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ABSTRACT

We present a Bayesian angular power spectrum and signal map inference engine which can be
adapted to interferometric observations of anisotropies in the cosmic microwave background, 21 cm
emission line mapping of galactic brightness fluctuations, or 21 cm absorption line mapping of neutral
hydrogen in the dark ages. The method uses Gibbs sampling to generate a sampled representation of
the angular power spectrum posterior and the posterior of signal maps given a set of measured visi-
bilities in the uv-plane. We use a mock interferometric CMB observation to demonstrate the validity
of this method in the flat-sky approximation when adapted to take into account arbitrary coverage
of the uv-plane, mode-mode correlations due to observations on a finite patch, and heteroschedastic
visibility errors. The computational requirements scale as O(np log np) where np measures the ra-
tio of the size of the detector array to the inter-detector spacing, meaning that Gibbs sampling is a
promising technique for meeting the data analysis requirements of future cosmology missions.
Subject headings: cosmology:observations, cosmic microwave background, instrumenta-

tion:interferometers, methods: data analysis, methods: statistical

1. INTRODUCTION

Interferometric techniques have several advantages
compared to single-dish observations: for high resolu-
tion experiments they perform the same work of an op-
tical system but with large potential weight and size re-
ductions, they are naturally di↵erential and hence well-
adapted to measurements of small anisotropies superim-
posed on a large isotropic background, their noise char-
acteristics are highly uncorrelated to a good approxima-
tion, and they are well-suited for observations of statis-
tically isotropic anisotropies, in which the signal corre-
lations naturally decouple in Fourier space (Thompson
et al. 2001). Additionally, a revolution in the devel-
opment of e�cient digital correlator technology, lead-
ing to massive reductions in power requirements (Par-
sons et al. 2008), has brought interferometric approaches
back to the list of contenders for strategies for a future
space-based cosmic microwave background (CMB) mis-
sion (Timbie & Tucker 2009).
Already, interferometers have made great strides

in measuring CMB anisotropies (White et al. 1999;
Halverson et al. 2002) and polarization (Myers et al.
2006). The Degree Angular Scale Interferometer ob-
served anisotropies in the range ` = 100�900 (Halverson
et al. 2002; Leitch et al. 2002) and was the first to discover
CMB polarization anisotropies (Kovac et al. 2002). The
Very Small Array has observed the CMB at 33 GHz to an
angular scale of ` = 1400 (Grainge et al. 2003; Dickinson
et al. 2004). Sensitive to the extremely small scales of
` ⇠ 4000 with a resolution of 3�10 arcminutes, the Cos-
mic Background Imager (CBI; Pearson et al. 2000) has
produced a wealth of information (Readhead et al. 2004;
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Sievers & CBI Collaboration 2005; Sievers et al. 2009)
and observed the Sunyeav-Zel’dovich excess at small an-
gular scales (Mason et al. 2003). This excess has also
been observed by the SZ Array (Sharp et al. 2010).
Instruments of the next generation of interferometers

are already being deployed or under active development.
For example, the Precision Array for Probing the Epoch
of Reionization (Parsons et al. 2010) and the Murchison
Widefield Array (Lonsdale et al. 2009) will begin prob-
ing the 21 cm regime (Furlanetto et al. 2006; Lidz et al.
2008), while the Australian SKA Pathfinder (Johnston
et al. 2008) and the Karoo Array Telescope (Booth et al.
2009) will study a variety of radio sources. The planned
Square Kilometer Array (SKA; Jarvis 2007) will also
be sensitive to high-` CMB anisotropies (Subrahmanyan
& Ekers 2002). For any science case, the large fields of
view, high resolution, and the large number of antennas
pose significant computational challenges to current data
analysis methods.
Current methods for extracting angular power spec-

trum estimates from observations, such as maximum like-
lihood and pseudo-C` (see Tristram & Ganga 2007 for a
review), have already been applied to interferometric ob-
servations (Hobson & Maisinger 2002; Myers et al. 2003)
and to more complicated anisotropy and polarization ob-
serving strategies such as drifting and mosaicking (Park
et al. 2003). However, these strategies are computation-
ally expensive and scale poorly — often O(n3

p) — with
the data size np. Recognizing this problem in observa-
tions from bolometer-based imaging instruments, there
have been many e↵orts to improve the scaling and ef-
ficiency of data analysis algorithms, such as applying
massive parallelism (Cantalupo et al. 2010), adaptive
sampling at low-` (Benabed et al. 2009), wavelets (Faÿ
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ABSTRACT

