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Reheating after Inflation

• Textbook picture of reheating after inflation
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Reheating after Inflation

• Textbook picture of reheating after inflation
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Beyond Instantaneous Thermalization

• In-medium cascades are the bottleneck
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Thermalization during Reheating
via In-medium Cascades



• Bethe—Heitler vs. Landau—Pomeranchuk—Migdal (LPM)

In-medium Cascade of Energetic Particles

- Bethe—Heitler formula
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In-medium Cascade of Energetic Particles

- Bethe—Heitler formula
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Scale-independent splitting

- LPM suppression

p ≫ T

coherent multiple scatterings
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p-dependent splitting: LPM suppression

ΓLPM ∼ αt−1
form(p) ∼ α2T ×

T
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[Arnold, Moore, Yaffe ’01,’02,’03; Arnold, Dogan ’08]

[Landau, Pomeranchuk; Migdal]
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• Cascade via LPM-suppressed multiple splittings

In-medium Cascade of Energetic Particles
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LPM(mϕ)
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[KM+ 1312.3097, 1506.07661, 2402.14054]



Does This Change the Evolution of  the Universe?

• Suppression of the Maximal Temperature
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Figure 3: Same as Fig. 1 but for the pure SU 𝐿 (left panel) and SO(𝐿) (right panel) YM theories. The blue curve represents the
result of (𝐿 , 𝑀) = (3, 10→1), whereas the brown curves represent the results of (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3).

for a significantly smaller gauge coupling constants, the RG running is negligible. In this case, the lower
bound on the initial time, given by the first inequality of (3.11), is more severe than the case of the SM.
Therefore, we instead take 𝑁0 = 5 ↑ 𝑁 (bm)

0 for (𝐿 , 𝑀) = (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3).
Figure 3 shows the temperature as a function of time in pure YM theories. To show our results, we

rescale parameters such as

𝑂 (𝑁) = 𝑂res(𝑁)
(
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h
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We plot the results of SU(𝐿) (left panel) and SO(𝐿) (right panel) gauge theory with (𝐿 , 𝑀) = (3, 10→1)
as blue solid curve and those with (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3) as brown solid curves.
The brown solid curves overlap and cannot be distinguished from each other. The dotted lines are the
fitting functions of (3.17). The figure shows that all results are consistent with (3.17) after the rescalings.
Moreover, the results of (3.18) and (3.19) can be applied to pure YM theories after the correction from
the di!erence of the splitting rate, ωsplit(𝑄0), is included:
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):

)res(C) '
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>>>:
0.006 ⇥ Cres for C ⌧ Cmax ,

13 ⇥ C�1/4res for C � Cmax .
(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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• Non-thermal Heavy Dark Matter Production
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):
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13 ⇥ C�1/4res for C � Cmax .
(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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Does This Change the Evolution of  the Universe?



Thermalization & Reheating

• Implications: Suppression of the maximal T & DM production
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Figure 3: Same as Fig. 1 but for the pure SU 𝐿 (left panel) and SO(𝐿) (right panel) YM theories. The blue curve represents the
result of (𝐿 , 𝑀) = (3, 10→1), whereas the brown curves represent the results of (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3).

for a significantly smaller gauge coupling constants, the RG running is negligible. In this case, the lower
bound on the initial time, given by the first inequality of (3.11), is more severe than the case of the SM.
Therefore, we instead take 𝑁0 = 5 ↑ 𝑁 (bm)

0 for (𝐿 , 𝑀) = (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3).
Figure 3 shows the temperature as a function of time in pure YM theories. To show our results, we

rescale parameters such as

𝑂 (𝑁) = 𝑂res(𝑁)
(
𝑃h(𝑄0)
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We plot the results of SU(𝐿) (left panel) and SO(𝐿) (right panel) gauge theory with (𝐿 , 𝑀) = (3, 10→1)
as blue solid curve and those with (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3) as brown solid curves.
The brown solid curves overlap and cannot be distinguished from each other. The dotted lines are the
fitting functions of (3.17). The figure shows that all results are consistent with (3.17) after the rescalings.
Moreover, the results of (3.18) and (3.19) can be applied to pure YM theories after the correction from
the di!erence of the splitting rate, ωsplit(𝑄0), is included:
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):

)res(C) '
8>>><
>>>:
0.006 ⇥ Cres for C ⌧ Cmax ,

13 ⇥ C�1/4res for C � Cmax .
(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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High-Frequency GWs
& In-medium Cascades



