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Standard Big Bang: Initial SingularityStandard Big Bang: Initial Singularity



  

Can inflation be past eternal?Can inflation be past eternal?



  

Geodesic CompletenessGeodesic Completeness

A space is geodesically complete
iff all geodesic paths are both
future- and past-infinite.  

A space is geodesically complete
iff all geodesic paths are both
future- and past-infinite.  



  

Simple example: de Sitter spaceSimple example: de Sitter space

Geodesic equation: Geodesic equation: 



  

Simple example: de Sitter spaceSimple example: de Sitter space

Geodesic equation: Geodesic equation: 

Comoving Observer: Comoving Observer: 



  

Simple example: de Sitter spaceSimple example: de Sitter space

Geodesic equation: Geodesic equation: 

finite for finite for 



  

Simple example: de Sitter spaceSimple example: de Sitter space

Geodesic equation: Geodesic equation: 

Lorentz boostLorentz boost



  

BGV Theorem (Arbitrary FRW Space)BGV Theorem (Arbitrary FRW Space)

Now consider arbitrary        : Now consider arbitrary        : 



  

BGV Theorem (Arbitrary FRW Space)BGV Theorem (Arbitrary FRW Space)

Now consider arbitrary        : Now consider arbitrary        : 

Finite!Finite!



  

The BGV TheoremThe BGV Theorem

If        is finite and positive, then:If        is finite and positive, then:

(Borde, Guth, & Vilenkin arXiv:gr-qc/0110012)(Borde, Guth, & Vilenkin arXiv:gr-qc/0110012)

Finite!Finite!

Average Expansion:Average Expansion:



  

A CounterexampleA Counterexample

Average Expansion:Average Expansion:

Inflation after an initial loitering phase:Inflation after an initial loitering phase:

Geodesically past-complete!Geodesically past-complete!

(Ellis & Maartens arXiv:gr-qc/0211082
Lesnefsky, Easson, & Davies arXiv:2207.00955)
(Ellis & Maartens arXiv:gr-qc/0211082
Lesnefsky, Easson, & Davies arXiv:2207.00955)



  

A CounterexampleA Counterexample

Average Expansion:Average Expansion:

Inflation after an initial loitering phase:Inflation after an initial loitering phase:

Geodesically past-complete!Geodesically past-complete!
Violates
NEC!
Violates
NEC!

(Ellis & Maartens arXiv:gr-qc/0211082
Lesnefsky, Easson, & Davies arXiv:2207.00955)
(Ellis & Maartens arXiv:gr-qc/0211082
Lesnefsky, Easson, & Davies arXiv:2207.00955)



  

BGV Theorem ReduxBGV Theorem Redux

(Garcia-Saenz, Hua, Zhao, arXiv:2405.04062)(Garcia-Saenz, Hua, Zhao, arXiv:2405.04062)

If there is a              such thatIf there is a              such that

for all                        then the space is geodesically incomplete on            . for all                        then the space is geodesically incomplete on            . 



    

Null Geodesic CompletnessNull Geodesic CompletnessNull Geodesic CompletnessNull Geodesic Completness



  

BGV Theorem: Null GeodesicsBGV Theorem: Null Geodesics

Consider a null geodesic congruence,                                                 ,  Consider a null geodesic congruence,                                                 ,  

So we can write an effective “Lorentz boost” asSo we can write an effective “Lorentz boost” as

Then for affine parameter    :  Then for affine parameter    :  



  

BGV Theorem: Null GeodesicsBGV Theorem: Null Geodesics

Integrating the local expansion rate along the geodesic gives:Integrating the local expansion rate along the geodesic gives:

Since             for any null geodesic, this is automatically finite! Since             for any null geodesic, this is automatically finite! 



  

Example: FRW SpaceExample: FRW Space

For                                          , the affine length along a null geodesic is:For                                          , the affine length along a null geodesic is:

Integrating the expansion rate along the geodesic then gives:Integrating the expansion rate along the geodesic then gives:

andand



    

A Coordinate-Independent BGV TheoremA Coordinate-Independent BGV TheoremA Coordinate-Independent BGV TheoremA Coordinate-Independent BGV Theorem



  

Geodesic CongruencesGeodesic Congruences



  

Geodesic:Geodesic:

Geodesic CongruencesGeodesic Congruences



  

Expansion and Extrinsic CurvatureExpansion and Extrinsic Curvature

(WHK, Maity, Sriramkumar arXiv: 2307.10958)(WHK, Maity, Sriramkumar arXiv: 2307.10958)



  

BGV Theorem (General)BGV Theorem (General)

Now take a non-comoving geodesic             . Now take a non-comoving geodesic             . 