Detection of B-mode polarization of the cosmic microwave background (CMB) radiation is one of the
frontiers of observational cosmology. Because they are an order of magnitude fainter than E-modes, it
is quite a challenge to detect B-modes. Having more manageable systematics, interferometers prove
to have a substantial advantage over imagers in detecting such faint signals. Here, we present a
method for Bayesian inference of power spectra and signal reconstruction from interferometric data
of CMB polarization signal by using the technique of Gibbs sampling. We demonstrate the validity
of the method in the flat-sky approximation for a simulation of an interferometric observation on a
finite patch with incomplete uv-plane coverage, a finite beam size and a realistic noise model. With
a computational complexity of O(n3/2), n being the data size, Gibbs sampling provides an e�cient
method for upcoming cosmology observations.

Subject headings: cosmology:observations, cosmic microwave background, polarization
instrumentation:interferometers, methods: data analysis, methods: statistical

1. INTRODUCTION

The cosmic microwave background (CMB) polariza-
tion signal can be decomposed into a scalar E compo-
nent and a pseudo-scalar B component (Zaldarriaga &
Seljak 1997; Kamionkowski et al. 1997). The largest
contribution to the CMB polarization comes from the
scalar metric perturbations produced by density fluctua-
tions, which produce only E-type polarization. At small
angular scales (` ⇠ 1000) gravitational lensing due to
large-scale structure transforms a small portion of the E-
modes into B-modes (Zaldarriaga & Seljak 1998). The
more interesting source of B-type polarization is the pri-
mordial tensor metric perturbations produced by grav-
itational waves created during inflation (Zaldarriaga &
Seljak 1997; Kamionkowski et al. 1997). Since tensor
modes dominate on large angular scales (` ⇠ 100), detec-
tion of B-modes at these scales o↵ers an excellent probe
for the inflationary epoch whose energy scale is propor-
tional to amplitude of primordial gravitational waves (Hu
& White 1997).
Because B-modes are not produced by scalar pertur-

bations, they are smaller than E-modes by more than
an order of magnitude. Detection of such weak signals,
at a level of tensor-to-scalar ratio of 0.01, requires ex-
cellent control of systematic e↵ects. Since traditional
imagers measure Q and U Stokes parameters by di↵er-
encing two orthogonal polarizations, mismatched beams
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and pointing errors cause leakage from the much stronger
temperature signal into the Q and U signals, signifi-
cantly contaminating the much weaker B-modes (Hu et
al. 2003). Interferometers, on the other hand, directly
measure the Stokes parameters without subtraction of
the signals from di↵erent detectors. Thus, mismatch
in the beam patterns or di↵erential pointing errors do
not cause contamination of the polarization by the tem-
perature signal (Bunn 2007). Morover, for finite sky
patches and pixellated maps, E and B-modes mix into
each other, causing major contamination of B-modes by
much stronger E-modes (Lewis et al. 2002; Bunn 2003).
Since interferometric data live in Fourier space, separa-
tion of E and B-modes can be achieved more cleanly by
interferometers than imagers (Park et al. 2003; Park &
Ng 2004).
Interferometers have already been applied to the de-

tection of polarized CMB signal. The first detection of
polarization anisotropies in the CMB was achieved by
DASI (Kovac et al. 2002). CBI (Pearson et al. 2003)
and VSA (Dickinson et al. 2004; Grainge et al. 2003)
obtained detailed observations enabling them to extract
the E-mode polarization angular power spectrum up to
` ⇠ 600. Advancing techniques, such as bolometric inter-
ferometry employed by the QUBIC experiment (Battis-
telli et al. 2010), provide promising developments in de-
tecting the long-sought B-mode polarization anisotropies
yet to be observed.
In comparison to alternative methods of extracting
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ABSTRACT

We investigate the impact of instrumental systematic errors in interferometric measurements of
the cosmic microwave background (CMB) temperature and polarization power spectra. We simulate
interferometric CMB observations to generate mock visibilities and estimate power spectra using the
statistically optimal maximum likelihood technique. We define a quadratic error measure to determine
allowable levels of systematic error that do not induce power spectrum errors beyond a given tolerance.
As an example, in this study we focus on differential pointing errors. The effects of other systematics
can be simulated by this pipeline in a straightforward manner. We find that, in order to accurately
recover the underlying B-modes for r = 0.01 at 28 < ! < 384, Gaussian-distributed pointing errors
must be controlled to 0.7◦ rms for an interferometer with an antenna configuration similar to QUBIC,
in agreement with analytical estimates. Only the statistical uncertainty for 28 < ! < 88 would
be changed at ∼ 10% level. We also show that the impact of pointing errors on the TB and EB
measurements is negligibly small.
Subject headings: cosmology:observations, cosmic microwave background, instrumenta-

