
Light and Shadow amongst QCD and QED  
Montpellier — 16/17 November 2016

Lattice calculations of the 
leading hadronic 
contribution to the muon g-2

Andreas Jüttner



Magnetic moment of the muon
photon interacting with a static magnetic field

μ
Experiment: BNL E821
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Magnetic moment of the muon
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Theory:



Magnetic moment of the muon

↯

central value x 1010 uncertainty x 1010

QED 11658471.895 0.008
EW 15.4 0.1

QCD LO 692.3 4.2
QCD NLO -9.84 0.06

QCD NNLO 1.24 0.01
QCD LbL 10.5 2.6

SM TOTAL 11659181.5 4.9
Experiment 11659209.1 6.3

PDG

BSM contributions can be sizeable:
• new heavy states?
• extra dimensions?
• super symmetry?
• statistical fluctuation?

�aµ / m2
µ/M

2

Tremendous success of Quantum Field Theory!!!



Magnetic moment of the muon
New experiments:
• Fermilab E989, early 2017, 0.14ppm
• J-PARC E34 later, aims for 0.3-0.4ppm,  

eventually 0.1ppm

Fermilab 1.6                                  
J-PARC 4.3 (later ~1)

SM TOTAL 11659181.5 4.9

Experiment 11659209.1 6.3

More precise theory prediction for hadronic contributions needed!
Aim at ~1%(10%) precision for QCD LO(LbL)



Hadronic Contributions
LO HVP NLO HVP NNLO HVP HLbL



Hadronic Vacuum Polarisation
• Currently no Standard Model prediction 

Lautrup, Peterman, Rafael Nuovo Cim. A1 (1971) 238-242 
Blum PRL.91.052001 

where Q Euclidean momentaaLOHAD
µ = 4↵2
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Theory determination:

Determination from experiment:
• instead analysis of e+e- → hadrons  

cross-section

36 F. Jegerlehner, A. Nyffeler / Physics Reports 477 (2009) 1–110

Fig. 22. Experimental results for Rhad
� (s) in the range 1 GeV < E = p

s < 13 GeV, obtained at the various e+e� storage rings. The perturbative
quark–antiquark production cross-section is also displayed (pQCD). Parameters: ↵s(MZ ) = 0.118 ± 0.003, Mc = 1.6 ± 0.15 GeV, Mb = 4.75 ± 0.2 GeV
and the MS scale varied in the range µ 2 (

p
s/2, 2

p
s).

Fig. 23. The distribution of contributions (left) and errors (right) in % for a(4)
µ (vap, had) from different energy regions. The error of a contribution i shown

is �2
itot/

P

i �
2
itot in %. The total error combines statistical and systematic errors in quadrature.

Table 4
Some recent evaluations of a(4)

µ (vap, had).

a(4)
µ (vap, had) ⇥ 1010 Data Reference a(4)

µ (vap, had) ⇥ 1010 Data References

696.3[7.2] e+e� [178] 693.5[5.9] e+e� [183]
711.0[5.8] e+e� + ⌧ [178] 701.8[5.8] e+e� + ⌧ [183]
694.8[8.6] e+e� [179] 690.9[4.4] e+e�⇤⇤ [184]
684.6[6.4] e+e� TH [180] 689.4[4.6] e+e�⇤⇤ [185]
699.6[8.9] e+e� [181] 692.1[5.6] e+e�⇤⇤ [161]
692.4[6.4] e+e� [182] 690.3[5.3] e+e�⇤⇤ [175]

sum rule methods, low energy effective methods [177]. The last four (⇤⇤) results include the recent data from SND, CMD-2,
and BaBar. The last update also includes the most recent data from BaBar [174] and KLOE [171].

There have been many independent evaluations of a(4)
µ (vap, had) in the past15 and some of the more recent ones are

listed in Table 4. Fig. 24 gives a fairly complete history of the evaluations based on e+e�-data.

