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Abstract
We introduce a novel information-theoretic approach for active model selection. Although
our method can work with arbitrary models, we focus on actively learning the appropriate
structure for Gaussian process regression. We then apply this framework to active structure
discovery. Our method does not require model retraining to evaluate candidate points,
making it more feasible than previous approaches.
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1. Introduction
Over the last two decades, there has been much interest in kernel-based nonparametric
models, of which Gaussian processes and support vector machines are the two most-famous
representatives. An important decision for the effectiveness of these methods is the choice of
the kernel structure, which often requires a considerable amount of expertise.
Recent works, however, have developed automatic methods for choosing a model structure
(Grosse et al., 2012; Duvenaud et al., 2013). In particular, the latter work proposed an
automatic method for finding kernels to explain a fixed dataset. Here, we extend their
work to the active setting by designing a novel active-model-selection method based on
maximizing the mutual information between the output variable and the model class.
Comparatively, Lloyd et al. (2014) described an automatic statistician that is able to
automatically infer an appropriate Gaussian process model given a static, fixed dataset to be
analyzed; by analogy, our contributions here essentially construct an automatic experimenter,
who is able to gather new data intelligently so as to learn the appropriate model quickly1 .

2. Bayesian model selection
We consider supervised learning problems defined on an input space X and an output space
Y. Suppose we are given a set of observed data D = (X, y), where X represents the design
matrix of independent variables xi ∈ X and y the associated vector of dependent variables
yi = y(xi ) ∈ Y.
Let M be a probabilistic model, and let θ be an element of the parameter space indexing
M. Given a set of observations D, we wish to compute the probability of M being the
correct model to explain D, compared to other models. The key quantity of interest to
1. A longer version of this manuscript is currently under review for formal publication.
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model selection is the model evidence:
p(y | X, M) =

Z

p(y | X, θ, M)p(θ | M) dθ,

(1)

which represents the probability of having generating the observed data under the model,
marginalized over θ to account for all possible members of that model under a prior p(θ | M)
(MacKay, 2003). Given a set of M candidate models {Mi }M
i=1 , and the computed evidence
for each, we can apply Bayes’ rule to compute the posterior probability of each model given
the data:
p(y | X, M)p(M)
p(y | X, M)p(M)
p(M | D) =
=P
,
(2)
p(y | X)
i p(y | X, Mi )p(Mi )
where p(M) represents the prior probability distribution over the models.
2.1. Active Bayesian model selection
Suppose that we have a mechanism for actively selecting new data—choosing x∗ ∈ X and
observing y ∗ = y(x∗ )—to add to our dataset D = (X, y), in order to better distinguish the
candidate models {Mi }. After making this observation, we will form an augmented dataset
D0 = D ∪ (x∗ , y ∗ ) , from which we can recompute a new model posterior p(M | D0 ).
An approach motivated by information theory is to select the location maximizing the
mutual information between the observation value y ∗ and the unknown model:


I(y ∗ ; M | x∗ , D) = H[M | D] − Ey∗ H[M | D0 ]
(3)


∗
∗
∗
∗
= H[y | x , D] − EM H[y | x , D, M] ,
(4)
where H indicates (differential) entropy. While Equation (3) is computationally problematic
(involving costly model retraining), the equivalent expression (4) is typically more tractable,
has been applied fruitfully in various active-learning settings (Houlsby et al., 2011; Garnett
et al., 2014; Gardner et al., 2015; Hernández-Lobato et al., 2014; Houlsby et al., 2014),
and requires only computing the differential entropy of the model-marginal predictive
distribution:
M
X
p(y ∗ | x∗ , D) =
p(y ∗ | x∗ , D, Mi )p(Mi | D)
(5)
i=1


and the model-conditional predictive distributions p(y ∗ | x∗ , D, Mi ) with all models
trained with the currently available data. In contrast to (3), this does not involve any
retraining cost. Although computing the entropy in (5) might be problematic, we note that
this is a one-dimensional integral that can easily be resolved with quadrature. Our proposed
approach, which we call Bayesian active model selection (bams) is then to compute, for
each candidate location x∗ , the mutual information between y ∗ and the unknown model,
and query where this is maximized:
arg max I(y ∗ ; M | x∗ , D).
x∗

(6)

Although active learning and model selection have been widely investigated, active model
selection has received comparatively less attention. Ali et al. (2014) proposed active learning
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model selection. Their method requires
 leave-two-out cross validation when evaluating each
candidate x∗ , requiring O B 2 M |X∗ | model updates per iteration, where B is the total
budget. Kulick et al. (2014) also considered an information-theoretic approach to active
model selection, suggesting maximizing the expected cross entropy between the current
model posterior p(M | D) and the updated distribution
p(M | D0 ). This approach also

∗
requires extensive model retraining, with O M |X | model updates per iteration, to estimate
this expectation for each candidate. These approaches become prohibitively expensive for
real-time applications with large number of candidates.