tion:interferometers, methods: data analysis, statistical

1. INTRODUCTION

Cosmic microwave background (CMB) polarization
measurements can significantly improve the estimation
of cosmological parameters, breaking the degeneracies
between parameters measured using CMB temperature
anisotropy data alone. In the standard theory of the
CMB, the polarization field can be decomposed uniquely
into an electric-type E-mode and a magnetic-type B-
mode (Zaldarriaga & Seljak 1997; Kamionkowski et al.
1997a). The E-mode polarization can provide use-
ful information about reionization of the universe (Hu
& Holder 2003). The primordial B-modes can probe
horizon-scale primordial gravitational waves and play a
major role in understanding the inflationary epoch (Hu
& Dodelson 2002), while the secondary lensing-induced
B-mode signals (Zaldarriaga & Seljak 1998) promise to
provide a wealth of information about the distribution of
matter and the evolution of large scale structure. Mea-
suring the CMB polarization has become one of the ma-
jor goals of CMB experiments. However, the polarized
CMB signal is so small that its measurement requires not
only very high instrumental sensitivity, but also exquisite
control of systematics.
In many traditional imaging experiments, the deter-

mination of the Stokes parameters Q and U is based on
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subtracting intensities measured by two different detec-
tors. Such an experiment is very sensitive to systematic
errors (Hu et al. 2003). For instance, beam imperfec-
tions or beam mismatch will cause leakage from total
intensity I into polarization signals Q and U . A recent
study (Miller et al. 2008) shows that in order to achieve
a reliable B-mode detection (r = 0.01), allowable lev-
els of beam systematics should not exceed 1% in ellip-
ticity, the sub-percent level in differential beam width
and the few- to sub-arc sec level in differential pointing.
Also, with a finite patch of sky observed by single-dish
intruments, it is impossible to perfectly separate the very
weak B-modes from the much stronger E-modes (Lewis
et al. 2002; Bunn 2002a,b; Bunn et al. 2003; Bunn 2011).
Therefore polarization detection presents a great chal-
lenge in imaging experiments.
Alternatively, interferometers are a more natural

choice for measuring the anisotropies of the CMB tem-
perature and polarization. The correlation of the electric
fields from two antennas, called a visibility, measures the
Fourier transform of the sky intensity fluctuations modu-
lated by the response of the antennas. In most cases the
region of sky covered by the antennas is small enough
that one can use the “flat-sky” approximation. The ex-
pansion of the intensity field into spherical harmonics
thus can be approximated by Fourier modes – the visi-
bility directly relates to the CMB power spectrum. The
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ABSTRACT

We present a Bayesian angular power spectrum and signal map inference engine which can be
adapted to interferometric observations of anisotropies in the cosmic microwave background, 21 cm
emission line mapping of galactic brightness fluctuations, or 21 cm absorption line mapping of neutral
hydrogen in the dark ages. The method uses Gibbs sampling to generate a sampled representation of
the angular power spectrum posterior and the posterior of signal maps given a set of measured visi-
bilities in the uv-plane. We use a mock interferometric CMB observation to demonstrate the validity
of this method in the flat-sky approximation when adapted to take into account arbitrary coverage
of the uv-plane, mode-mode correlations due to observations on a finite patch, and heteroschedastic
visibility errors. The computational requirements scale as O(np log np) where np measures the ra-
tio of the size of the detector array to the inter-detector spacing, meaning that Gibbs sampling is a
promising technique for meeting the data analysis requirements of future cosmology missions.
Subject headings: cosmology:observations, cosmic microwave background, instrumenta-

tion:interferometers, methods: data analysis, methods: statistical

1. INTRODUCTION

Interferometric techniques have several advantages
compared to single-dish observations: for high resolu-
tion experiments they perform the same work of an op-
tical system but with large potential weight and size re-
ductions, they are naturally di↵erential and hence well-
adapted to measurements of small anisotropies superim-
posed on a large isotropic background, their noise char-
acteristics are highly uncorrelated to a good approxima-
tion, and they are well-suited for observations of statis-
tically isotropic anisotropies, in which the signal corre-
lations naturally decouple in Fourier space (Thompson
et al. 2001). Additionally, a revolution in the devel-
opment of e�cient digital correlator technology, lead-
ing to massive reductions in power requirements (Par-
sons et al. 2008), has brought interferometric approaches
back to the list of contenders for strategies for a future
space-based cosmic microwave background (CMB) mis-
sion (Timbie & Tucker 2009).
Already, interferometers have made great strides

