑ(k ↓ p), we get

[
âa,k, â

†
b,p

]
= i⊋W→1

a,k ϑab ϑ(k ↓ p). Therefore, the stan-

dard commutator for annihilation and creation operators

is recovered with the normalizationWa,k = i⊋, which also
fixes the corresponding Poisson bracket. In this way, both
classical and quantum dynamics are defined. The time
evolutions (1) and (2) have formally analogous expres-
sions, with a key di#erence being that in the quantum
case the order of the fields matters. Besides, whereas
O(t) is determined given the classical initial conditions
!a,k(t0) and ”a,k(t0), Ô(t) is only observable through its
expectation value over the quantum state of the system.
Since we want the classical and quantum evolutions to
be as close as possible, evolving from t0, we impose that
classical and quantum statistics agree at t0.
In inflation, we are usually interested in the quantum

state being the vacuum |$↔, so that any observable takes

the form
〈
Ô(t)

〉
→ ↗$| F̂ †(t, t0)Ôf (t)F̂ (t, t0) |$↔ [21]. In

a system with interactions, |$↔ does not coincide with the
free vacuum |0↔, which is the one that satisfies âa,k |0↔ = 0
(i.e. |0↔ is an instantaneous eigenstate of the free Hamil-
tonian Ĥ0, but |$↔ is not, unless the theory is free). As-
suming that the system becomes asymptotically free in
the limit t0 ↘ ↓≃, we can project |$↔ onto the Bunch-
Davies free vacuum |0↔ with the iϖ prescription:

〈
Ô(t)

〉
= ↗0| F̂ †(t,↓≃+)Ôf (t)F̂ (t,↓≃→) |0↔ n.b. , (5)

where n.b. denotes the removal of bubble diagrams and
t± → t(1± iϖ).
In the classical counterpart, we choose stochastic ini-

tial conditions that match the quantum ones at a finite
time. This means that only statistical averages will be
accessible: ↗O(t)↔Cl

→ ↗F (t, t0)Of (t)↔
Cl, where ↗ ↔

Cl de-
notes the average over the probability distribution func-
tion of the object inside. This quantity depends on the
initial conditions, which we impose to be determined by
quantum statistics at t0 according to Eq. (5).
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(i.e. |0↔ is an instantaneous eigenstate of the free Hamil-
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The operators F̂ and F are the time evolution generators
in the interaction picture, in which the free dynamics of
Ôf (t) and Of (t) are corrected by the e#ects of the inter-
actions determined by the quantum and classical inter-
action Hamiltonians (again, in the interaction picture),
ĤI and HI , evolved from a reference time t0 until time t.
The commutator [ , ] appearing in (1) is the usual one,
while the Poisson bracket of (2) is defined, relative to t0

and integrating in Fourier space, as:

{Af (t1), Bf (t2)}0 →
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∫
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Given a pair of complex solutions to the free equations
of motion, sa,k(t) and s

↑
a,k(t), the classical and quantum

free fields can be written as

!f
a,k(t) = sa,k(t)εa,k + s

↑
a,k(t)ε

↑
a,→k , (3)

!̂f
a,k(t) = sa,k(t)âa,k + s

↑
a,k(t)â

†
a,→k . (4)

The constants εa,k are obtained by imposing that the free

fields !f
a,k must satisfy the initial conditions of !a,k (and

likewise for their respective conjugate momenta) at time

t0: εa,k = W
→1
a,k

(
!a,k(t0)ṡ↑a,k(t0)↓”a,→k(t0)s↑a,k(t0)

)
,

where Wa,k → sa,k(t0)ṡ↑a,k(t0) ↓ s
↑
a,k(t0)ṡa,k(t0) is the

Wronskian and dots denote derivatives with respect to
time, t. Then, {!a,k(t0),”b,p(t0)}0 = ϑab ϑ(k↓p) implies
that {εa,k(t0),ε↑

b,p(t0)}0 = W
→1
a,k ϑab ϑ(k ↓ p). Analo-

gously, imposing standard commutation rules among the

free fields,
[
!̂f

a,k(t), ”̂
f
b,p(t)

