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A. Introduction



A.1 Phase structure of QCD with varying number of light quarks

Ny > N4 = 11/2N. asymptotic freedom lost

=f
N§ < Ny < N{ conformal window
Ny = N¢ chiral phase transition (Appelquist et al. 1998)
Ny < Nf quark confinement, SBxS, hadron spectrum

Interpretation - counter-play:
- condensating effect of gluon self-interactions
- screening of light quark loop vacuum fluctuations

Indications N. = 3: perturbative methods N}: ~ 10—12 (Appelquist et al.1998)

(Fischer,Alkofer 2003)

nonperturbative approaches, lattice N7 ~ 6 (Iwasaki et al.2004)
wasaki et al.
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— difference between SU(2) and SU(3) xPT ?




A.2 LEC’s connected to suppresion of order paramters

Three flavor xPT: (effect of s-quark vacuum fluctuations)
Fo(2)? = Fo(3)2+ 16msBo L — 2jix + O(m?)

32msB _ 1_
>(2) = Z<3)<1+%Lg ~ 2k — Sfin) + O(m3)
0

Large N, approximation: Ny/N. — 0 limit

- possible 1/N. and Zweig rule violation?
- La, Ls - Zweig rule and 1/N, suppressed LEC's
- connection to the scalar sector

Predictions for L), L at M,

Zweig rule: | negative

Standard xPT to O(p®): positive

Sum rules: positive

Lattice: positive



A.3 Parameters controlling the suppresion

Convenient parameters relating the order parameters to physical quantities
(isospin limit m = (m, + mg)/2)

2m > (Ny)

Fo(Ny) _ _
2 F2M2 Z(Ny) M?2

Z(Ny) = ,  X(Vy) =

s
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Experimental results for the nm s-wave scattering length (K.4):

X(2) =0.81+0.07, Z(2) = 0.89 4 0.03

Three flavor parameters much less constrained (r = ms/m)

7w s-wave scattering length (K.y):
X(3)~0-038, Z(3)~03—-09, r>14, Y <1.2
Sum rules (r ~25): X(2),Z(2) ~0.9, X(3),Z(3) ~0.5-0.6

Recent ‘resummed’ combined analysis of 7w and wK data:

X(3)~0-08, Z(3)~02—1, r>15, Y < 1.1



A.4 ‘Resummed’ approach to xPT

A.1 — irregularities in the expansion, possible partial suppression of LO
Small demonstration: chiral expansion of an observable A:
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Inverted expansion:
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B. Illustrative example: 77770 — nwo scattering



B.1 n7? — n=¥ scattering: observables

4-point Green function Gr,(s,t,u) = F:F;Ay(s,t,u) to NLO

Gﬂ'n(sa ta U’) — Gpol(sa ta U) _I_ Gii)it(87 ta U’) |J}’;Q(O):O —I_ AG
Gpol(sa ta u) — + Bt + /th + W(S o u)2
a, 3, v, w ... ‘good’ observables

‘Bad’ observables not linearly related to G,(s,t,u)

- subthreshold parameters cgo, cio, ¢20, Co1

- scattering lengths ag, a1

Expansions of ‘bad’ observables are avoided
- they are calculated as nonlinear functions of expansions of ‘good’ observables
- specifically quantities in the denominator are not expanded
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B.2 nwY — n 0 scattering: strict chiral expansion

2 ; . .
GO (s tu) = %m% Exact renormalization scale independence

G5 (s,t,u)

B(LL () + S LAG) (¢ — 2M2) (¢ — 2017)
FACLEG0) + L5 (s — M2 = M) + (u— M2 — M2
FBLL([( — 2M2) m? + (6 — 2M2) m2] — 2 LE(u) (M2 + M) m?

64
+8Lg(n) m2(m3 4+ 5m72) + 32L7 () (m3Z — m) m2 + — Le(w) mi

F2 1
Gl (s,t,u) = _?Omgr <3Mw+2uK+§Mn>
1
G5 t,u) = =m2lJ5,(s) + 7, ()
+20s = M2 — M2+ 2m2)? Tiege(s) + 2fu— M2~ M2 + 2 m2)?
§ s — Mg — My gmﬂ' KK\S éu_ ™ gmﬂ'] KK(U)

1 2 2 3 21 717 2 2 2 1 2 r
+§ mw[t — 2M7r + Emw] J7T7T(t) + §m7'l'( mn — me) Jnn(t)

1 2
+o [t = 2MZ + 2m2[3t — 6M7 + 4m] — Zm3] T (1)

s



B.2 nwY — n 0 scattering: strict chiral expansion

GO (s tu) = F?Ozm?r in, out lines - on mass shell

GP (s, tw) = B(LL(W) + ZL5G) (¢ — 2M2) (¢ — 202)

FACLEG0) + L5 (s — M2 — M2 + (u— M2 — MDY
F8LL ([t~ 2M2) m? + (6 — 2M2) m2] — 2 L5 () (M2 + M) m?