in measuring CMB anisotropies (White et al. 1999;
Halverson et al. 2002) and polarization (Myers et al.
2006). The Degree Angular Scale Interferometer ob-
served anisotropies in the range ` = 100�900 (Halverson
et al. 2002; Leitch et al. 2002) and was the first to discover
CMB polarization anisotropies (Kovac et al. 2002). The
Very Small Array has observed the CMB at 33 GHz to an
angular scale of ` = 1400 (Grainge et al. 2003; Dickinson
et al. 2004). Sensitive to the extremely small scales of
` ⇠ 4000 with a resolution of 3�10 arcminutes, the Cos-
mic Background Imager (CBI; Pearson et al. 2000) has
produced a wealth of information (Readhead et al. 2004;
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Sievers & CBI Collaboration 2005; Sievers et al. 2009)
and observed the Sunyeav-Zel’dovich excess at small an-
gular scales (Mason et al. 2003). This excess has also
been observed by the SZ Array (Sharp et al. 2010).
Instruments of the next generation of interferometers

are already being deployed or under active development.
For example, the Precision Array for Probing the Epoch
of Reionization (Parsons et al. 2010) and the Murchison
Widefield Array (Lonsdale et al. 2009) will begin prob-
ing the 21 cm regime (Furlanetto et al. 2006; Lidz et al.
2008), while the Australian SKA Pathfinder (Johnston
et al. 2008) and the Karoo Array Telescope (Booth et al.
2009) will study a variety of radio sources. The planned
Square Kilometer Array (SKA; Jarvis 2007) will also
be sensitive to high-` CMB anisotropies (Subrahmanyan
& Ekers 2002). For any science case, the large fields of
view, high resolution, and the large number of antennas
pose significant computational challenges to current data
analysis methods.
Current methods for extracting angular power spec-

trum estimates from observations, such as maximum like-
lihood and pseudo-C` (see Tristram & Ganga 2007 for a
review), have already been applied to interferometric ob-
servations (Hobson & Maisinger 2002; Myers et al. 2003)
and to more complicated anisotropy and polarization ob-
serving strategies such as drifting and mosaicking (Park
et al. 2003). However, these strategies are computation-
ally expensive and scale poorly — often O(n3

p) — with
the data size np. Recognizing this problem in observa-
tions from bolometer-based imaging instruments, there
have been many e↵orts to improve the scaling and ef-
ficiency of data analysis algorithms, such as applying
massive parallelism (Cantalupo et al. 2010), adaptive
sampling at low-` (Benabed et al. 2009), wavelets (Faÿ
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ABSTRACT

Detection of B-mode polarization of the cosmic microwave background (CMB) radiation is one of the
frontiers of observational cosmology. Because they are an order of magnitude fainter than E-modes, it
is quite a challenge to detect B-modes. Having more manageable systematics, interferometers prove
to have a substantial advantage over imagers in detecting such faint signals. Here, we present a
method for Bayesian inference of power spectra and signal reconstruction from interferometric data
of CMB polarization signal by using the technique of Gibbs sampling. We demonstrate the validity
of the method in the flat-sky approximation for a simulation of an interferometric observation on a
finite patch with incomplete uv-plane coverage, a finite beam size and a realistic noise model. With
a computational complexity of O(n3/2), n being the data size, Gibbs sampling provides an e�cient
method for upcoming cosmology observations.

Subject headings: cosmology:observations, cosmic microwave background, polarization
instrumentation:interferometers, methods: data analysis, methods: statistical

1. INTRODUCTION

The cosmic microwave background (CMB) polariza-
tion signal can be decomposed into a scalar E compo-
nent and a pseudo-scalar B component (Zaldarriaga &
Seljak 1997; Kamionkowski et al. 1997). The largest
contribution to the CMB polarization comes from the
scalar metric perturbations produced by density fluctua-
tions, which produce only E-type polarization. At small
angular scales (` ⇠ 1000) gravitational lensing due to
large-scale structure transforms a small portion of the E-
modes into B-modes (Zaldarriaga & Seljak 1998). The
more interesting source of B-type polarization is the pri-
mordial tensor metric perturbations produced by grav-
itational waves created during inflation (Zaldarriaga &
Seljak 1997; Kamionkowski et al. 1997). Since tensor
modes dominate on large angular scales (` ⇠ 100), detec-
tion of B-modes at these scales o↵ers an excellent probe
for the inflationary epoch whose energy scale is propor-
tional to amplitude of primordial gravitational waves (Hu
& White 1997).
Because B-modes are not produced by scalar pertur-