3. Active model selection for Gaussian processes
In the previous section, we proposed a general framework for performing sequential active
Bayesian model selection, without making any assumptions about the forms of the models
{Mi }. Here we will discuss specific details of our proposal when these models represent
alternative structures for Gaussian process priors on a latent function.
We assume that our observations are generated via a latent function f : X → R with a
known observation model p(y | f ), where fi = f (xi ). A standard nonparametric Bayesian
approach with such models is to place a Gaussian process (gp) prior distribution on f ,
p(f ) = GP(f ; µ, K), where µ : X → R is a mean function and K : X 2 → R is a positivedefinite covariance function or kernel (Rasmussen and Williams, 2006). We condition on
the observed data to form a posterior distribution p(f | D), which is typically an updated
Gaussian process (making approximations if necessary).
We make predictions at a new
R
input x∗ via the predictive distribution p(y ∗ | x∗ , D) = p(y ∗ | f ∗ , D)p(f ∗ | x∗ , D) df ∗ , where
f ∗ = f (x∗ ). The mean and kernel functions are parameterized by hyperparameters that we
concatenate into a vector θ, and different choices of these hyperparameters imply that the
functions drawn from the gp will have particular frequency, amplitude, and other properties.
Together, µ and K define a model parametrized by the hyperparameters θ. Much attention
is paid to learning these hyperparameters in a fixed model class, sometimes under the
unfortunate term “model selection.”
Note, however, that the structural (not hyperparameter) choices made in the mean
function µ and covariance function K themselves are typically done by selecting (often
blindly!) from several off-the-shelf solutions (see, for example, (Duvenaud, 2014; Rasmussen
and Williams, 2006); though also see (Duvenaud et al., 2013; Wilson et al., 2014)), and this
choice has substantial bearing on the resulting functions f we can model. Indeed, in many
settings, choosing the nature of plausible functions is precisely the problem of model selection;
for example, to decide whether the function has periodic structure, exhibits nonstationarity,
etc. Our goal is to automatically and actively decide these structural choices during gp
modeling through intelligent sampling.
To connect to our active learning formulation, let {Mi } be a set of Gaussian process
models for the latent function f . Each model comprises a mean function µi , covariance
function Ki , and associated hyperparameters θi . Our approach outlined in Section 2.1
requires the computation of three quantities that are not typically encountered in gp
modeling and inference: the hyperparameter posterior p(θ | D, M), the model evidence
p(y | X, M), and the predictive distribution p(y ∗ | x∗ , D, M), where we have marginalized
over θ in the latter two quantities. The most-common approaches to gp inference are
3
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maximum likelihood–II (mle) or maximum a posteriori –II (map) estimation, where we
maximize the hyperparameter posterior Rasmussen and Williams (2006):2
θ̂ = arg max log p(θ | D, M) = arg max log p(θ | M) + log(y | X, θ, M).
θ

(7)

θ

Typically, predictive distributions and other desired quantities are then reported at the
mle/map hyperparameters, implicitly making the assumption that p(θ | D, M) ≈ δ(θ̂).
Although a computationally convenient choice, it does not account for uncertainty in the
hyperparameters, which can be nontrivial with small datasets. Furthermore, accounting
correctly for model parameter uncertainty is crucial to model selection, where it naturally
introduces a model-complexity penalty. We discuss less-drastic approximations to these
quantities below.
3.1. Approximating the model evidence and hyperparameter posterior
The model evidence p(y | X, M) and hyperparameter posterior distribution p(θ | D, M)
are in general intractable for gps, as there is no conjugate prior distribution p(θ | M)
available. Instead, we will use a Laplace approximation, where we make a second-order
Taylor expansion of log p(θ | D, M) around its mode θ̂ (7). The result is a multivariate
Gaussian approximation:
p(θ | D, M) ≈ N (θ; θ̂, Σ);

Σ−1 = −∇2 log p(θ | D, M)

θ=θ̂

.

(8)

The Laplace approximation also results in an approximation to the model evidence:
log p(y | X, M) ≈ log p(y | X, θ̂, M) + log p(θ̂ | M) − 21 log det Σ−1 +

d
2

log 2π,

(9)

where d is the dimension of θ (Raftery, 1996; Kuha, 2004). The Laplace approximation to
the model evidence can be interpreted as rewarding explaining the data well while penalizing
model complexity. Note that the Bayesian information criterion (bic), commonly used for
model selection, can be seen as an approximation to the Laplace approximation (Murphy,
2012).
3.2. Approximating the predictive distribution
We next consider the predictive distribution:
Z
Z
∗
∗
∗
∗
p(y | x , D, M) = p(y | f ) p(f ∗ | x∗ , D, θ, M)p(θ | D, M) dθ df ∗ .
|
{z
}

(10)

p(f ∗ |x∗ ,D,M)