64
+8Lg(n) m2(m3 4+ 5m72) + 32L7 () (m3Z — m) m2 + — Le(w) mi

P2 1
Gl (s,t,u) = _?Omgr <3Mw+2uK+§Mn>
1
G5 t,u) = =m2lJ5,(s) + 7, ()
20— M2 — M2 + 2212 T () + 2l — M2 — M2 + 22
§ S — W — Wy gmﬂ' KK\S éu_ T n gmﬂ'] KK(U)

1 2 2 3 21 717 2 2 2 1 2 r
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1 2
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B.2 nwY — n 0 scattering: strict chiral expansion

G (s, t,u)

G (s,t,u)

G (s,t,u)

tad

Gg?it(s, t,u)

F5— m2 = 2Bgin, m2 = Bom(r + 1), m2 = 2Bom(2r + 1)

m

3

B(LL() + ZLAG) (¢ — 2M2) (¢ — 202)

FACLEG) + ST5G) (s — M2~ M2 + (u — M2 - M2)?
3

+8LL () [(t — 2M2) i + (t — 2M)m2] — Z L5 () (M + M) m?
64

+8Lg () ma(im2 + 5m7) + 32L5 (1) (m2 — m2)m3 + — Le(w)mz
F? 1

—?Omﬁ (3,Lb7r + 2 puk + gﬂn)

1 4 T T

§m7r[‘]7m(8) + Jﬁn(u)]

205 — M2 — M2 + Tm22 1 (5) + Su— M2 — M2 + Jm? J1 . (w)
és_ T n gmﬂ' KK\S gu’_ T n gmﬂ' Kr\u
1 3 2 1

2 2 2 r 2 2 r

+§ mw[t — 2M7r + Emﬂ'] J7r7r(t) _I_ §m7r(m77 — ngr) me(t)
1 2

+§[t — 2Mz2 + 2mz2][3t — 6 M7 + 4m; — gm?r] Jt (1)




B.2 nwY — n 0 scattering: strict chiral expansion

F2
G (s, t,u) = ?O m2

G (s,t,u)

pp = m2/3272FZ In[m%/u?]

B(LL () + ZLAG) (¢ — 2M2)(t — 2012)

FACLEG) + L5 — M2 = M2 4 (u = M2 = M2)?

8
+BLE()[(t — 2M2) m2 + (¢ — 2M2) m2) — Z Ly () (M2 + M2) m?

04

+8L6 (1) mz(mz +5mp) + 32L7 () (mz — mg) mz + —=Lg(n) m

F? 1
GM(s,t,u) = —§WﬁCMw+hm+§
1
Goie(,tu) = S mil Ty (s) + Jr, (w)

o

)

3 2 3 2
+ols = M2 — M7 + Zm2]? Jie(s) + Zlu— M2 = M2+ Zm2)12 Jje e ()

T

n

1 2 3 o1 2 m2(m2 — X m2) Jr
+§ mﬂ'[t o 2M7r + Emﬂ'] J7T7T(t) + §m7'l'(m o Zmﬂ') Jnn(t)

1

2

s

+o [t = 2MZ + 2m2[3t — 6M7 + 4mf — Zm3] T (1)



B.2 nwY — n 0 scattering: strict chiral expansion

F2 3 ;
G(2>(s,t,u) — m2 Loop functions J};Q contain LO masses as well

3

GP (s, t,w) = B(LL(W) + ZLEG)(E — 2M2)(¢ — 2012)

+4(L5(p) + L S(u))[(s — M2 — M2)? + (u — M2 — M2)?]
8

+8L,(p)[(t — QME) my + (t —2M7) m2] — 3Ls 5(u) (M2 + M2)mz2
+8L§ () m2(m?2 —|—5m2)—|—32L (u)(m?2 — m2)m —|—6—4L s(p) m?
F2
Glad(s:tu) = ——2m? <3uw +2puK + 2 un>
1
G (s, tu) = S mi[ T (s) + | Tp (u)]
3 2 21 2 o127 3 2 21 2. o127
—|—§[3 — Mz — M7+ gmﬁ] Il (8) + g[u — Mz — M7+ gmﬁ] Il i ()
1 3 2 1
+§ m2[t — 2M?2 + §m72'r] Jrn () + §m72r( m?2 — ng‘:) Jrn (1)

] 2
+o [t = 2MZ + 2m2[3t — 6M7 + 4m] — Zm3] e, (1)




B.3 Reparametrization of LEC’s

Decay constant and mass strict chiral expansions:

F2 = FZ(1 — 4pur — 2uk) + 16Bomn( Ly(r + 2) + LE) + ALY
2 2 3 3 ey 1., (4)
FZ = F§(L— Zpim = 3ux — Spn) + 16Bom( Ly(r +2) + S Li(r + 1) + Af}
1 328
F2M2 = 2BomF§ (1 - 3px — 2uxc — Spin + onm( Ly+ Li(r+2) + A
2 2 ~ 72 3 5
FgMj = BomFg(r+1)(1 — Shm — 3pK — Al +
16B
+ 205 (e 4 1) 4 2 L(r +2)) + A