]
= i⊋ ϑab ϑ(k ↓ p), we get

[
âa,k, â

†
b,p

]
= i⊋W→1

a,k ϑab ϑ(k ↓ p). Therefore, the stan-

dard commutator for annihilation and creation operators

is recovered with the normalizationWa,k = i⊋, which also
fixes the corresponding Poisson bracket. In this way, both
classical and quantum dynamics are defined. The time
evolutions (1) and (2) have formally analogous expres-
sions, with a key di#erence being that in the quantum
case the order of the fields matters. Besides, whereas
O(t) is determined given the classical initial conditions
!a,k(t0) and ”a,k(t0), Ô(t) is only observable through its
expectation value over the quantum state of the system.
Since we want the classical and quantum evolutions to
be as close as possible, evolving from t0, we impose that
classical and quantum statistics agree at t0.
In inflation, we are usually interested in the quantum

state being the vacuum |$↔, so that any observable takes

the form
〈
Ô(t)

〉
→ ↗$| F̂ †(t, t0)Ôf (t)F̂ (t, t0) |$↔ [21]. In

a system with interactions, |$↔ does not coincide with the
free vacuum |0↔, which is the one that satisfies âa,k |0↔ = 0
(i.e. |0↔ is an instantaneous eigenstate of the free Hamil-
tonian Ĥ0, but |$↔ is not, unless the theory is free). As-
suming that the system becomes asymptotically free in
the limit t0 ↘ ↓≃, we can project |$↔ onto the Bunch-
Davies free vacuum |0↔ with the iϖ prescription:

〈
Ô(t)

〉
= ↗0| F̂ †(t,↓≃+)Ôf (t)F̂ (t,↓≃→) |0↔ n.b. , (5)

where n.b. denotes the removal of bubble diagrams and
t± → t(1± iϖ).
In the classical counterpart, we choose stochastic ini-

tial conditions that match the quantum ones at a finite
time. This means that only statistical averages will be
accessible: ↗O(t)↔Cl

→ ↗F (t, t0)Of (t)↔
Cl, where ↗ ↔

Cl de-
notes the average over the probability distribution func-
tion of the object inside. This quantity depends on the
initial conditions, which we impose to be determined by
quantum statistics at t0 according to Eq. (5).
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quantum, fluctuations. As a by-product of our main
analysis, we show that classical evolution from stochas-
tic initial conditions imposed at any finite time does not
produce such poles.

QUANTUM AND CLASSICAL DYNAMICS

Let us consider a collection of canonically normalized
real scalar fields, !a, a = 1, . . . , N , and their conjugate
momenta, which in Fourier space satisfy ”a,k(t) = !̇a,→k.

Let us also consider a quantum operator Ô(t) and its
classical analogue O(t), which depend, respectively, on
quantum and classical versions of those fields. Then, Ô(t)
and O(t) evolve in time as follows:

Ô (t) = F̂
†(t, t0)Ôf (t)F̂ (t, t0) =

∑

n=0

1

(i⊋)n
∫ t

t0

dt1

∫ t1

t0

dt2 · · ·

∫ tn→1

t0

dtn
[[[

Ôf (t) , ĤI(t1)
]
, ĤI(t2)

]
, · · · , ĤI(tn)

]
, (1)

O (t) = F (t, t0)Of (t) =
∑

n=0

∫ t

t0

dt1

∫ t1

t0

dt2 · · ·

∫ tn→1

t0

dtn {· · · {{Of (t) , HI(t1)}0, HI(t2)}0 · · · , HI(tn)}0 . (2)

The operators F̂ and F are the time evolution generators
in the interaction picture, in which the free dynamics of
Ôf (t) and Of (t) are corrected by the e#ects of the inter-
actions determined by the quantum and classical inter-
action Hamiltonians (again, in the interaction picture),
ĤI and HI , evolved from a reference time t0 until time t.
The commutator [ , ] appearing in (1) is the usual one,
while the Poisson bracket of (2) is defined, relative to t0

and integrating in Fourier space, as:

{Af (t1), Bf (t2)}0 →

∑

a

∫
d3k

↑

(
ωAf (t1)

ω!a,k(t0)

ωBf (t2)

ω”a,k(t0)
↓

ωAf (t1)

ω”a,k(t0)

ωBf (t2)

ω!a,k(t0)

)
.