High-Frequency GWs as a Probe of Reheating

• Two generic, often dominant, contributions in the literature
Inevitable Thermal GWs GW Emission @ Reheating
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Figure 1: Present-day GW spectra for the Standard-Model-motivated benchmark. The thick blue curves include
the soft bath and the non-thermal hard cascade, while the thin blue curves give the instantaneous-thermalization
result. The solid orange curves show the bremsstrahlung spectrum in medium matched to the vacuum result, while
the dashed orange curves show only vacuum bremsstrahlung results. The dotted blue segments mark the interpolation
between the hydrodynamic and hard-thermal-loop regimes. The shaded bands show the range obtained by varying
the normalization of the quasi-stationary solution.

the endpoint of the hard cascade is set by the injection momentum, finj → p0/TR → mω/TR. For
bremsstrahlung, the infrared turnover instead moves toward lower frequencies. The LPM splitting
rate at the injection scale decreases as !split(p0) → p

→1/2
0

, so a larger mω increases the directional-
memory time, tmem ↑ !

→1

split
(p0), and hence decreases the corresponding turnover frequency fmem →

t
→1

mem.

6.2 Pure Yang–Mills results
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(a) εYM = 10
→2.
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(b) εYM = 10
→1.

Figure 2: Present-day GW spectra for a dark pure SU(3) Yang–Mills sector with mω = 1013 GeV and TR = 1010 GeV.
The left and right panels correspond to ωYM = 10→2 and 10→1, respectively. The axis ranges and line conventions are
the same as in Fig. 1. Since the weak-coupling rates are extrapolated beyond their controlled regime for ωYM = 10→1,
the right panel is shown only to illustrate the qualitative trend toward stronger interactions.

We next consider reheating into a dark pure SU(3) Yang–Mills plasma in order to isolate the
dependence on the interaction strength. We fix mω = 10

13
GeV and TR = 10

10
GeV, and take
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High-Frequency GWs as a Probe of Reheating

• In-medium cascades change the spectrum qualitatively
Inevitable Thermal GWs GW Emission @ Reheating

Soft-Hard scattering Graviton brems @ finite T 
Finite directional flow ∝ f3
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Figure 1: Present-day GW spectra for the Standard-Model-motivated benchmark. The thick blue curves include
the soft bath and the non-thermal hard cascade, while the thin blue curves give the instantaneous-thermalization
result. The solid orange curves show the bremsstrahlung spectrum in medium matched to the vacuum result, while
the dashed orange curves show only vacuum bremsstrahlung results. The dotted blue segments mark the interpolation
between the hydrodynamic and hard-thermal-loop regimes. The shaded bands show the range obtained by varying
the normalization of the quasi-stationary solution.

the endpoint of the hard cascade is set by the injection momentum, finj → p0/TR → mω/TR. For
bremsstrahlung, the infrared turnover instead moves toward lower frequencies. The LPM splitting
rate at the injection scale decreases as !split(p0) → p

→1/2
0

, so a larger mω increases the directional-
memory time, tmem ↑ !

→1

split
(p0), and hence decreases the corresponding turnover frequency fmem →

t
→1

mem.

6.2 Pure Yang–Mills results
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(b) εYM = 10
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Figure 2: Present-day GW spectra for a dark pure SU(3) Yang–Mills sector with mω = 1013 GeV and TR = 1010 GeV.
The left and right panels correspond to ωYM = 10→2 and 10→1, respectively. The axis ranges and line conventions are
the same as in Fig. 1. Since the weak-coupling rates are extrapolated beyond their controlled regime for ωYM = 10→1,
the right panel is shown only to illustrate the qualitative trend toward stronger interactions.

We next consider reheating into a dark pure SU(3) Yang–Mills plasma in order to isolate the
dependence on the interaction strength. We fix mω = 10

13
GeV and TR = 10

10
GeV, and take

27

��� ��� ��� ���
��-��

��-�

��-�

��-�

���

���

Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):

)res(C) '
8>>><
>>>:
0.006 ⇥ Cres for C ⌧ Cmax ,

13 ⇥ C�1/4res for C � Cmax .
(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:

)max ' 2.3 ⇥
 

5h(?0)
105C�20 ?�30

!2/5  
C0

2?1/20

!�2/5
,

' 0.050 ⇥
 

��

<3
�/"2

Pl

!2/5
<� , (3.18)

Cmax ' 5.0 ⇥ 102
 

5h(?0)
105C�20 ?�30

!�3/5  
C0

2?1/20

!3/5 ⇣ ?0
5 ⇥ 103

⌘1/2
,

' 1.6 ⇥ 103
 

��

<3
�/"2

Pl

!�3/5
<�1

� . (3.19)

