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01 Phase-space quantum mechanics



How do we link quantum mechanics to classical mechanics?

Dirac's correspondence

| Classical mechanics Quantum mechanics
Phase-space coordinates x, p Hilbert space of operators
Commutative product - Non-commutative product
fg=38f A-B=%B.A
. Poisson bracket dynamics Heisenberg dynamics /
. DO L %A= A AL

L mtaatani y\ i —0 /

Classical limit?

I B u ll © Bull SAS - Internal use




Motivation for deformation quantization
Deformation is a poweful framework to recast known theories!
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e ‘\ c —50 /

Gerstenhaber's algebra deformation

I /; L T

eformation paremeter &

Galilei group < 1/c > Poincaré group
Poincaré group < 1/R > de Sitter group
Poisson algebra ? (_.—". ——————— Lecoze ;.‘.f) Quantum Lie algebra 7 .~

Wigner-Inonii contraction
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Deformation quantization
Formal power series, everwhere, all at once

Konsevitch's formality: any finite-dimensional Poisson algebra can be quantized by deformation
f l

Classical mechanics Quantum mechanics

Phase-space coordinates X, p Deformation parameter ~ #i
Commutative product - Non-commutative product *
fg=8f © fxg = frg +ik{f, g}/2 + O(1)
Poisson bracket dynamics Heisenberg dynamics L_}_ Groenewold theorem:
atf = {f, H} fhatf = f*H—H*f = [f’ H]. there is no 'natural’

V\.\ quantization without
IR /’/ this error term
Weak Dirac's correspondence J
[f, gle =ihlf, g} + O(n")
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02 Emulating quantum s



Phase-space description of a quantum system
Interpretation of the Wigner transform

T

The Weyl symbol Aw(x, p) of an operator A is a phase-space observable defined by integral transform:

Awl(x, p) = 2f(x+y | Al x — y)exp[-2ipy/H#] dy
The Wigner function of a quantum state is the Weyl symbol of its density operator ',5:

W(Ir P) = PW(I; P)

The von Neumann equation for ;5 shows that W evolves as ;W = {W, H} + {}{f‘}z}
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Phase-space evolution of a quantum system
Quantum dynamics, nhow seen as a deformation of classical dynamics

s

s
Given an observable O, its time-evolution is given by {O;) = f Owl(xt, pt) - W(xo, po) dxo dpo

The Truncated Wigner approximation (TWA) approximates it in the Heisenberg picture as follows:

_ . .
(Of) = ff@w [x,'l'”’”, ;?jﬁ“'”]l‘ﬁ,-"[r.:, ro) dxo dpo

1. Generate many initial random conditions, depending on the initial state
2. MF-evolve each random cost to get the required expectation values
3. Average over all trajectories to get your final estimate

XX

Example of MF evolution for a 2-qubit system under an Ising Hamiltonian o ,0:
9G] = 0 9,G]) « 0
1:@)) & @0y = %@ « G)-©r)
(@) « Gory 2@ « @) 61
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Phase-space simulation of qubit systems
An impressingly rich toy model to probe quantum dynamics and computational methods

Initial random sampling MF trajectories Averaging all random trajectories
X ——— — 7 Y7
9@ % | 19O T | TN 0
X \ e 3 I ’»\...\ ~ R, { - : ;:v,
—— = / o b T T < “
Bloch sphere -~ ‘k_) e N o N
PSA Clusterings
) w=¢ (0.0 O O O O
Aspects under study: 1-qubit observables, . (IO
2-qubit correlations, entropies, scaling cost,
perturbations... RCICIIR 5)@)
- . . Mame 0 (max PSA) 0.2 (max MF)
Advantages: scalability, parallelization, . CPEEED T —
geometry & connectivity Error
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Thank you!

Feel free to ask questions:)




Connection between two lines of work

An unexpected twist

2Bull

Clusterization

Bose-Einstein Spins (Wurtz)
cond. (Steels) (Schachenmayer) A
Boson, bosonized spins Fermions Bosons, spins
TWA | (Davidson) |
( I 4 |
1997 2015 2017 2018
2008 2026
T J
[
Many-body nuclear/fermionic
evolution (Ayik, Lacroix, ...)
PSA Many-body Spins (Us)
systems (Ayik)
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Weyl quantization

We first introduce the Weyl quantization map from classical phase-space to the quantum Hilbert space.
Definition:
The Weyl quantization of the polynomial f(x, p) = (ax+bp)"is f = f(f, p) = (aX +bp)" .

Example: f(x, p) = 6x2p2 —> [ = XD +D°X% + D + P X + PAPR + DX P.
p p P +p pXp + Xp X + PXPX + PR P

Theorem:

ﬂ -~ —~
If f is a polynomial of degree at most 2 and ¢ and arbitrary polynomial, then i{f, ¢} = [f, gI.

—_— o~
Counter-example: L? —3#% /2 = (L)?
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Wigner transform
We now define the inverse of our quantization map.

Theorem: the Weyl quantization admits an inverse defined by the Weyl symbol fW of an operator f:

Fu, p) = 2 [ Gy | Flx = yy expl-2ipy /il dy

The Wigner function of a quantum state is the Weyl symbol (or Wigner transform) of its density operator:

W(x, p) =pwlx, p) = 2f(x+y | P | x — y)exp[-2ipy/h] dy

The von Neumann equation for ﬁ shows that W evolves as 0; W = (W, H} + O(%
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