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Matching Lattice QCD with xPT...

In a finite volume there are two regimes:
e p-regime (mgXV > 1, LA, > 1)

L

o xPT predicts L,my scaling

—M— .
® mq scaling relevant

VANV NV o finite size scaling ~ e~tM=
e up to 12 LECs at NLO

e eregime (mgXV S 1, LA, > 1) [Gasser & Leutwyler 1987]
o xPT predicts L,mq, v scaling
{ e } (v is the topological sector)

/\ e [, v scaling relevant
® my scaling is usually less
relevant

e only F.and ¥ at NLO




Why consider the mixed regime?

It is necessary to consider the mixed regime: ie. some quarks in
the p and some in the e-regime, in the following situations:

@ Split the s and u/d quarks in full theory computations:
msxV >1 my ¥V S1

® Split of valence and sea quarks in Partially Quenched
simulations with mixed actions [Baer, Rupak, Shoresh]:

Msea 2V > 1 Myalence >V 5 1



@ The e-regime

@ Setup of mixed regime in full theory

© Example: Left Current Correlators in mixed regime
O PQx PT

@ Mixed regime for PQ xYPT

@ Current correlators in mixed regime PQ



The e-regime

The Zero Mode contribution to the propagator (1/M?2V) explodes
as we lower masses keeping the volume fixed...

When mg ~ p* ~ L%
e |-loop diagrams with zero modes circulating are not
suppressed ((mgV)~' ~ 1)
e |-loop diagrams with non zero modes circulating are
suppressed ((V/L2)~! ~ L=2)
Solution: factorize zero modes U = er¥
e integrate Uy over all SU(Nf)
o [ dx*(x)=0
[Gasser & Leutwyler 1987, Hansen 1990]



Non Perturbative integration

One has to consider integrals like (U = er_%):

(F(U)) = / dUp F(U) exp <ZV"[&~ MU+ UTM])
SU(N) 2
Or fixing topology:

(F(U)), = /U(N) dU F(U)(det U)” exp (szTr MU+ UTMD

The solution for f(U) = 1 is known in term of Bessel function .
More general f(U) are obtained from its functional derivatives.
[Brower et al 1982, Leutwyler & Smilga 1992, Jackson et al. 1996]



Setup mixed

Set up of mixed regime 1

Start from:

0 ms
~— =~
N, Ns

Then calculating the propagator one sees that some pions are light
(ML ~ 1) and some others are heavy (ML > 1). It turns out that
only the SU(N,) generators correspond to light pions.

my + mb) M\gv ~ L M\gs ~ Ms25 ~ L2

>
M3, = E(



Setup mixed

Set up of mixed regime 2

The parametrization is defined by:

U O 2i¢
U:( 00 ld)eF Uo € SU(N,)

/ d*Tr[T?%(x)]=0 T2 € SU(N,)
This affects the propagator and the measure through the nontrivial

Jacobian J(¢):
dp = dNHaarng(g)



Full Theory Results

| will analyze the results for the left current correlator. External
particles will be restricted to correspond to SU(N,) generators.



Full Theory Results

Left currents correlator in mixed-regime

The result coincides with the e-regime one for N, quarks with a
renormalized F up to finite-size effects [F. B. & P. Hernandez 2007]:

FPlo N B ok 2T ML
€00 = g7 |1~ o (- o+ T80 ) 4 2 ()] + O

= Fﬂl,%(coo(o,“fs)fsw;)} o) = g (THU+ UL

Where i1y, = XVm,. This is in agreement with the Decoupling
Theorem:[Appelquist & Carazzone 1975]. Since M,,, I« Mss the
s-quarks decouple leaving their inprint only in the dependence of
the LECs on the heavy mass scale .



Q & PQ xPT

[Sharpe, Bernard & Goltermann 1990]

@ SUSY method to quench quarks (add quarks of opposite
statistics):

det(y, D, + ms)]"s[det(y,. D, + m, + D™ _
ZE[J] = /[dAu][ (FYM a [dEt()’]Yu[Du _’(_ ;Tt‘lv)liNV )] e S¢lAul

o Perturbative xPT: SU(Ns + N,) — SU(Ns + N,|N,)
e NP integrations of e-regime over Riemannian maximal
submanifold of GI(Ns + N,|N,).
[Zirnbauer, Damgaard et al 1998]
® Replica Method: limy, oM 5 log Ze[J]
e Based on: Contributions coming from internal quark loops oc N

e Shown to be equivalent to SUSY to all orders in perturbation
theory [Splittorff & Damgaard 1992]



ms dependence of My, o and F in p-regime (PQ versus
Full)

¥ ¥
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e Full lines: full theory with ms = m, and N+ N, = 2. L; are
taken equal to typical values from [Gasser & Leutwyler 1984].

e Dashed lines: PQ theory with Ns = 2. Note the linear
dependence on mg of the pion squared mass.



What happens in the artially uenched theory?
(Summary)

e in the p and e-regimes it is possible to take the limit N, — 0
as long as N # 0

e in the mixed regime the limit N, — 0 is singular even if
Ns #0



What is the problem of PQ in the mixed regime

The pion 7 is the one associated to the generator:

NNg . 1 11 1
Ty =\lmr—~diagl{—. s =~
v\ 2w N ey T )

N, Ns
~L2 ~L4
N
N, M2 +N; M
e It has an N, dependent mass: I\/I% = 55; =

o In the PQ theory (N, = 0), M2 ~ MZ, and is therefore a light
field = his zero modes must be treated non perturbatively



Analogies with 7’ problem in Quenched theory

The 7 is a singlet of SU(N,) and plays effectively the role of the r/
in the quenched theory: the mixed PQ chiral theory can be
matched onto a quenched effective theory as ms — oo with:

M2,
fieldstrength .\
« 1 m3 M2
_ 0 _ ss
2N, N, 2Nc ~ Ns

In contrast with the real 77’ in the fully quenched case, there are no
new low-energy couplings!