These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for

12

<latexit sha1_base64="sVonDm/xP9V/O3FWioXlQunJv/w="></latexit>

1

<latexit sha1_base64="9Y/EELDz7LZdnanzQGVZcM0/1j4="></latexit>

10°9

<latexit sha1_base64="Wwp1K3SHKJy5ureKfZnueUgyCtY="></latexit>

f (p)

<latexit sha1_base64="KZORIrbmQy4TKv+8FCm39xqnY4Y="></latexit>

m¡/2

<latexit sha1_base64="C2qyVZ7zMAl0n5Oqabazu60XlOc="></latexit>

/
p °7/2

<latexit sha1_base64="c41pUUm0hGHC29Houebj5UU6t9M="></latexit>

T
<latexit sha1_base64="v8NgdYsOht0EB1sSx8Vrv+7JARk="></latexit>ø

Thermal LPM cascade

ϕ

GW

∝ f3
∝ f

∝ f1/2

105 GHz ( TR

1010 GeV )
−1

( mϕ

1013 GeV )

80 GHz

10 MHz ( TR

1010 GeV )
1/2

( 1013 GeV
mϕ )

1/2

[KM, Tsuji 2609.01480]

∝ Γ−1
split(mϕ)

[KM, Tsuji 2609.01480] [KM, Tsuji 2609.01480; 
see also Murayama+ 2608.24994]



Summary

• Thermalization during Reheating & Its Implications
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Figure 3: Same as Fig. 1 but for the pure SU 𝐿 (left panel) and SO(𝐿) (right panel) YM theories. The blue curve represents the
result of (𝐿 , 𝑀) = (3, 10→1), whereas the brown curves represent the results of (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3).

for a significantly smaller gauge coupling constants, the RG running is negligible. In this case, the lower
bound on the initial time, given by the first inequality of (3.11), is more severe than the case of the SM.
Therefore, we instead take 𝑁0 = 5 ↑ 𝑁 (bm)

0 for (𝐿 , 𝑀) = (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3).
Figure 3 shows the temperature as a function of time in pure YM theories. To show our results, we

rescale parameters such as

𝑂 (𝑁) = 𝑂res(𝑁)
(
𝑃h(𝑄0)
𝑃 (bm)
h

)2/5 (
𝑁0

𝑁 (bm)
0

)→2/5
, (3.27)

𝑁𝐿 = 𝑁res

(
𝑃h(𝑄0)
𝑃 (bm)
h

)→3/5 (
𝑁0

𝑁 (bm)
0

)3/5 (
𝑄0

𝑄 (bm)
0

)1/2 (
ωsplit(𝑄0)

ωsplit,SM(𝑄0)

)→1
. (3.28)

We plot the results of SU(𝐿) (left panel) and SO(𝐿) (right panel) gauge theory with (𝐿 , 𝑀) = (3, 10→1)
as blue solid curve and those with (5, 10→2), (5, 10→3), (5, 10→4), and (10, 10→3) as brown solid curves.
The brown solid curves overlap and cannot be distinguished from each other. The dotted lines are the
fitting functions of (3.17). The figure shows that all results are consistent with (3.17) after the rescalings.
Moreover, the results of (3.18) and (3.19) can be applied to pure YM theories after the correction from
the di!erence of the splitting rate, ωsplit(𝑄0), is included:

𝑂max ↓ 2.3 ↑
(
𝑃h(𝑄0)
𝑃 (bm)
h

)2/5 (
𝑁0

𝑁 (bm)
0

)→2/5

↓ 2.2 ↑ 𝑅→2/5↔

(
ωsplit(𝑄0)
𝑂3/2
s 𝑄→1/20

)2/5 (
ω𝑀

𝑆3
𝑀/𝑇2

Pl

)2/5
𝑆𝑀 , (3.29)

𝑁max ↓ 5.0 ↑ 102 ↑
(
𝑃h(𝑄0)
𝑃 (bm)
h

)→3/5 (
𝑁0

𝑁 (bm)
0

)3/5 (
𝑄0

𝑄 (bm)
0

)1/2 (
ωsplit(𝑄0)

ωsplit,SM(𝑄0)

)→1

↓ 3.0 ↑ 10→3𝑅3/5↔

(
ωsplit(𝑄0)
𝑂3/2
s 𝑄→1/20

)→8/5 (
ω𝑀

𝑆3
𝑀/𝑇2

Pl

)→3/5
𝑆→1

𝑀 , (3.30)
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):

)res(C) '
8>>><
>>>:
0.006 ⇥ Cres for C ⌧ Cmax ,

13 ⇥ C�1/4res for C � Cmax .
(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:

)max ' 2.3 ⇥
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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(a) mω = 10
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GeV, TR = 10
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(b) mω = 10
15

GeV, TR = 10
10

GeV.