bations, they are smaller than E-modes by more than
an order of magnitude. Detection of such weak signals,
at a level of tensor-to-scalar ratio of 0.01, requires ex-
cellent control of systematic e↵ects. Since traditional
imagers measure Q and U Stokes parameters by di↵er-
encing two orthogonal polarizations, mismatched beams
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and pointing errors cause leakage from the much stronger
temperature signal into the Q and U signals, signifi-
cantly contaminating the much weaker B-modes (Hu et
al. 2003). Interferometers, on the other hand, directly
measure the Stokes parameters without subtraction of
the signals from di↵erent detectors. Thus, mismatch
in the beam patterns or di↵erential pointing errors do
not cause contamination of the polarization by the tem-
perature signal (Bunn 2007). Morover, for finite sky
patches and pixellated maps, E and B-modes mix into
each other, causing major contamination of B-modes by
much stronger E-modes (Lewis et al. 2002; Bunn 2003).
Since interferometric data live in Fourier space, separa-
tion of E and B-modes can be achieved more cleanly by
interferometers than imagers (Park et al. 2003; Park &
Ng 2004).
Interferometers have already been applied to the de-

tection of polarized CMB signal. The first detection of
polarization anisotropies in the CMB was achieved by
DASI (Kovac et al. 2002). CBI (Pearson et al. 2003)
and VSA (Dickinson et al. 2004; Grainge et al. 2003)
obtained detailed observations enabling them to extract
the E-mode polarization angular power spectrum up to
` ⇠ 600. Advancing techniques, such as bolometric inter-
ferometry employed by the QUBIC experiment (Battis-
telli et al. 2010), provide promising developments in de-
tecting the long-sought B-mode polarization anisotropies
yet to be observed.
In comparison to alternative methods of extracting
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ABSTRACT

We investigate the impact of instrumental systematic errors in interferometric measurements of
the cosmic microwave background (CMB) temperature and polarization power spectra. We simulate
interferometric CMB observations to generate mock visibilities and estimate power spectra using the
statistically optimal maximum likelihood technique. We define a quadratic error measure to determine
allowable levels of systematic error that do not induce power spectrum errors beyond a given tolerance.
As an example, in this study we focus on differential pointing errors. The effects of other systematics
can be simulated by this pipeline in a straightforward manner. We find that, in order to accurately
recover the underlying B-modes for r = 0.01 at 28 < ! < 384, Gaussian-distributed pointing errors
must be controlled to 0.7◦ rms for an interferometer with an antenna configuration similar to QUBIC,
in agreement with analytical estimates. Only the statistical uncertainty for 28 < ! < 88 would
be changed at ∼ 10% level. We also show that the impact of pointing errors on the TB and EB
measurements is negligibly small.
Subject headings: cosmology:observations, cosmic microwave background, instrumenta-

tion:interferometers, methods: data analysis, statistical

1. INTRODUCTION

Cosmic microwave background (CMB) polarization
measurements can significantly improve the estimation
of cosmological parameters, breaking the degeneracies
between parameters measured using CMB temperature
anisotropy data alone. In the standard theory of the
CMB, the polarization field can be decomposed uniquely
into an electric-type E-mode and a magnetic-type B-
mode (Zaldarriaga & Seljak 1997; Kamionkowski et al.
1997a). The E-mode polarization can provide use-
ful information about reionization of the universe (Hu
& Holder 2003). The primordial B-modes can probe
horizon-scale primordial gravitational waves and play a
major role in understanding the inflationary epoch (Hu
& Dodelson 2002), while the secondary lensing-induced
B-mode signals (Zaldarriaga & Seljak 1998) promise to
provide a wealth of information about the distribution of
matter and the evolution of large scale structure. Mea-
suring the CMB polarization has become one of the ma-
jor goals of CMB experiments. However, the polarized
CMB signal is so small that its measurement requires not
only very high instrumental sensitivity, but also exquisite
control of systematics.
In many traditional imaging experiments, the deter-