Mixed PQ

Set up of mixed regime for PQ yPT

The solution is to factorize the zero modes of the n:
W U 0 2ig
U= ( evre =, >e’F Up € SU(N,)
0 e 'Ns
/ d*Tr[Te(x)] =0 T2 € SU(N,)UT,
This affects the propagator and the measure through the nontrivial

Jacobian J(§)pq:
d:u’ = d:u'Haarng(é)PQ



Mixed PQ

Is there a problem with the n NP integration?

It is found that the perturbative and the NP modes couple through
the mass term. However we have shown that they decouple at
NLO and at fixed topological sector.

Let us absorb these parameters like that:
m 0 _ i
M= < Y 0 > Uo = Upetiv

All this must be substituted in the £, and...



Mixed PQ

Z,, in mixed regime for PQ at NLO

=/d§/d0 i geos )M5+A(f>>/ dUp. ..
)

Al&) = -M2 /d4xTr (P21 +0() 0=0-n

Since 15 ~ L2 configurations with large 6 are suppressed and @
can be treated perturbatively:

0~ L1



Mixed PQ

factorization of zero modes

The saddle point approximation leads to the factorization of zero
and nonzero modes at NLO:

z ~ G / de J(€)poe ! T (TouEWOLE]ME TP

/ d U det(Ds)” e =V 7Py (MOo+0 M) <1 A(f) + B, T )>
U(Ny)

In the case of the left current correlator, these changes are
irrelevant (the PQ result is just the N, — 0 limit of the full one).



Examples PQ

e There are changes in correlation functions receiving the
contribution of the 1 zero modes

e In the € or mixed regimes "disconnected in " graphs may not
exponentiate due to the NP integration

U dependent operators U dependent vertex

0

e So easy examples are the vector, the axial, the scalar, the
pseudoscalar correlator where graphs as above contribute
renormalizing X



Examples PQ

Vector and Axial correlators in mixed regime

only in V_

F2 N, / B k Aoy () T2
Vi (x0) = T+ ( L 70 £ 72 0057.0) +%2(")7h1(x7°) +O(e~Msl)

0 1 N, dJ,,(/IV) ) 1 - 2
- 1 :t N\/ Ov v ~ Yv v) N\/ ~
T =1F gt g | T M R+ o)~ My

® The result coincides with the e-regime one [Damgaard et al 2002] for N,
quarks with a renormalized F and up to FS effects of order ~ e~ Mst

® What changes between PQ and full theory parametrizations is the
condensate at NLO X (i, = Vm,)

® | recall that taking the limit N, — 0 in o, is not trivial. [Zirnbauer 1998].
However 79 — 1 +£1if N, — 0.



Examples PQ

Condensate at NLO in PQ and full theory

In the full theory we get:

1 — M? — N 2
i = 1-=|N, ; Ns i —= ) — E(0;0, ®  _16LsNMZ
I /L( F2 [ Gv(o 0)+ Gy (0 5 ) (000)+N3VM525 6Lg :|)

In the PQ theory we get:

2
fipg = 1 (1 — % [NVEV (0;0) 4+ NsGy (0; /\/21) — Epg(0;0,0) — 16L6N5M525}>

The difference is the contribution coming from the zero mode of
the 7.



Examples PQ

ms dependence of Mpy;o in mixed regime

Also in the mixed regime M,ZVLO depends linearly on ms in the PQ
approximation:

Miito-pq 1 16 M 1 L
PRl ST [ | > — (In— =
Mo telTne T P\ @

+16LoNo M2, — BLo M. )

M2, 1 18 N N, M2 ) )
TNLO gy o (P G (o; + M2 — 8Ly M2
Mo TE\U"nEe w\% N 16L5A. 8La




Examples PQ

Conclusions

We have studied xPT in a finite volume for non-degenerate masses
such that N, are in the e-regime and Ns in the p-regime

e Full theory results match the € regime ones for N, quarks with
effective low-energy couplings that depend on the heavier
scale set by the Ns heavier quark masses (up to exponentially
suppressed finite-size effects)

e The PQ theory, when all the light quarks are quenched,
requires a different parametrization, because the 1 zero modes
become non-perturbative

e The PQ results match the e-regime ones for the quenched
theory with effective low-energy couplings that depend on the
mass and number of the quarks in the p-regime (up to
exponentially suppressed finite-size effects)



Examples PQ

Outlook

e Apply the results to analyze PQ correlation functions from
lattice simulations with mixed actions (overlap on the valence
and Wilson on the sea)

e Include discretization effects if necessary



Examples PQ

Many thanks for your attention!



Examples PQ

Z,, in mixed regime for PQ at NLO

Z,,:/dg J(g)PQe—fd4XTr[6M€(x)8H§(x)]/dé N ecos(,\,%)(usﬂ(g))

X / dTp det(Tp)” e F 7 [P (M Do+ Tf M) | (e.0o)
U(NV)

A(€) = stzs/d“xTr [Ps§2] +O@) G=60-n B TU)~ L2

Since jus ~ L2 configurations with large @ are suppressed and 6
can be treated perturbatively:

o~ L1t
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