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Linear Convergence for Different Learning Rates
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xNES: Natural Evolution Strategies with exponential parametrization. Glasmachers et a.l. GECCO 2010




In this Tall

of

Reach stationary regime

independent of starting point

Approach exploits
and use

underlying Markov chain
hold on scaling-invariant functions

of

10

ES without need of
LR small (needed for stochastic approximation approach)

10

10

10-10

10°°

-30

1—isotropic xNES, n=10, LR=1

—respective step-size
—normalized mean

10
0

1000 2000 3000
function evaluations

4000 5000




Motivating Example
xNatural Eveolution Strategies

XNES optimizing f: R" — R (X;,00) € R” x RT

Sample \ solutions: X; + o, U},

, U,=[U!,..., U}
Evaluate and rank solutions: t t t

X + 0 U?) < ... <X+ 0 UNMY)
U, Y, := (U2, UMY

ranked-based selection

Update:

7
Xt+| :Xt+CmO-tZWIY1I: Wi Z.ZWM

i=1

Ot = 0 €XP (Z (Z wi(||Y1|* — n)))

i=1
N 7
'

n* ((X¢,01),Yt)




Motivating Example
xNatural Evolution Strategies

(X,,0,) € R" x RT

(Xt+|70t+|) — g((XUUt)aYt)
= g((Xh Ut)a SeI(Xt,at) (Ut))

U, iid.
Selix, o : Up = Yy = (U, U*“)

X—|—O'Cm Z, |Wl g X,0 ),
G((x.).3) = ( )= (&)

oexp(g SN |W:(||Y||2—”))




Motivating Example
xNatural Evolution Strategies

On scaling-invariant functions f(x) <fly) & flox) < floy)

ikk % w.l.g. def. w.rt.0

7. = 2t is an homogeneous Markov Chain

Ot

10°

Y, = Sel(zt |)(Ut) W
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Linear convergence of xNatural Evolution Strategies
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Linear convergence of xNatural Evolution Strategies
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Overview

Scale-invariance & step-size adaptive ESs

Construction of (homogeneous) normalized MC




Step-size Adaptive ESs
Definition

Selx )+ ranked-based selection

G:(R"x RT) x R™H — (R" x RT): update function

(Xt—|—| , O-t—|—| ) — g ((Xt7 O-t), SeI(X“O—t) (Ut)) Ut i.i.d.
X1 =G ((Xt7 Ut)v SeI(Xt,at) (Ut))
o1 = Ga (01, Selix, 0, (Uy))

Algorithms covered:

(,u/luw, )\)-ES with CMA-ES step-size adaptation (without cumulation)
xNES, self-adaptive ES

(I+1)

with 1/5 success rule




Ranked-based selection
Invariances

Invariance to monotonic transformations

SeI’EXUGt) (U,) = Selgt’at) (U,)

g : R — R increasing

f(Xt + UtUtI:A) <...< f(Xt + UtU#:A)
goflX:+ UtUtM) <. <gof(Xe UtU#:A)

Scale-invariance

Selz(;t),at) (Ut) — Selr;(gx,)ﬂ) (Ut)

X troi i
because f(a (— + %Ut» = f(X; + o:Uy)

(0




Scale-invariance
the algorithm has no intrinsic notion of scale

Morphism:
d:ac (R+, )= @) ®(a)(x,0) (%7 %)

(I)(Ou . 042) = (I)(Oq) O @(O&z)

A step-size adaptive ES is scale-invariant if it satisfies the following

G(.,Sel ™))
(Xt 01) > (Xet1, 0tt1)

A

A

d(a) || 2(l/a) = (a) d(a) || ()

Y

(X;, o) g (X1/:—|—I7O-t/—|—|)




Scale-invariance (cont.)

A step-size adaptive ES is scale-invariant iff for all @« > 0, all x, y, o

X O
g'((Xv U)»Y) = ag) ((—, —) ,y) for all
o o
o
Ga(0.y) = aGa (Z,y)
homogeneity, scalability

Examples of Scale-invariant algorithms:

(,LL/,LLW, )\)-ES with CMA-ES step-size adaptation (without cumulation)
xNES, self-adaptive ES

(| + |) with 1/5 success rule

Update function for xNES: G((x,0),y) = ( pzccjacmu2££|r;?’|;2 )))
o expl 5, i—| Wi -n




Scaling-invariant Functions

Definition. A function f : R" — R is scaling invariant (around 0) if for all > 0,