mination of the Stokes parameters Q and U is based on
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subtracting intensities measured by two different detec-
tors. Such an experiment is very sensitive to systematic
errors (Hu et al. 2003). For instance, beam imperfec-
tions or beam mismatch will cause leakage from total
intensity I into polarization signals Q and U . A recent
study (Miller et al. 2008) shows that in order to achieve
a reliable B-mode detection (r = 0.01), allowable lev-
els of beam systematics should not exceed 1% in ellip-
ticity, the sub-percent level in differential beam width
and the few- to sub-arc sec level in differential pointing.
Also, with a finite patch of sky observed by single-dish
intruments, it is impossible to perfectly separate the very
weak B-modes from the much stronger E-modes (Lewis
et al. 2002; Bunn 2002a,b; Bunn et al. 2003; Bunn 2011).
Therefore polarization detection presents a great chal-
lenge in imaging experiments.
Alternatively, interferometers are a more natural

choice for measuring the anisotropies of the CMB tem-
perature and polarization. The correlation of the electric
fields from two antennas, called a visibility, measures the
Fourier transform of the sky intensity fluctuations modu-
lated by the response of the antennas. In most cases the
region of sky covered by the antennas is small enough
that one can use the “flat-sky” approximation. The ex-
pansion of the intensity field into spherical harmonics
thus can be approximated by Fourier modes – the visi-
bility directly relates to the CMB power spectrum. The

1

2

3
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What the codes can do?
simulate CMB Stokes fields I,Q,U 

simulate interferometric CMB observations to 
generate mock visibilities (instrumental noise, beam 
pattern, uv-coverage, systematics)

using two techniques Gibbs sampling(GS)/maximum 
likelihood(ML) to recover the underlying power 
spectra

provide optimal sky map reconstruction 

we would like to apply to 21cm signals

3
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4

5

(a) Input Sky (s) (b) Beam Application (A s)

(c) Fourier Transform (FA s) (d) Interferometer Application (IFA s) (e) Data (IFA s+ I n)

Fig. 3.— Observation-making process. Shown are (a) the input sky signal s, (b) the application of a primary beam, which we model as
a Gaussian with standard deviation 1.5 deg, (c) Fourier transformation onto the uv-plane, (d) application of 20 randomly placed antennas
rotated uniformly for 12 hr, and (e) the addition of the noise. Note that all images in the uv-plane are shown as magnitudes.

of the example analysis we present here; however, they
would be more important in the limit where detector
noise is large compared to the observed signal (e.g., if the
goal was to place upper limits on an as-yet unobserved
signal, as is currently the case with inflationary B-mode
missions). This issue will therefore have to be revisited
for polarization data. In any case, if long correlation
lengths in the Markov chain were to cause poor perfor-
mance, we could follow the general prescription of Jewell
et al. (2009) by incorporating a step with a Metropolis-
Hastings sampler and deterministic rescaling of the sky
signal.

4. RESULTS

4.1. Power Spectrum

In Figure 5 we show the mean posterior angular power
spectrum of the of the four independent chains after
reaching convergence. We also show the uncertainty as-
sociated with each `-bin and the corresponding power of
our input signal realization. The size of the uncertainties
in each bin are consistent with varying coverage in the
uv-plane; i.e., those bins with little to no coverage have
correspondingly large error bars, while those bins with
complete coverage have the tightest constraints. All of
our estimates fall within 2� of the expected value, and
most within 1�, as expected with this number of bins.
Figure 6 shows individual marginalized probability

densities for a selection of `-bin. We immediately note
the shape of each probability distribution matches qual-
itatively that of an inverse gamma distribution, as ex-
pected. We see the damaging e↵ects of the lack of uv-
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Fig. 4.— Number of steps after burn-in required to satisfy the
G-R convergence criterion versus the sky coverage percentage for
each `-bin.

plane coverage especially in the case of ` ⇠ 300. Here, the
lack of any input signal leads to a uniformly decreasing
posterior probability density function (pdf) with a very
long power-law tail to large power. This can be summa-
rized as an upper bound on the power in that bin. In
other bins, slightly reduced coverage combined with the
e↵ects of noise yields wide and noisy distributions.
Beyond the marginalized posteriors for each angular

power spectrum bin amplitude, the posterior samples
also contain higher-order information. Figure 7 shows
the two-point correlations between all pairs of angular
power spectrum bins. For this plot, we suppress the di-

Simulation Pipeline
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5

 si+1 ← P(s|Cil,d)  
(Wiener filtered map + Gaussian fluctuations)
Cil+1 ← P(Cl|si+1,d) 
(inverse gamma distribution)
3. Repeat previous steps 1 and 2
4.  After some "burn-in", {Cil,si} converge to
being samples from full joint distribution P(Cl,s|d)

4

power spectra are listed in Table 1. In the flat sky ap-
proximation, the 2D power spectrum 4π2|u|2S(|u|) !
"("+ 1)C!|!=2πu for " ! 10 (White et al. 1999).