Fg
20f2 — 2 = 2 1
FeMy = gBomFo (2r+1) —3u—2(4r 4+ Dug — 5(87“ + 1)+

+3QBom

(Ly(2r? + 57 +2) + 2 Lz(r — 1)2 + L(2r° + 1)) + A

O



B.3 Reparametrization of LEC’s

Simple linear equation system for Ls... Lsg

F2 = FZ(1 — 4pur — 2uk) + 16Bomn( Ly(r + 2) + LE) + ALY
2 2 3 3 - T 1 T (4)
FR = F§(L = Zpn — 3piic — o) + 16Bom( Ly(r +2) + 2 Li(r + 1)) + Al
1 32B
F2M2 = 2By (1 — 3pr — 2puxc — Spay + Tom(y +Li(r4+2) 4+ Al
0
2 2 ~ 72 3 5
FgMj = BomFg(r+1)(1 — Shm — 3pK — Al +
16B
+ 2050 (e + 1) + 2 L(r +2)) + A

Fg
20f2 — 2 = 2 1
FeMy = gBomFo (2r+1) —3u—2(4r 4+ Dug — 5(87“ + 1)+

+3QBom

(Lg(2r® + 57 +2) + 2 Lz(r — 1)2 + L(2r° + 1)) + A

O



B.3 Reparametrization of LEC’s

NLO LEC's expressed in terms of physical observables and remainders

F2 = F2(1 — 4pur — 2ux) + 16Boin( Ly(r + 2) + L5) +|A%Y

3 3 - 1
FR = F§(1— Spir = 3pux — ) + 16Bom( Ly(r +2) + 2 LE(r + 1)) + | AR

R 1 32 By
F2M2 = 2BomF2(1 — 3pn — 2ux — Shn+ F—QO(LT + Li(r+2)) + A
0
2 2 ~ 112 3 5
FKMK — BOmFo(T_I' 1)(1 _ENW_?’:U'K_g.UJn +
16 Bom
+ =2 (L5(r 4+ 1) + 2L5(r +2)) +

Fg

2 1
F2MA= gBomFO?((zr 4+ 1) —3pr —2(4r 4+ Dug — §(8r + D+

328
+ Fom(mzr +5r+2) +2Lz(r — 1)% + Ly(2r2 + 1)) +

0




C. Definition of the bare expansion



C.1 Analyticity and unitarity
Strict form of the expansion does not have the correct analytical structure

Solutions:
- exchange LO masses with physical ones in 7pQ by hand
- use dispersion relations
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1. Redefinition of the strict expansion into a bare one - by hand

Original strict form: Exchange mp — Mp inside 7pQ
Giﬁ;«ict(s, t,u) = Gpo(s,t,u) + Gggt(s, t, u)|J;Q(O):O + Ag

1 — 3 2 _
G (s, 1,0 0)=0 = GmAl Ten(9)] + Sls = M2 = M7 + Zm21 Tierc(s)

1

JEN 1 214 2 § 21771 g 2 2 T 2N\T7T
—|—(S U’) + 3m7r[t 2M7T + 2m7r] J7T7T(t) + 9m7r(m77 4m7r) Jm?(t)

1 2217
+ [t — 2M7 + 2m2][3¢ — 6M7 + 4 — Zm] Tk (1)



C.1 Analyticity and unitarity
Strict form of the expansion does not have the correct analytical structure

Solutions:
- exchange LO masses with physical ones in Jpg by hand
- use dispersion relations

1. Redefinition of the strict expansion into a bare one - by hand

Bare form definition: Exchange mp — Mp inside Jpg

Gbare(s t,u) = Gpo(s,t,u) + G'umt(s t u)|J ,(0)=0 + AL

1 2 _
G (s, 1.0y 0)=0 = 5m [ Tan(9)] + —[s — M2 = M} + Zm2] T (s)

1

(s o w) o ml — 2M2 4 2m2) Ten(8) + Sm2(m2 — 2 m2) Ton ()

1 2
5 [t — 202 + 2m2)[3t — 6M + 4m? — Zm2) Trr()



C.1 Analyticity and unitarity
Strict form of the expansion does not have the correct analytical structure

Solutions:
- exchange LO masses with physical ones in 7pQ by hand
- use dispersion relations

2. Redefinition of the strict expansion into a bare one - dispersive relations

Disp.relations determine the form of the unitarity part of the amplitude S,

Gfrtr;awt(sv t u) — GP05(87 2 u) + Gq(j;)z't(sv t u)|J};Q(O)=O + Ag Gq(;?tt — Gunit

How to relate G,.it < Sunit? TwoO possibilities:



C.1 Analyticity and unitarity
Strict form of the expansion does not have the correct analytical structure

Solutions:
- exchange LO masses with physical ones in 7pQ by hand
- use dispersion relations

2. Redefinition of the strict expansion into a bare one - dispersive relations

Possibility a) Gunit(s,t,u) = F(;lSumt(s, t,u)

G (5, t,u) = Gpar(s,t,u) + Gunit (s, t,u) + Ag

_ 3 _
Gunit (5,1, u) = Smiz Jan(8) + 2 s = 3MZ = M7 = SME + Gm? — Gmi]? Jicre(s)

O|

1 _
Zm%) J7777 (t)