15 The method how to calculate hadronic vacuum polarization effects in terms of hadronic cross-sections was developed a long time ago by Cabibbo and
Gatto [72]. First estimations were performed in [73–76,186–189]. As cross-section measurements made further progress much more precise estimates
became possible in the mid 80’s [79–81]. A more detailed analysis based on a complete up-to-date collection of data followed about 10 years later [83].
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LO HVP

Computing Пμν(Q2) is a text book exercise in principle — but %-level precision for  
aμ is very hard

• Status of Lattice QCD
• Major difficulties in computing aμ 

1. Computing aμ 
2. Finite volume effects (FVE)
3. Statistical noise from MCMC 
4. Isospin breaking effects

In the following:

1. Simulation:      compute
2. Data analysis:  determine П(Q2) and integrate over Q2

⇧
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4
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(x)J
⌫
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State of the art of lattice QCD simulations
What we can do
• simulations of QCD with dynamical (sea)  

u,d,s,c quarks with masses 
as found in nature

• bottom only as valence quark
• cut-off 
• volume

Nf = 2, 2 + 1, 2 + 1 + 1

a�1  4GeV
L  6fm

action density of RBC/UKQCD physical point DWF ensemble
Parameter tuning
start from educated guesses and compute

• tune light quark mass aml such that  

• tune strange quark mass such that  

• determine physical lattice spacing 

am⇡

amP
=

mPDG
⇡

mPDG
P

am⇡

amK
=

mPDG
⇡

mPDG
K

a =
af⇡

fPDG
⇡

IMPORTANT: 
once the QCD-parameters  
are tuned no further 
parameters need to be fixed  
and we can make fully 
predictive simulations of 
QCD



benchmark - the hadron spectrum

Kronfeld, Ann. Rev. of Nucl. Part. Sci 2012 62
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HVP tensor on the lattice

• For most lattice actions there exists an easily implemented conserved vector  
current such that �⇤

µhJcons

µ Oi = h�Oi

• There is also a third choice —  
use only local (not conserved) currents to construct Пμν — there will be a  
contact terms when x→0 which needs to be dealt with — see later
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• There are now two possible choices:
•                    — this choice leads to a contact term
•                     →                                    (local current needs to be renormalised — easy) 
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hjconsµ jloc⌫ i• Пμν(Q) from                   is automatically transverse up to cutoff effects  
which we remove by applying longitudinal projection resulting in (pi = 0) 



HVP - Wick contractions

It is useful to break computation up into components:
individual Wick contractions and Flavour contributions have their independent  
continuum and finite volume limit AJ, Della Morte arXiv:0910.3755, JHEP11(2010)154 

allows to fine-tune simulation strategies/precision per contraction/flavour
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by far dominant part

small correction

Break up by Wick contraction
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Jμ either local or (lattice) conserved

http://arxiv.org/abs/arXiv:0910.3755
http://dx.doi.org/10.1007/JHEP11(2010)154


HVP - Wick contractions
Analytical considerations for Wick contractions:
• Disconnected contribution zero in SU(3) limit

• PQChPT NLO:
⇧disc

µ⌫ (Q)

⇧conn

µ⌫ (Q)
= � 1

10
AJ, Della Morte JHEP11(2010)154 

confirmed at NNLO
Bijnens, Relefors arXiv:1609.01573

Ignores ρ contribution to VP. ππ contribution estimated to be ~10% (model),  
would reduce to -1/10*0.1 = 1% effect HPQCD  PhysRevD.93.074509 (2016) 

→ Can be more relaxed about precision goal for disconnected contribution

Break up by flavour

Connected up/down — strange — charm contributions
                       90%                  8%                       2%
• Unfortunately high precision easier for heavy flavour contribs
• Disconnected contributions mix flavour at source and sink

http://dx.doi.org/10.1007/JHEP11(2010)154
http://arxiv.org/abs/arXiv:1609.01573
http://dx.doi.org/10.1103/PhysRevD.93.074509


From the HVP to aμ 

There are essentially three different ways for extracting aμ:
• Traditional analysis — fits to HVP

• fit ansätze studied in detail 
• low-Q2 problem
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The Hybrid Method

Motivation

Systematic error of the parametrisation at low-q̂2 grows with cut.

Perturbation theory only valid at high-q̂2.

How are these reconciled? [Golterman, Maltman and Peris, 2014]

Variations

Parametrisations

q̂

2 cuts

Techniques to constrain
parametrisation (fits,
moments)

Numerical integration
method

Spraggs RBC/UKQCD Lattice 2016

Aubin et al. PhysRevD.86.054509 

HPQCD PhysRevD.89.114501
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• Time moments
• zero momentum projected correlator:

Feng et al. PhysRevD.88.034505, Bernecker, Meyer epja/i2011-11148-6 , Portelli, Del Debbio in preparation