Figure 1: Present-day GW spectra for the Standard-Model-motivated benchmark. The thick blue curves include
the soft bath and the non-thermal hard cascade, while the thin blue curves give the instantaneous-thermalization
result. The solid orange curves show the bremsstrahlung spectrum in medium matched to the vacuum result, while
the dashed orange curves show only vacuum bremsstrahlung results. The dotted blue segments mark the interpolation
between the hydrodynamic and hard-thermal-loop regimes. The shaded bands show the range obtained by varying
the normalization of the quasi-stationary solution.

the endpoint of the hard cascade is set by the injection momentum, finj → p0/TR → mω/TR. For
bremsstrahlung, the infrared turnover instead moves toward lower frequencies. The LPM splitting
rate at the injection scale decreases as !split(p0) → p

→1/2
0

, so a larger mω increases the directional-
memory time, tmem ↑ !

→1

split
(p0), and hence decreases the corresponding turnover frequency fmem →

t
→1

mem.

6.2 Pure Yang–Mills results
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(a) εYM = 10
→2.
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(b) εYM = 10
→1.

Figure 2: Present-day GW spectra for a dark pure SU(3) Yang–Mills sector with mω = 1013 GeV and TR = 1010 GeV.
The left and right panels correspond to ωYM = 10→2 and 10→1, respectively. The axis ranges and line conventions are
the same as in Fig. 1. Since the weak-coupling rates are extrapolated beyond their controlled regime for ωYM = 10→1,
the right panel is shown only to illustrate the qualitative trend toward stronger interactions.

We next consider reheating into a dark pure SU(3) Yang–Mills plasma in order to isolate the
dependence on the interaction strength. We fix mω = 10

13
GeV and TR = 10

10
GeV, and take
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- Suppression of Tmax - DM production during reheating - Cascades leave imprints on HFGWs
[KM, Tsuji 2609.01480]
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𝒞′￼′￼1↔2′￼′￼
[ fs] ⊃ −

(2π)3

p2vs ∑
s′￼,s′￼

∫
p

0
dk γs↔s′￼s′￼′￼

(p; k, p − k) fs(p)

Effective Kinetic Theory of SM

• LPM-suppressed splitting function for SM

ℒ fs(x, p, t) = 𝒮 + 𝒞2↔2[ fs] + 𝒞′￼′￼1↔2′￼′￼
[ fs]

Source Elastic scat. LPM-suppressed 
splitting

- Kinetic equation

- Splitting function for effective “1 to 2” processes

e.g., inflaton, PBHs, …

w/ s = ef, Lf, uf, df, Qf, ϕ, B, W, g

Splitting function

s, p
s′￼, k

s′￼′￼, p − k
+(inverse)

[KM, Yamada 2208.11708;  
Arnold, Morre, Yaffe ’01,’02,’03; Arnold, Dogan ’08]



γs→s′￼s′￼′￼
(p; xp, (1 − x)p) =

1
2

αss′￼s′￼′￼

(2π)4 2
×

P(vac)
s→s′￼s′￼′￼

(x)
x(1 − x)

× μ2
⊥ (1, x, 1 − x; s, s′￼, s′￼′￼)

i.e., self-consistent equation for vertex func.

Effective Kinetic Theory of SM (cont’d)

• LPM-suppressed splitting function for SM
- SM splitting function

SM gauge + top Yukawa

s

s

ga = B, W, g

αsgas = d (a)
Rs

C(a)
Rs

αa

u3

ϕ

Q3

αu3ϕQ3
= y2

t /(4π)

LPM suppression

= + + + +…+

s
s′￼

s′￼′￼

vacuum DGLAP 
splitting function

[KM, Yamada 2208.11708;  
Arnold, Morre, Yaffe ’01,’02,’03; Arnold, Dogan ’08]



Does This Change the Evolution of  the Universe?

• Universality in the Composition of LPM cascade
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Figure 4: Same as Fig. 3, but the primary particle is injected solely for Q f 0 (upper left), Q3 (upper right), ¡ (middle left), g (middle

right), W (lower left), and B (lower right).

confirm this, we define an asymptotic value of total distributions for each sinj such as

f (asym)
tot,sinj

(p) ¥
X

s
∫s fs(p)

ØØØØ
p<p

(sinj)
asym

, (4.5)

¥ °̃ f̃ (asym)
tot,sinj

µ
p
p0

∂°7/2

. (4.6)

The proportionality constant is determined from numerical calculations for each sinj and is shown in Tabs. 2

and 3 for °̃ = 1. We also show the result of sinj = L f even though it does not reach the scaling solution.