1 — 2
+(s < ) + omr [t = MZ 4 §mz] Jaa(t) + Smz(m; —

1 _
+§ [t — 2M2 — 2M2 + 2m2 + 2mZ][3t — 2M2 — 2M?2 + 2m2 — 2m%] Jkk(t)

terms in front of the loop functions are effected too



C.1 Analyticity and unitarity

Strict form of the expansion does not have the correct analytical structure

Solutions:
- exchange LO masses with physical ones in Jpg by hand
- use dispersion relations

2. Redefinition of the strict expansion into a bare one - dispersive relations

Possibility b) Gunit(s,t,u) = X, FpSunit(s,t, u)

G?Tc;]re(& t) u) — Gpol(37 t7 U,) + gum’t(sa t, ’LL) _|_ Ag

1 4 | —= 3 4l —
Gunit(s,t,u) = §mﬁ %}5 an(3)+§ [s — %Mﬁ - %Mi — %MIQ( + %m?‘r - %m%(]z ?—% Jrr(s)
1 4 — 2 1 al —
+(s < u) + §m72r [t — %Mf + %m?r] 2—% Jrr(t) + §m727(m727 - ngr) % I (1)
1 =
o [t = SM2 — 3ME + 3md + SmR][3t — 2MR — 2M7 + 2m7 — FmR] 2 Tk (1)

— perturbative unitarity and exact ren.scale independence




C.1 Definition of the bare expansion - nm scattering

Central value, remainders neglected

10 247F,2 (M+M,) /M3 ao at Z=0.9,r=20 F.*/ (M®M2) M2co; at Z=0.8,r=25
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scattering length ag subthreshold parameter co1
solid: strict form solid: strict form
dotted: redefinition by hand dotted: redefinition by hand
dash-dot.: disp.relations a) dash-dot.: disp.relations a)
dashed: disp.relations b) dashed: disp.relations b)

hor.dashed: LO value hor.dashed: Standard NLO value
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C.1 Definition of the bare expansion - nm scattering
Central value, remainders neglected
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C.1 Definition of the bare expansion - nm scattering

Central value, remainders neglected
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scattering length ag

solid:  strict form
dotted: redefinition by hand
dash-dot.: disp.relations a)
dashed: disp.relations b)
hor.dashed: LO value
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dashed: disp.relations b)
hor.dashed: Standard NLO value



C.1 Definition of the bare expansion - nm scattering

Central value, remainders neglected

0247TF7T2(|\/1T+|\/|7)/|\/1T3610 at z=0.9,r=20
. ‘ ‘ ‘ ‘

=

scattering length ag

solid:  strict form
dotted: redefinition by hand
dash-dot.: disp.relations a)
dashed: disp.relations b)
hor.dashed: LO value

Difference between treatments:

up to 30% of Standard LO value
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C.1 Definition of the bare expansion - nm scattering

Central value, remainders neglected

0 247F,% (M+M,) /M2 ao at Z=0.9,r=20
. | ‘ ‘ ‘

0.2 0.4 0.6 0.8 1
X
scattering length ag

solid:  strict form
dotted: redefinition by hand
dash-dot.: disp.relations a)
dashed: disp.relations b)
hor.dashed: Standard NLO value

Difference between treatments:

up to 15% of Standard NLO value

F.%/ (M2M2) M?2co; at Z=0.8,r=25
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0.02 |

0.01}

subthreshold parameter co1

solid:  strict form
dotted: redefinition by hand
dash-dot.: disp.relations a)
dashed: disp.relations b)
hor.dashed: Standard NLO value

up to 40% of Standard NLO value



C.2 Treatment of the chiral logarithms
Do not influence the analytical structure of the amplitude

Exchange LO masses with physical ones?

7 In(mp/p?) — In(Mp/p?) 7



C.2 Treatment of the chiral logarithms
Do not influence the analytical structure of the amplitude

Exchange LO masses with physical ones?
? In(mp/p?) — In(Mp/p?) 7

Illustrative example - polynomial parameter 3:

GYre(s,t,u) = a+ Bt +vt° + w(s — u)® + Gunit (s, t,u) + Dg

3 2 1
6= 2 (M7 + M)l (In =5 4 1) = 8L + GLA()] + 80 + mD L ()
! 2 i 201 M m2 K
_327-‘-2 mn(ln F 487T2 mw(ln ? + 1) — 967-(-2 (In —l— ].) —l— AB

Two types of chiral logarithms



C.2 Treatment of the chiral logarithms
Do not influence the analytical structure of the amplitude

Exchange LO masses with physical ones?
? In(mp/p?) — In(Mp/p?) 7

Illustrative example - polynomial parameter 3:

GYre(s,t,u) = a+ Bt +vt° + w(s — u)® + Gunit (s, t,u) + Dg

3 2 1
6= 2+ MD oo (In =2 4 1) = 8L + LA + 80 + mDLL ()
! 2 i 201 M m2 K
_327-‘-2 mn(ln F 487T2 mw(ln ? + 1) — 967-(-2 (In —l— ].) —l— AB

Type 1: MZInm3% - only from unitarity corrections

Diverge for Y— 0! Have to be treated.

Definite solution: reparametrization of all NLO LEC's including L1 ... Ls.