2.2. Simulated Observations

The CMB Stokes fields are believed to be isotropic
and Gaussian in the standard inflationary models (Guth
1981; Kamionkowski et al. 1997a,b; Zaldarriaga & Sel-
jak 1997). On a small patch of the sky, the correspond-
ing Fourier components of these fields are complex ran-
dom variables and the value of the real and imaginary
parts of each point u in Fourier space are drawn inde-
pendently from a normal distribution with zero mean
and variance ∝ C!|!=2π|u|. With cosmological parame-
ters derived from WMAP 7-year results (Larson et al.
2011; Komatsu et al. 2011), we use the public code
CAMB (Lewis et al. 2000) to compute the CMB power
spectra CTT

! , CEE
! , CTE

! , CBB
! . The input B-mode con-

tains a primordial component with a tensor-to-scalar per-
turbation ratio, r, and a secondary component induced
by lensing. In our simulation we fix r = 0.01, the goal
for many current observations.
Based on these power spectra, we generate Fourier

modes and then perform the inverse Fourier transform
to obtain real-space Stokes fields I(x), Q(x) and U(x).
From Eq. 5, for a given Jones matrix and beam response
G, the Stokes visibilities are then obtained by performing
the Fourier transform again.
We assume the instrumental noise at each point of

the uv-plane is a complex, Gaussian-distributed number
which is independent between different baselines (White
et al. 1999; Morales & Wyithe 2010). For an instrument
which measures both polarizations with an identical un-
certainty in Stokes parameters, we can separately gener-
ate the Gaussian noise with identical rms levels for each
I, Q and U visibility. The correlation function of the
noise for baselines i and j is determined by

Cij
N =

(

λ2Tsys

ηAAD

)2 (
1

∆νtanb

)

δij , (15)

where Tsys stands for the system noise temperature, λ
for the observing wavelength, AD for the physical area
of a antenna, ηA for the aperture efficiency, ∆ν for band-
width, nb for the number of baselines with the same base-
line vector u and ta for the integration time of the base-
line.
In order to illustrate the effect of systematic errors on

the recovered CMB power spectra and set allowable tol-
erance levels for those errors, we perform simulations for
a specific interferometer design. We choose an antenna
configuration similar to that of the QUBIC instrument
(Battistelli et al. 2011) which is under construction for
observations at 150 GHz. In our simulation, the interfer-
ometer is a two-dimensional square close-packed array of
400 horn antennas with Gaussian beams of width 5◦ in
the intensity beam pattern A(x), corresponding to∼ 7.1◦

in G(x). The antennas have uniform physical separations
of 7.89λ. With this configuration, the resolution in the
uv-plane is about σu = 1.82 (∆" ! 11), and the uv cov-
erage reaches down to " ! 50 − 2∆" = 28, probing the
primordial B-mode bump at " ≈ 50.
We also assume that all Stokes visibilities. I, Q and

U , can be measured simultaneously for each antenna pair

with an associated rms noise level of 0.015µK per visi-
bility, roughly corresponding to low-noise detectors each
with 150µKs1/2 and a total integration time of three
years. With this noise level, the simulations show that
the averaged overall signal-to-noise ratio (SNR) in Stokes
Q and U maps is about 5. The high SNR ensures an accu-
rate recovery of the B-mode power spectrum and allows
us to see systematic effects clearly.
We generate realizations of Stokes parameter maps

having a physical size of 30 degrees on a side and resolu-
tion of 64× 64 pixels. This large patch size ensures that
the intensity beam pattern |G|2 at the edges decreases to
∼ 1-percent level of its peak value. Although this size of
patch seems to severely violate the flat-sky approxima-
tion, the primary beam pattern itself is small enough (the
field-of-view Ω is about 0.047 sr) so that the flat-sky ap-
proximation is still valid. For simplicity, we assume that
all the antennas continuously observe the same sky patch
at a celestial pole and the interferometer is located at the
north or south pole , the uv-tracks should be perfectly
circular for a 12-h observation. Fig. 2.2 shows the mock
systematics-free visibility data from these observations.