For all cases, f̃ (asym)
tot,sinj

is the same with each other within an error of order 10%. The averaged value is about

22.4, which is consistent with the rough estimation of (3.28).\10 The derivation for different sinj may come

from numerical errors and the fact that the scaling solution is not an exact for a finite p/p0. In particular, a

\10For the case with only gluons, namely for the pure SU(3) gauge theory, we obtain f̃ (asym)
tot ' 11.3 from our numerical calculation.

22

Inflaton → gluon + gluon <latexit sha1_base64="Wwp1K3SHKJy5ureKfZnueUgyCtY="></latexit>

f (p)

LPM cascade



��� ��� ��� ��� ���� ����
��-�

��-�

���

���

���

���

<latexit sha1_base64="15y7fpc6W0rUGfr0xEaueyDUWV0="></latexit>

¡

<latexit sha1_base64="OwT9JMnoUgMYFM0A2SksD8tbdcc="></latexit>g

<latexit sha1_base64="k3KP2px37jmTO14EmiliGgJKs48="></latexit>

L f

<latexit sha1_base64="VjH80kvEh2+ioRfVUpFw1MUEndc="></latexit>

Q f 0 Q3
<latexit sha1_base64="tCvvNe9xddSo657WuakuvBCAFFQ="></latexit>

u f 0 u3 d f

<latexit sha1_base64="hbWPrP0f7ezO+selrBeWVlU1DFY="></latexit>e f
<latexit sha1_base64="8xDpCGfJhH+Ghet84/hqSnLM/Ho="></latexit>

B

<latexit sha1_base64="VGZK9RP/BUNYmir77ycR657v6Bo="></latexit>

W

��� ��� ��� ��� ���� ����
��-�

��-�

���

���

���

��� ��� ��� ��� ���� ����
��-�

��-�

���

���

���

��� ��� ��� ��� ���� ����
��-�

��-�

���

���

���

��� ��� ��� ��� ���� ����
��-�

��-�

���

���

���

��-� ��-� ��-� ��-� ��-� ��-� ���
��-��

��-��

��-�

��-�

��-�

���

Figure 3: Particle distributions for each species s, rescaled by (p/p0)7/2. The legends for s are shown in the lower right figure. The

primary particle sinj is injected solely for e f (upper left), L f (upper right), u f 0 (middle left), u3 (middle right), and d f (lower left).

The dark and light shaded regions represent p < p(s)
asym and p < p(s)

asym0 , respectively.

Boltzmann equation with p0/T = 1014. The case with sinj = L f does not reach the scaling solution, even in

this scenario, whereas the case with sinj =W reaches the scaling solution at p(W )
asym = 6£10°14p0.

We also define p
(sinj)
asym0 such that Rs(p) ' R(asym)

s for p < p
(sinj)
asym0 for all s except s = L f ,W . This represents

the scale below which the dominant components, such as gluons, reach the scaling regime while particles

with only the slowest SU(2) interactions may not. The results are summarized in Tabs. 2 and 3. In Fig. 3, 4,

5, and 6, the dark and light shaded regions represent p < p(s)
asym and p < p(s)

asym0 , respectively. The difference

between p
(sinj)
asym and p

(sinj)
asym0 represents how slowly s = L f and W reach the scaling solution, even after the other

species achieve this.

In Sec. 3.2, we discuss that the asympotic value of total distribution f̃ (asym)
tot is independent of sinj. To
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Figure 4: Same as Fig. 3, but the primary particle is injected solely for Q f 0 (upper left), Q3 (upper right), ¡ (middle left), g (middle

right), W (lower left), and B (lower right).

confirm this, we define an asymptotic value of total distributions for each sinj such as

f (asym)
tot,sinj

(p) ¥
X

s
∫s fs(p)

ØØØØ
p<p

(sinj)
asym

, (4.5)

¥ °̃ f̃ (asym)
tot,sinj

µ
p
p0

∂°7/2

. (4.6)

The proportionality constant is determined from numerical calculations for each sinj and is shown in Tabs. 2

and 3 for °̃ = 1. We also show the result of sinj = L f even though it does not reach the scaling solution.

For all cases, f̃ (asym)
tot,sinj

is the same with each other within an error of order 10%. The averaged value is about

22.4, which is consistent with the rough estimation of (3.28).\10 The derivation for different sinj may come

from numerical errors and the fact that the scaling solution is not an exact for a finite p/p0. In particular, a

\10For the case with only gluons, namely for the pure SU(3) gauge theory, we obtain f̃ (asym)
tot ' 11.3 from our numerical calculation.
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