C.2 Treatment of the chiral logarithms
Do not influence the analytical structure of the amplitude

Exchange LO masses with physical ones?
? In(mp/p?) — In(Mp/p?) 7

Illustrative example - polynomial parameter 3:

Gbam(s t,u) = a4+ Bt +~4t2 + w(s — uw)? 4+ Gunit(s, t,u) + Ag

3 : 1
6= 2 (M7 + MRl (In =5 4 1) = 8L + GLA()] + 80 + mDLL ()
2 i 31 M 1 m2 K
_327-‘-2 mn(ln? 487-(-2 mw(ln?—l— 1) - 967-r2 (|ﬂ —l— 1) —I—Aﬁ

Type 2: mJInm2 - both from tadpoles and unitarity corrections

Argued In(m3%/u?) — In(M3/u?) should not have a large numerical effect:

Y <1: m2inms —0, Y ~1: m2 — M3



C.2 Treatment of the chiral logarithms

nm scattering

3/F.2M2a at Z=0.8,r=20

1/M210%3 at Z=0.8,r=20
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solid:  strict form
dashed: In(m?2/u?)—In(M23/u?) in type 1 logs
dotted: |n(m15;/,u2)—>|ﬂ(M]]22/,u2) in type 1 and 2
hor.dashed: LO value



C.2 Treatment of the chiral logarithms

nm scattering

R N W b~ 01O N
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C.2 Treatment of the chiral logarithms

nm scattering

3/F,2M2a at Z=0.8,r=20

1/M,210°3 at Z=0.8,r=20
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dashed: In(mz,//uﬂ)ﬁln(Mé/uQ) in type 1 logs
dotted: In(m%/p?)—In(MZ/p?) in type 1 and 2

hor.dashed: LO value



C.2 Treatment of the chiral logarithms

nm scattering

3/F.°M2a at Z=0.8,r=20

1/M2103%3 at Z=0.8,r=20
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solid:  strict form
dashed: In(mz,/u2)—>ln(M]§/u2) in type 1 logs
dotted: In(mp/,u?)—ﬂn(MP//vLQ) in type 1 and 2
hor.dashed: LO value

Difference between treatments:

up to 50% of Standard LO value



C.2 Treatment of the chiral logarithms

nm scattering

3/F.°M2a at Z=0.8,r=20

1/M2103%3 at Z=0.8,r=20
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polynomial parameter « polynomial parameter g

solid: strict form
dashed: In(mz,/u2)—>ln(M§/u2) in type 1 logs
dotted: In(mp/,u?)—ﬂn(MP//vLQ) in type 1 and 2
hor.dashed: Standard NLO value

Difference between treatments:

up to 30% of Standard NLO value up to 1.5x of Standard NLO value



D. Remainder treatment



D.1 Remainder estimates

1. Based on dgeneral arguments about the convergence of the chiral series

AP ~ 4014

In principle an assumption.
2. Based on information outside O(p?*) xPT
The framework of RyPT is well suited to incorporate additional information:
- makes a distinction between the explicitly manageable part of the expansion
and the remainder

- consistently distinguishes between both parts and keeps traction of them

- makes the distinction at the right point - the number of LEC’s is too large in
higher orders to be treated solely within the theory

- the remainder can be estimated in various ways and considered as a source of
error

We investigated:
- resonance Lagrangian
- Generalized yPT Lagrangian
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D.1 Remainder estimates

1. Based on general arguments about the convergence of the chiral series

AP ~ 4014

In principle an assumption.
2. Based on information outside O(p?*) xPT

The framework of RyPT is well suited to incorporate additional information:

- makes a distinction between the explicitly manageable part of the expansion
and the remainder
- consistently distinguishes between both parts and keeps traction of them

- makes the distinction at the right point - the number of LEC’s is too large in
higher orders to be treated solely within the theory

- the remainder can be estimated in various ways and considered as a source of
error

We investigated:
- resonance Lagrangian
- Generalized yPT Lagrangian



D.2 Resonance estimate
Reconstructing an approximation of a more complete theory (RxT)

RxT __ ~PT R
Gox' (s, t,u) = G, 7 (s, t,u) + AGH (s, t,u)

Ingredients:



D.2 Resonance estimate
Reconstructing an approximation of a more complete theory (RxT)

G’RXT(S t,bu) = XPT(S t,u) + AGE ,(s,t,u)

Ingredients:
1.‘Resummed’ xPT bare expansion

GYe(s,t,u) = Gpoi(s,t,u) + Gunit (s, t,u) + Dg
Provides the explicit form to NLO in chiral counting



D.2 Resonance estimate
Reconstructing an approximation of a more complete theory (RxT)

G’RXT(S t,bu) = G;‘f;T(s t,u) + AGE ,(s,t,u)
Ingredients:
1.'‘Resummed’ xPT bare expansion

Gbare(s t u) — pol(sa L, u) + gum’t(sa L, u) + Ag

Provides the explicit form to NLO in chiral counting

2. Resonances

2

Gyl (s, t,u) = 302 (ca(s — MZ — M) + 2cmm ) + (s = w)
+35 —2M2) (ca(t — 2M2) + 2¢,m?2) (ca(t — 2M2) + 2¢,0(2m2 — m2))
_ﬁ (Gut — 2M2) + 26,m2) (Gt — 2M2) + 25,m?2)
2 (i = ) e (4 ) + 2O ()