3. MAXIMUM LIKELIHOOD ANALYSIS

The maximum likelihood estimator of the power spec-
trum has many desirable properties (Bond et al. 1998;
Kendall et al. 1987). The idea is to choose a model for
the data and construct a likelihood estimator to evaluate
how well the model matches the data. For a given model,
comparing to the actual data set will give a likelihood of
the model parameters. In practice, it is easier to max-
imize the logarithm of the likelihood function than the
likelihood function itself.
Since CMB Stokes visibilities are complex Gaussian

random variables with zero mean and dispersion CV +
CN , the logarithm of the likelihood function is given by

lnL(C!) = n log π− log |CV +CN |−V
†(CV +CN )−1

V ,
(16)

where V is the visibility data vector, CV is the signal co-
variance matrix predicted by 〈V†V〉, which can be con-
structed through Eq. 14, and CN is the noise covariance
matrix, which can be computed by Eq. 15.
In practice, we parameterize the CMB power spectrum

C! as flat band-powers over some multipole range to
evaluate the likelihood function (Bunn & White 1996;
Bond et al. 1998; Gorski et al. 1996; White et al.
1999). We divide the power spectrum "(" + 1)C! into
Nb piecewise-constant bins. Each bin corresponds to
separate annuli in the uv-plane, characterizing the av-
eraged C! over its bin-width. In our case, we evaluate
the likelihood function by varying the CMB band-powers
{CTT

b , CEE
b , CBB

b , CTE
b , CTB

b , CEB
b } with b = 1, . . . , Nb.

Here Cb ≡ 2π|ub|2S(|ub|).
The bin-width can be chosen arbitrarily, but an ap-

propriate choice of width is fine enough resolution to
accurately detect the structure of the power spectrum
and also wide enough to reduce the correlation between
the band-power estimates so that the statistical errors
on different band-power bins are approximately uncor-
related. The natural choice of bin-width can be ap-
proximated by the characteristic width of the Fourier
transformed intensity beam pattern A(x), which defines
the typical correlation length in the uv-plane. The

Maximum likelihood (ML):
evaluate the likelihood to find "best-fitted" Cl 

Gibbs sampling (GS): 
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Figure 4. Mean posterior power spectra for each `-bin are shown in black. Dark and light grey indicate 1� and 2� uncertainties,
respectively. The binned power spectra of signal realization are shown in pink. Blue lines are the input CMB power spectra obtained by
CAMB for a tensor-to-scalar ratio of T/S = 0.01.

Figure 5. Correlation matrices of TE, EE and BB power spectra � only the o↵-diagonal elements are shown. Correlations and anti-
correlations between nearby power spectrum bins are the results of having a finite beam width and a finite bin size, respectively. Correlations
are stronger towards lower signal-to-noise values (from TE to BB) and towards higher `-values.
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6

(a)Temperature (b) Stokes Q (c) Stokes U

Figure 6. Wiener filtered maps. a) Temperature, b) Stokes Q and c) Stokes U components of the solution of the Eq. 7; < F

�1R~x >,
transformed into Stokes variables T , Q and U and averaged over all iterations. The Wiener filtered maps provide the information content
of the data.

(a) Signal Realization (c) Final Mean Posterior Map (c) Dirty Map

Figure 7. Signal maps. a) Signal realization, which is constructed from the input power spectra shown in blue in Figure 4, is used as the
input map for the interferometer simulation. b) Final mean posterior map is the sum of solutions of Eq. 7 and Eq. 8; < F

�1R(~x+ ~y) >,
transformed into Stokes variables T , Q and U and averaged over all iterations. It provides the reconstruction of the noiseless input signal
by Gibbs sampler within the area of the primary beam. c) Dirty map is simply the inverse Fourier transform of the data. The three rows
show, from top to bottom, temperature, Stokes Q and Stokes U parameters.

I

Q

U

sky map recovered dirty
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Different about 21cm vs. CMB analysis
3D vs. 2D
stronger diffuse and point-source foregrounds; RFI
curved vs. flat sky
bigger datasets (need efficient data compression, e.g. 

S/N eigenmodes analysis)

What is the same?
visibility data 
same calculations and algorithms for extracting the Cl

What about the 21cm?
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Summary
GS gives self-consistent way to do power spectrum 

inference and signal reconstruction at the same time, 
including full propagation of the uncertainties. 

Computational complexity: O(n3/2) for GS, O(n3) for 
ML, but for small data set ML run faster. For ~4000 
visibilities, ML takes 20 hrs for Cl estimates (36 band-
powers) and GS requires 3 days.     

We would like to extend both GL and ML to 21 cm 
applications.
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