The posterior p(f ∗ | x∗ , D, θ, M) in (10) is typically a known Gaussian distribution, derived
analytically for Gaussian observation likelihoods. However, the integral over θ in (10) is
intractible, even with a Gaussian approximation to the hyperparameter posterior as in (8).
Garnett et al. (2014) introduced a mechanism for approximately marginalizing gp
hyperparameters (called the mgp), which we will adopt here. The mgp assumes that we have
2. Using a noninformative prior p(θ | M) ∝ 1 in the case of maximum likelihood.
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made a Gaussian approximation to the hyperparameter posterior, p(θ | D, M) ≈ N (θ; θ̂, Σ).3
We define the posterior predictive mean and variance functions as
µ∗ (θ) = E[f ∗ | x∗ , D, θ, M];

ν ∗ (θ) = Var[f ∗ | x∗ , D, θ, M].

The mgp works by making an expansion of the predictive distribution around the posterior
mean hyperparameters θ̂. The nature of this expansion is chosen so as to match various
derivatives of the true predictive distribution; see (Garnett et al., 2014) for details. The
posterior distribution of f ∗ is approximated by

2
p(f ∗ | x∗ , D, M) ≈ N f ∗ ; µ∗ (θ̂), σmgp
,
(11)
where


> 

2
σmgp
= 43 ν ∗ (θ̂) + ∇µ∗ (θ̂) Σ ∇µ∗ (θ̂) +

1
3ν ∗ (θ̂)

 ∗ >  ∗ 
∇ν (θ̂) Σ ∇ν (θ̂) .

(12)

The mgp thus inflates the predictive variance from the the posterior mean hyperparameters
θ̂ by a term that is commensurate with the uncertainty in θ, measured by the posterior
covariance Σ, and the dependence of the latent predictive mean and variance on θ, measured
by the gradients ∇µ∗ and ∇ν ∗ . With the Gaussian approximation in (11), the integral in
(10) now reduces to integrating the observation likelihood against a univariate Gaussian.
This integral is an analytic (Rasmussen and Williams, 2006) for Gaussian likelihoods.
3.3. Implementation
Given the development above, we may now efficiently compute an approximation to the
bams criterion for active gp model selection. Given currently observed data D, for each of
our candidate models Mi , we first find the Laplace approximation to the hyperparameter
posterior (8) and model evidence (9). Given the approximations to the model evidence,
we may compute an approximation to the model posterior (2). Suppose we have a set of
candidate points X∗ from which we may select our next point. For
 each of our models, we
compute the mgp approximation (11) to the latent posteriors p(f ∗ | X∗ , D, Mi ) , from
which we compute the predictive distributions p(y∗ | X∗ , D, Mi ) . Finally, with the ability
to compute the differential entropies of these model-conditional predictive distributions, as
well as the marginal predictive distribution (5), we may compute the mutual information of
each candidate in parallel. For regression with Gaussian observation noise, we must resort
to one-dimensional quadrature to evaluate the model-marginal entropy.

4. Initial results
We evaluated the proposed method using the time series shown in Table 1, also used by
Duvenaud et al. (2013). For each dataset, we considered 18 models: four base kernels
(squared exponential (se), periodic (per), linear (lin), and rational quadratic (rq)), 12
kernels obtained by combining these basis kernels with sum and products, an expert model
designing by a human (see Table 1) and the kernel found by the compositional kernel search
(cks) (Duvenaud et al., 2013) method. Using all points, we computed the model posterior
to determine which model best describes the data, shown in Table 1 (bold).
3. This is arbitrary and need not be the Laplace approximation in (8), so this is a slight abuse of notation.
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dataset
Airline passengers
Mauna Loa atmospheric CO2

expert model

cks model

LIN+(PER×RQ)
SE+(PER×SE)+RQ+SE

SE×(LIN+LIN×(PER+RQ))
LIN×SE+SE×(PER+RQ)

Table 1: Kernels used as experts suggestion and selected by the method of (Duvenaud et al.,
2013) for each time series. The kernel that best explains the data using all points is shown
in bold. The expert kernel for the airline data was our guess after plotting the data, whereas
for Mauna Loa is the one presented in Rasmussen and Williams (2006).
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Figure 1: Posterior probability of best model as function of iteration number.
Then, we randomly selected two points and applied several techniques to choose a total
of 50 points: bams, random sampling, uncertainty sampling, and query by committee (qbc)4
Seung et al. (1992). We repeated this experiment 30 times, using different initial random
seeds for each. Figure 2 shows the average posterior probability of the best model as function
of iteration number, along with the standard error. The results show that bams outperforms
all the baselines, more quickly finding the best model.

5. Conclusion
Here we introduced a novel information-theoretic approach for active model selection, bams,
and present some initial results of its application to structure discovery.
4. We adapted qbc using the entropy of the model-marginal predictive distribution (5) as the disagreement
criterion. Furthermore, to consider every committee member’s (i.e. each model’s) predictions equally
important, we compute this quantity assuming a uniform model posterior.
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