Expand as chiral series and resum NNLO and all higher order terms



D.2 Resonance estimate
Reconstructing an approximation of a more complete theory (RxT)

Gf%(T(s t,bu) = GXPT(S t,u) + AGE ,(s,t,u)

Result:
1.‘Resummed’ xPT bare expansion

Gbare(s t ’LL) — pol(37 L, U) + gunit(37 L, U) + AGR(Sa L, U) + Zg

2. Resonances

2s

3(s — Mb%)Mg
2t

+3(t — MZ)M?Z
At

(t— M3)Mg
2 A2
n 16 dy, M; 5
(M2 — M2) M2

AGR(s,t,u) = (cd(s — M? — M2) + 2¢,m ) + (s < u)

(calt — 2M2) + 2¢,m2) (ca(t — 2M7) + 2¢(2m7 — m2))

(cd(t — 2M?2) + 2¢,m ) (cd(t — M2) + 2¢,,m )




D.2 Resonance estimate
Reconstructing an approximation of a more complete theory (RxT)

Gng(s,t,u) = XPT(S t,u) + AGE ,(s,t,u)

Result:
1.‘Resummed’ xPT bare expansion

Gbare(s t,u) = Gpo(s,t,u) + Gunit(s, t,u) + AGr(s, t,u) + Zg
Remainder ‘saturation’ instead of usual LEC saturation

2. Resonances

2s
3(s — M2)Mz
n 2t
3(t — M2)M3
41
(t— M3)Mg
16 d3, M7
_|_
(M2 — M2)M?

AGR(s,t,u) = (cd(s — M? — Mg) -+ 20mm72r)2 + (s < u)

(calt — 2M2) + 2¢,m2) (ca(t — 2M7) + 2¢(2m7 — m2))

(cd(t — 2M?2) + 2¢,m ) (cd(t — M2) + 2¢,,m )




D.2 Resonance estimate
Reconstructing an approximation of a more complete theory (RxT)

Gf%(T(s t,bu) = GXPT(S t,u) + AGE ,(s,t,u)

Result:
1.‘Resummed’ xPT bare expansion

Ghare (s, t,u) = Gpoi(s, t,0) + Gunit (s, t,u) + AGR(s, t,u) + Ag

Ren.scale independent - no need to fix a saturation scale

2. Resonances

AGr(s,tu) = — (S_jjg)Mg (s — M2 — M2) + 260m2)? + (5 — u)
+3(t — Zg)MQ (ca(t — 2M2) + 2¢,,m2) (ca(t — 2M2) 4 2¢,,(2m2 — m2))
(- f‘jél)Mﬁl (Calt = 2M7) + 2emmz) (€t — 2M) + 28mmy)
O (3 )

+(M§1 — M2) M2



D.2 Resonance estimate
Reconstructing an approximation of a more complete theory (RxT)

Gf}fT(s,t,u) = XPT(S t,u) + AGE ,(s,t,u)

Result:
1.'Resummed’ xPT bare expansion

Ghare(s, t,u) = Gpoi(s, t,0) + Gunit(s,t,u) + AGR(s, t,u) + Ag

Ren.scale independent - no need to fix a saturation scale

2. Resonances

AGa(s.tu) = =5 —?\Z@)Mg (s — M2 — M2) + 260m2)? + (5 — u)
+3(t — ?\%)MQ (ca(t — 2M2) + 2¢,,m2) (ca(t — 2M2) + 2¢,,(2m2 — m2))
(- J‘Z"’)Mé (Ca(t = 2M7) + 2emmz) (Ca(t — 2M7) + 2¢mmy)
O (3 )

+(M7$1 — M2) M2

To all orders - resonance poles explicitly present




D.3 The GyPT estimate
The resonance estimate only deals with the derivative part of the series

— the expansion in terms of quark masses is not estimated
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— the ones suspected to upset the expansion



D.3 The GyPT estimate
The resonance estimate only deals with the derivative part of the series

— the expansion in terms of quark masses is not estimated

The Generalized YPT Lagrangian uses an alternative power counting

— Standard O(p°®) and O(p®) terms are present at NLO
— the ones suspected to upset the expansion

Matching the bare expansions from both versions of power counting

Gbare(s’ t, U) — Gpol(57 t, U’) + gun@'t(S, t U) + Ag

bare — GxPT GxPT GxPT
G (S,t,U)—G 4 (Satau)_l_g . (37t7u)+AgX

pol unit

Ag =[G (s,t,u) = Gpa(s, t,w)] + (G, (5,8,1) — Gunir(s, t,w)] + AGT



D.3 The GyPT estimate
The resonance estimate only deals with the derivative part of the series

— the expansion in terms of quark masses is not estimated

The Generalized YPT Lagrangian uses an alternative power counting

— Standard O(p°®) and O(p®) terms are present at NLO
— the ones suspected to upset the expansion

Matching the bare expansions from both versions of power counting

Gbare(s’ t, U) — Gpol(57 t, u) + gun@'t(S, t U) + Ag

bare — GxPT GxPT GxPT
G (S,t,U)—G 4 (Satau)_l_g . (37t7u)+AgX

pol unit

Ag =[G (s,t,u) = Gpa(s, t,w)] + (G, (5,8,1) — Gunir(s, t,w)] + AGT

Sewing the resonance and the GxPT remainder estimates:

16d2, M?
M3,

1657271m72rm2t 16c2 m2
AG%XPT = AGp — e L 3]\724 ”(miMi—I—m%Mf—m%t)— mﬁ(m%—m%)
S1 S




D.3 The GyPT estimate

Illustrative example - polynomial parameter 3:
Gbare(s t,bu) = a4+ Bt+~4t° + w(s —u)? 4 Gunit(s, t,u) + Ag

3
12872

m2
g =2(M;+ M2)| 5(In uK +1) —8(Li(w) + L 5(u)] + 8(m; + m2) Ly (1)

2
2(|n +1 m2(in 2% 4 1) —

— 2|n K 1)+ A
3272 4872 12 o6n2 " t 1+ 4




D.3 The GyPT estimate

Illustrative example - polynomial parameter 3:

Gbare(s t,u) = a4+ Bt + 42+ w(s — uw)? 4+ Gunit(s, t,u) + Ag

3 2
5=2<M3+M5>[1287T (Ir ”;K+1>—8<L’“<m+ SL5G0)] + 8(m? +m2) L ()
_ 2 210 M o K
352 ™ (In mz(In 2 +1) o2 (In + 1) + Ap

8
Ny = A5 + 5[(05 + D%)(2r 4+ 1) + 2Ba(r? + 2)]

+% (2 4 4m2(3A0 — 4(r — 1) 28 + 2(2r + 1) 25) — 2Boin] J7.(0)

3 . ~ . 1. B 8 _
- [2m2 — 8m*(r — 1) (Ao + 22{") — 4Boin| JKK(O)—|—§[6(m%—M§—I—m72T—M£)—gm%{

+§(r+1)m2(3Ao(r+3)+4Z§(r+5)+2(r—1)25)—gBOm(2r+5)+6M§+6M3]J;;K(O)

mp are Generalized LO masses



D.4 Remainder estimates - numerical results
Remainders neglected - parameter range X~0-1, Z~0.5-0.9, fixed r=25

3/F2M?a at r=25 1/M2103%3 at r=25

10 20
81 15 |
6 | \\\\\\
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4 ’\\\ ] \\\\\\\\
'\ 5 \\\\\\ \\§
2L B — g
___________ \\ _
\\\\~\ \
0 =< 0
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
X X
polynomial parameter « polynomial parameter g
solid: Z =10.9
dashed: Z =10.5
grey: parameter range X ~0-1, Z ~0.5-0.9

Free parameters of the theory: X, Z, r



D.4 Remainder estimates - numerical results

Remainder estimate - 10% uncertainty

10

3/F.’M2a at r=25

polynomial parameter «

solid:
dashed:

20

15}

1 \\\\‘l\\‘\ T

| 0 ! \T\\\ +
| : e
0.8 1 0.2 0.4 0.6 0.8
X
polynomial parameter g

Z =0.9
Z =0.5

1/M2103%3 at r=25

Err.bars:
grey:

10% uncertainty estimate
parameter range X ~0-1, Z ~0.5-0.9

Small reminders might generate significant uncertainty



D.4 Remainder estimates - numerical results

Remainder estimate - resonances

3/F.°M?a at r=25

1/M21033 at r=25

10 20

8 15 |

6 [ 4=
10 |

2 _““T::::::F ::: 1f ——————— —— S=ss
0 ; ] - J\\ . 0 : %\
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polynomial parameter « polynomial parameter g
solid: Z =0.9
dashed: Z = 0.5
Err.bars: 10% uncertainty estimate
grey: resonance remainder estimate

Compatible with 10% remainder magnitude assumption



D.4 Remainder estimates - numerical results

Remainder estimate - GyPT and resonances combined

3/F,2M.2a at r=25

1/M210%3 at r=25

10 20
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grey: resonance+GxPT remainder estimate, scale dependence u~M,-M,

«. compatible, 3. borderline



E. Stability of the chiral series and
the Standard approach to NLO



E.1 Standard approach to NLO

Standard reparametrization - inverted expansions for LO LEC's:

F§ = F2(1 4 4pr + 2ug) — 8M2(L(2 + r) + LE)

- 1 8M7? T T T T
2Bor = MZ(1 = pm + Sy — —5-(2(L5 + 2+ 1) LE) — (L5 + (2 + 1) L5))
2M? 3M? 1
r = K_1 or r= T_ =
M?2 2M2 2

s

Next-to-leading order LEC’s:

Results:
Li || a/a®? | 1038/M?2 | coo/c5g' | 103c10 | ao/a§? | 10%ay
1.68 0.90 1.06 0.91 1.96 0.59
1.91 -0.68 1.51 -0.67 1.18 -0.60
A 2.48 7.49 2.49 7.49 3.21 2.80