Given a pair of complex solutions to the free equations
of motion, sa,k(t) and s

↑
a,k(t), the classical and quantum

free fields can be written as

!f
a,k(t) = sa,k(t)εa,k + s

↑
a,k(t)ε

↑
a,→k , (3)

!̂f
a,k(t) = sa,k(t)âa,k + s

↑
a,k(t)â

†
a,→k . (4)

The constants εa,k are obtained by imposing that the free

fields !f
a,k must satisfy the initial conditions of !a,k (and

likewise for their respective conjugate momenta) at time

t0: εa,k = W
→1
a,k

(
!a,k(t0)ṡ↑a,k(t0)↓”a,→k(t0)s↑a,k(t0)

)
,

where Wa,k → sa,k(t0)ṡ↑a,k(t0) ↓ s
↑
a,k(t0)ṡa,k(t0) is the

Wronskian and dots denote derivatives with respect to
time, t. Then, {!a,k(t0),”b,p(t0)}0 = ϑab ϑ(k↓p) implies
that {εa,k(t0),ε↑

b,p(t0)}0 = W
→1
a,k ϑab ϑ(k ↓ p). Analo-

gously, imposing standard commutation rules among the

free fields,
[
!̂f

a,k(t), ”̂
f
b,p(t)

]
= i⊋ ϑab ϑ(k ↓ p), we get

[
âa,k, â

†
b,p

]
= i⊋W→1

a,k ϑab ϑ(k ↓ p). Therefore, the stan-

dard commutator for annihilation and creation operators

is recovered with the normalizationWa,k = i⊋, which also
fixes the corresponding Poisson bracket. In this way, both
classical and quantum dynamics are defined. The time
evolutions (1) and (2) have formally analogous expres-
sions, with a key di#erence being that in the quantum
case the order of the fields matters. Besides, whereas
O(t) is determined given the classical initial conditions
!a,k(t0) and ”a,k(t0), Ô(t) is only observable through its
expectation value over the quantum state of the system.
Since we want the classical and quantum evolutions to
be as close as possible, evolving from t0, we impose that
classical and quantum statistics agree at t0.
In inflation, we are usually interested in the quantum

state being the vacuum |$↔, so that any observable takes

the form
〈
Ô(t)

〉
→ ↗$| F̂ †(t, t0)Ôf (t)F̂ (t, t0) |$↔ [21]. In

a system with interactions, |$↔ does not coincide with the
free vacuum |0↔, which is the one that satisfies âa,k |0↔ = 0
(i.e. |0↔ is an instantaneous eigenstate of the free Hamil-
tonian Ĥ0, but |$↔ is not, unless the theory is free). As-
suming that the system becomes asymptotically free in
the limit t0 ↘ ↓≃, we can project |$↔ onto the Bunch-
Davies free vacuum |0↔ with the iϖ prescription:

〈
Ô(t)

〉
= ↗0| F̂ †(t,↓≃+)Ôf (t)F̂ (t,↓≃→) |0↔ n.b. , (5)

where n.b. denotes the removal of bubble diagrams and
t± → t(1± iϖ).
In the classical counterpart, we choose stochastic ini-

tial conditions that match the quantum ones at a finite
time. This means that only statistical averages will be
accessible: ↗O(t)↔Cl

→ ↗F (t, t0)Of (t)↔
Cl, where ↗ ↔

Cl de-
notes the average over the probability distribution func-
tion of the object inside. This quantity depends on the
initial conditions, which we impose to be determined by
quantum statistics at t0 according to Eq. (5).