X,y € R"
flox) < floy) & f(x) < fly)
Implies flox) = floy) < f(x) = f(y)
Examples: convex sublevel sets non-convex sublevel sets

f(x) = g(|[x|[) with || || norm on R", g € M
M = {g: R — R monotonically increasing}

x| = |x|| = VxTHx, H SDP




Scale-invariance on Scaling-invariant Functions =
homogeneous Markov chain

Proposition | Consider a scaling-invariant objective function f optimized by a scale-
invariant adaptive step-size ES, ie. (Xiy1,0i11) = G((Xy,01), Selx, 0,)(Uy)). Then
Z. = X./o is an homogeneous Markov Chain with update equation determined by

Y, := Sel, (U,) = Self, ,,(Uy) for all U, (1)
and
~G1((Ze,1),Y)  Gi((Ze,1),Yy)
Ly = = " (2)
G2 (1, Yy) 7 (Ye)
7 Xy 91((Xe00), SeI(X U)(Ut)) oG ((Xi/o, 1), Se’i()z/at |)(Ut))
t+1 — — -
T o Ga(0r, Selly . (UY)) 0iGa(1, Sl |\ (UL))
Remlni:lsjr' cl)l'(nitjl: for xNES _ 9i((Xe/on, | )f(f‘el&)t/ 1(Ud)
. Zt+CmZ,i|WiYi 92( SeI(X/a I)(Ut>>
t+1 —

exp (2— (Z wil [ Y >>>




Overview

Stability of normalized chain

Sufficient condition for geometric ergodicity

step-size increase on linear functions




Stability of Normalized Markov Chain

Assumptions

f=gofwhere fis C' and homogeneous with degree v with f(x) > 0,x # 0
flox) = o7f(x)

= X* unique in zero (W.L.G.)

Z, is irreducible w.r.t. Lebesgue measure:
VA with piren(A) > 0, Vz, 3ty such that P°(z,A) = Pr(Z, € A|Zo =2z) > 0
Z. is strongly aperiodic and compact are small sets

set C such that 39, t > 0 a non-trivial measure 14(): P'(z,.) > 014(.) Vz € C

if 3a v small set C with v;(C) >0

Different proof technique depending on the algorithm:
*difficult to prove for “derandomized” algorithms (XNES, isotropic CMA without cumulation)
*easy for (1+1) with success rule or comma ES with self adaptation




Stability of Normalized Markov Chain
Geometric Ergodicity

We prove a sufficient condition for geometric drift, i.e. find V > | such that there
exists ag < |

EV(Z.1))|Z, = z] < apV(z), z outside a compact set

= existence of an invariant probability measure 7:
w(A) = /W(dZ)P(Z,A)

Equivalent to existence of r > | and R < oo such that for any starting point in the set
Sy ={z:V(z) < oo}

> " FIP (2o, ) — mllv < RV(zo) 0

t

where [[v]ly = supgg <y [v(g)




Sufficient Condition for Geometric Drift
Non elitist variants

If f = g o fwhere fis C' and homogeneous with degree ~, f(x) > 0 for x # 0, the
function V(z) = | + f7 (z) satisfy a geometric drift condition if

I
e
77linea]r

increase of step-size on linear functions

Remark: Drift different for (1+1), 0 is outside the domain
Need to control drift negative close to zero

Step-size increase on linear functions satisfied by

(I1+1)-1/5 success rule, xNES, CSA and self-
adaptation for lambda >2

Not satisfied by cross-entropy, EMNA t




Linear Convergence

Under the following assumptions, if sufficient condition for geometric drift satisfied:

I X
lim —In 1 X = /lnn*(y)q(z,y)dyw(dz) =: —CR as. + CLT
t—oo t HXoH \

| o, density of Sel,(y)
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t—oo t o2y
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IXerll o _

lim E/x, 4. 1n = —CR 10
oo 070) Y]

-10

10

There exists r > |, such that from any starting point (Xo, 0o)

X
EX ln —
Exo In O]

107 ‘ ‘
200 400 600

RV(Xo/00) :

rt

(=CR)| <

consequence of geometric ergodicity




Open questions

=~ How much can we generalize those results
« noisy objective function
« cumulation for step-size

«  Complex proof to prove irreducibility w.r.t.
Lebesgue measure, aperiodicity with
“derandomized” algorithms?

« proof of lim nCR = CR

n—- oo