Strong sensitivity to LEC fit — suggests large higher order corrections



E.2 Stability of the chiral series - nm scattering

Parameter range X~0-1, Z~0.5-0.9, fixed r=25; 10% remainder estimate

3/F.°M2a at r=25
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3F,T2/M(2 Coo at r=25
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subthreshold parameter cgg

parameter range X ~0-1, Z ~0.5-0.9
10% uncertainty estimate

sensitivity to X and Z, the uncertainty generated by small remainders



E.2 Stability of the chiral series - nm scattering

Comparison with Standard LO value

3/F.2M.2a at r=25

3F.2/MZ2cop at r=25

subthreshold parameter coo
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dashed: Z = 0.5
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Err.bars: 10% uncertainty estimate
hor.dashed LO value

Watch out for:

the ratio of LO the to the possible complete result depending on X and Z



E.2 Stability of the chiral series - nm scattering

Comparison with Standard NLO value

3/F.2M2a at r=25
10 ‘ ‘
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polynomial parameter «

solid:
dashed:
grey:
Err.bars:
hor.dashed

Watch out for:

10% uncertainty estimate
Standard NLO value
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how sufficient is Standard NLO result depending on X and Z



E.2 Stability of the chiral series - nm scattering

Restoration of the Standard value from RyPT at the point X%¢, Zstd pstd

3/F.°M2a at r=25

3F,2/M2cqo at r=25

subthreshold parameter cgg
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X
polynomial parameter «
solid: Z =0.9
dashed: Z = 0.5
grey: parameter range X ~0-1, Z ~0.5-0.9
Err.bars: 10% uncertainty estimate
hor.dashed Standard NLO value
point Standard reference point X54=0.9, Z5t4=0.87, rst¢=25

Watch out for:

whether RxPT correctly restores the Standard value, ‘good’ vs.‘bad’ observable



E.2 Stability of the chiral series - nm scattering
Dependence on r - shift of the range at r=15

3/F.2M2 o at r=15 3F,2/M.2cgo at r=15
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Err.bars: 10% uncertainty estimate
hor.dashed Standard NLO value

Watch out for:

if there is a change with small r



E.2 Stability of the chiral series - nm scattering

Parameter range X~0-1, Z~0.5-0.9, fixed »r=25; 10% remainder estimate

1/M,21033 at r=25

F.*/M?2103c1o at r=25
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grey: parameter range X ~0-1, Z ~0.5-0.9
Err.bars: 10% uncertainty estimate

Watch out for:

sensitivity to X and Z, the uncertainty generated by small remainders



E.2 Stability of the chiral series - nm scattering

Comparison with Standard NLO value

1/M21033 at r=25

F.*/M?210%c1o at r=25
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how sufficient is Standard NLO result depending on X and Z



E.2 Stability of the chiral series - nm scattering
Restoration of the Standard value from RyPT at the point X%¢, Zstd pstd

1/M210%3 at r=25 F.*/M?2103%c1o at r=25
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Watch out for:

whether RxPT correctly restores the Standard value, ‘good’ vs.‘bad’ observable



E.2 Stability of the chiral series - nm scattering

Dependence on r - shift of the range at r=15
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dashed: Z = 0.5
grey: parameter range X ~0-1, Z ~0.5-0.9
Err.bars: 10% uncertainty estimate
hor.dashed Standard NLO value

Watch out for:

if there is a change with small r



F. Summary

e N’ — n=w° scattering appears to be sensitive to effects considered by
‘Resummed’ xYPT. Unfortunately no low energy data is available.

e \We have studied the various possibilities of the definition of the bare
expansion and have shown that the differences might be significant.

e \We have estimated the remainders in several ways, namely incorporated
resonances and used the GxyPT Lagrangian in order to get a sense of
the magnitude of the remainders



F. Summary

e N’ — n=n' scattering appears to be sensitive to effects considered by
‘Resummed’ xPT. Unfortunately no low energy data is available.

e \We have studied the various possibilities of the definition of the bare
expansion and have shown that the differences might be significant.

e \We have estimated the remainders in several ways, namely incorporated
resonances and used the GxyPT Lagrangian in order to get a sense of
the magnitude of the remainders



F. Summary

e N’ — n=w° scattering appears to be sensitive to effects considered by
‘Resummed’ xYPT. Unfortunately no low energy data is available.

e \We have studied the various possibilities of the definition of the bare
expansion and have shown that the differences might be significant.

e \We have estimated the remainders in several ways, namely incorporated
resonances and used the GxyPT Lagrangian in order to get a sense of
the magnitude of the remainders



F. Summary

e N’ — n=w° scattering appears to be sensitive to effects considered by
‘Resummed’ xYPT. Unfortunately no low energy data is available.

e \We have studied the various possibilities of the definition of the bare
expansion and have shown that the differences might be significant.

e \We have estimated the remainders in several ways, nhamely incorporated
resonances and used the GyPT Lagrangian in order to get a sense of
the magnitude of the remainders



F. Summary

e N’ — n=w° scattering appears to be sensitive to effects considered by
‘Resummed’ xYPT. Unfortunately no low energy data is available.

e \We have studied the various possibilities of the definition of the bare
expansion and have shown that the differences might be significant.

e \We have estimated the remainders in several ways, namely incorporated
resonances and used the GxyPT Lagrangian in order to get a sense of
the magnitude of the remainders

Thank you for your attention!