Lorentz boost: Lorentz boost: 

The total expansion along the geodesic      is then:The total expansion along the geodesic      is then:

The result is again finite:The result is again finite:

(WHK, Maity, Sriramkumar arXiv: 2307.10958)(WHK, Maity, Sriramkumar arXiv: 2307.10958)

Zero shear and 
vorticity
Zero shear and 
vorticity



    

BGV and the Null Energy ConditionBGV and the Null Energy ConditionBGV and the Null Energy ConditionBGV and the Null Energy Condition



  

Geometry vs DynamicsGeometry vs Dynamics

The BGV theorem is purely geometric. 

Can we relate it to dynamics via energy conditions? 

The BGV theorem is purely geometric. 

Can we relate it to dynamics via energy conditions? 

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)



  

Example: FRW SpaceExample: FRW Space

Friedmann EquationFriedmann Equation

Raychaudhuri EquationRaychaudhuri Equation

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)



  

Example: FRW SpaceExample: FRW Space

Friedmann EquationFriedmann Equation

Raychaudhuri EquationRaychaudhuri Equation

Strong Energy ConditionStrong Energy Condition

Null Energy ConditionNull Energy Condition

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)



  

FRW SpaceFRW Space

Null Convergence Condition 
plus non-positive curvature ensures
Null Convergence Condition 
plus non-positive curvature ensures

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)



    

Coordinate Systems on de Sitter SpaceCoordinate Systems on de Sitter Space



  

General Perfect FluidGeneral Perfect Fluid

Raychaudhuri EquationRaychaudhuri Equation

Hamiltonian Constraint (Friedmann Equation)Hamiltonian Constraint (Friedmann Equation)

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)



  

General Perfect FluidGeneral Perfect Fluid

Null ConvergenceNull Convergence Three-curvature of 
spatial hypersurfaces
Three-curvature of 
spatial hypersurfaces

Positive-definitePositive-definite

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)

Null Convergence Condition 
plus non-positive curvature ensures
Null Convergence Condition 
plus non-positive curvature ensures



  

Key Point: Momentum ConstraintKey Point: Momentum Constraint

Momentum constraint:Momentum constraint:

Shear-free                        : expansion constant on spatial hypersurfaces.  Shear-free                        : expansion constant on spatial hypersurfaces.  



  

Application to BGV TheoremApplication to BGV Theorem

The expansion     is no longer the relevant quantity in the BGV integral!The expansion     is no longer the relevant quantity in the BGV integral!

TimelikeTimelike

NullNull Unit basis vectors:
Directional!
Unit basis vectors:
Directional!

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)



  

Non-Geodesic ThreadingNon-Geodesic Threading

TimelikeTimelike

NullNull Unit basis vectors:
Directional!
Unit basis vectors:
Directional!

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)

Add a non-geodesic threading              : Add a non-geodesic threading              : 



  

General BGV ConditionGeneral BGV Condition

(WHK, arXiv:2607.28412)(WHK, arXiv:2607.28412)

Need only hold along one test geodesic      ! Need only hold along one test geodesic      ! 

Either sign!!Either sign!!



    

Application: The Comoving Curvature PerturbationApplication: The Comoving Curvature PerturbationApplication: The Comoving Curvature PerturbationApplication: The Comoving Curvature Perturbation



    

Comoving World Lines are Non-GeodesicComoving World Lines are Non-Geodesic

At linear order:At linear order:

Curvature perturbationCurvature perturbation Shift perturbationShift perturbation

Gauge-invariant Mukhanov variableGauge-invariant Mukhanov variable



    

Eternal Inflation on the PlateauEternal Inflation on the Plateau

Comoving curvature perturbation diverges!Comoving curvature perturbation diverges!

Mukhanov variable is well-behaved:Mukhanov variable is well-behaved:



    

Eternal Inflation on the PlateauEternal Inflation on the Plateau

Perturbations in flat gauge:Perturbations in flat gauge:



    

Cyclic CosmologyCyclic CosmologyCyclic CosmologyCyclic Cosmology



  

Cyclic universes and entropyCyclic universes and entropy



  

Ijjas / Steinhardt Cyclic ModelIjjas / Steinhardt Cyclic Model

Hubble parameter is cyclic:Hubble parameter is cyclic:

Scale factor grows:Scale factor grows:

Exponential expansion / slow contraction dilutes entropy!Exponential expansion / slow contraction dilutes entropy!

(Ijjas & Steinhardt, arXiv:1904.08022)(Ijjas & Steinhardt, arXiv:1904.08022)



  

Ijjas / Steinhardt Cyclic ModelIjjas / Steinhardt Cyclic Model

(WHK, Stein arXiv:2110.15380)(WHK, Stein arXiv:2110.15380)

Construct bounding
de Sitter spaces:
Construct bounding
de Sitter spaces:

average expansion rate
over one cycle
average expansion rate
over one cycle



  

Ijjas / Steinhardt Cyclic ModelIjjas / Steinhardt Cyclic Model

Proper time bounded from above and below by finite values!Proper time bounded from above and below by finite values!

Construct bounding
de Sitter spaces:
Construct bounding
de Sitter spaces:

average expansion rate
over one cycle
average expansion rate
over one cycle
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