Portelli • Sine Cardinal interpolation — use Fourier transform with  
continuous momenta  

http://dx.doi.org/10.1103/PhysRevD.86.054509


Finite Volume Effects

2.5fm

3.3fm

5.0fm8.3fm

mπ~300MeV

BMW arXiv:1502.02172 

BMW’s finite volume scaling study for a!

http://arxiv.org/abs/arXiv:1502.02172


Finite Volume Effects in ChPT
Aubin et al. PhysRevD.93.054508 

• In finite volume with L≠T, rotation group broken down to group of cubic rotations
• Finite volume effects in ChPT as per irreducible representation (                                )

⇧µ⌫(Q) = ⇧µ⌫(Q)�⇧µ⌫(0)

Results:
•Пμν(0) ≠ 0 in finite volume (known before) — but subtracted VP tensor  
 
by an order of magnitude closer  
to infinite-volume points 
• confirms previous BMW study
• further benefit: Пμν(0)  and Пμν(Q2) highly  

correlated in MCMC data, subtracting zero  
significantly reduces stat. error

BMW arXiv:1502.02172 

Пμν(0) subtraction 
“zero mode subtraction” →
huge reduction of stat error

A1, A
44
1 , T1, T2, E

• even for mπL > 4 FSE can be of order 10%  

• Conservative estimate of finite volume errors:  
infinite volume result lies between result for two different irreps (             )A1, A

44
1

http://dx.doi.org/10.1103/PhysRevD.93.054508


Finite Volume Effects

BMW arXiv:1502.02172 

unsubtracted VP tensor

⇧µ⌫(Q) = ⇧µ⌫(Q)�⇧µ⌫(0)

tremendous reduction of FSE

data confirms small FVE for subtracted VP tensor

http://arxiv.org/abs/arXiv:1502.02172


Finite Volume Effects
Does ChPT agree with data?
ChPT only properly describes 2π contribution to FVE (not the ρ resonance contrib.)
→ consider differences of finite volume effects, e.g. different irreps: A1-A144  

       (differences of finite volume effects will be dominated by 2π effects)

Aubin et al. PhysRevD.93.054508 

Summary finite volume effects:
• good agreement between eff.  

theory and lattice data for  
differences of FVE

• can define estimate of FVE
• hope is that ChPT can be used  

to control FVE at 1% level but  
further testing necessary

http://dx.doi.org/10.1103/PhysRevD.93.054508


Signal-To-Noise

• Correlation function easy to compute  
but signal-to-noise deteriorates for small momenta.  
This is expected due to the understood exponential  
deterioration of the signal-to-noise ratio at  
large distance in the vector correlator
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Hartmut	Wittig Hadronic	contributions	to	(g–2)

Hybrid	Method	versus	Time	Moments
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Construct	Padé	approximants	either	from	fits	or	6me	moments
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[Hanno	HORCH,	TUE	14:40]

Mainz

Hadronic	contributions	to	(g–2)Hartmut	Wittig

Low-momentum	region:	Twisted	BCs

9

m⇡ = 190MeV

Model-independent	fits	compromised	when	applied	to	Q2	≫	mμ2

Determina6on	of	Π(0)	may	be	biased	by	more	accurate	data	at	large	Q2	
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• This is really bad since the Kernel of  
 
 
 
receives dominant contribution from low Q2 region  
 

Mainz



Signal-To-Noise
Example for how we are currently dealing with signal-to-noise issue:
RBC/UKQCD’s computation of quark-disconnected contribution on  
Domain Wall Fermion ensembles with physical sea pions RBC/UKQCD PhysRevLett.116.232002  

andconsider disconnected  
correlator:
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• Mainz group observed: stat. fluctuations of s- and u/d quarks anti-correlated  
→statistical error in difference of s and l quarks cancel Gülpers Lattice 2014  

Hartmut	Wittig Hadronic	contributions	to	(g–2)
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Minimising	stochas=c	noise
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Electromagne6c	current	correlator	with	u,	d,	s	quarks:

G(x0)	splits	into	connected	and	disconnected	parts:

�k� f (x0) ⇠,

�s(t)�`(t), �`(t) � �s(t)
[Gülpers	et	al.,	arXiv:1411.7592]

Hartmut	Wittig Hadronic	contributions	to	(g–2)
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Electromagne6c	current	correlator	with	u,	d,	s	quarks:

G(x0)	splits	into	connected	and	disconnected	parts:

�k� f (x0) ⇠,

�s(t)�`(t), �`(t) � �s(t)
[Gülpers	et	al.,	arXiv:1411.7592]

http://dx.doi.org/10.1103/PhysRevLett.116.232002


Signal-To-Noise

Idea: use G(t) =

⇢
G(t)data, t  tcut

G(t)model, t > tcut

LT =
TX

t=0

w(t)G(t)

Consider partial sum up to  
time-extent T

• Signal-To-Noise issue clearly visible
• G(t) consistent with zero for t ≥ 15
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Bernecker, Meyer epja/i2011-11148-6 

Let’s go to time-momentum representation (           )

aLOHVP
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~Q = 0

http://dx.doi.org/10.1140/epja/i2011-11148-6


Signal-To-Noise
• using isospin and flavour algebra we can write the light-disconnected contribution  

as a correlation function with a continuum and infinite volume limit
hV uu

µ V uu
⌫ i � hV ud

µ V du
⌫ i AJ, Della Morte JHEP11(2010)154 

• not possible for strange contribution but consider instead 
h
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RBC/UKQCD PhysRevLett.116.232002 

c⇢e
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http://dx.doi.org/10.1007/JHEP11(2010)154
http://dx.doi.org/10.1103/PhysRevLett.116.232002


Signal-To-Noise

final result from T=20
aDISC = -9.6(3.3)⨉10-10

Systematics:
• Finite T effects
• Finite volume errors (ππ in ChPT)
• Cutoff effects
• Variations in fit range to C+Cs:

aDISC = -9.6(3.3)(2.3)⨉10-10

This is our result (Nf = 2+1) for physical 
pion mass!!!

• Eρ, E𝜙 from experiment, cρ, c𝜙 from fit
• central value for aDISC from LT

• systematic error due to cut from FTFT (r) =
t
maxX

t=T+1

w(t)
�
cr⇢e

�E⇢t + cr�e
�E�t � Cs(t)

�

strange quark
connected

LT =
TX

t=0

w(t)G(t)



aμ x 1010 HPQCD RBC/UKQCD
light 598(11) work in progress

strange 53.4(6) 52.4(2.1)
charm 14.4(4) work in progress

disconnected 0(9) −9.6(3.3)(2.3)
all 666(6)(12) —

SM OK exp all 720(7) 720(7)

status LO HVP

• strange, charm and bottom 
sufficiently precisely known 

• getting the disconnected  
in full LQCD was a big  
achievement (previously  
considered show stopper)

• first results (HPQCD) indicate tension confirmed
Need to concentrate on:
• stat. error on light contribution
• strong and elm. isospin breaking effects

arXiv:1601.03071 JHEP 1604 (2016) 063 arXiv:1602.01767  
arXiv:1512.09054

aexpµ � aQED

µ � aEW

µ = 720(7)

http://arxiv.org/abs/arXiv:1601.03071
http://arxiv.org/abs/arXiv:1512.09054


Isospin Breaking Effects
• Most current simulations Nf = 2+1(+1) flavour  

mu=md, αEM

• QED effects in HVP expected to be ~1% — needs to be taken seriously

BMW Collaboration 
Science 347 (2015) 1452-1455 
arXiv:1406.4088

�N = (2.52(17)(24)� 1.00(07)(14))MeV
QEDQCD

Cancellation:

• aμ is special — no IR divergences  
 
 
should be doable modulo finite volume effects due to the photon (later)  

Carrasco et al. PRD 91 074506 (2015) arXiv:1502.00257

• L(QED+QCD) has become quite fashionable:
• post/predicting hadron  

spectra/mass splittings
• including QED for matrix elements  

theoretically/technically challenging —  
IR divergences (Bloch-Nordsieck)



Isospin Breaking Effects
Stochastic method Duncan PhysRevLett.76.3894 

• QCD+quenched QED
• generate U(1) gauge configs
• Promote SU(3) gauge links to U(3)  

U

U(3)
µ

(x) = e

iqemAµ(x)
U

SU(3)
µ

(x)

•γ zero-mode subtracted
• Feynman or Coulomb gauge 

The Southampton group is computing isospin breaking effects 
using both techniques (see also Harrison’s and Gülper’s talks at Lattice 2016)

Perturbative method Rome123 PhysRevD.87.114505 

• expand QCD+QED path integral in α, drop sea quark contribution
• expansion -> operator insertions
• O(α):  

• insert Feynman/Coulomb gauge photon propagator

Results free QCD with M5 = 1

October 24, 2016
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Isospin Breaking Effects
preliminary results for the finite volume isospin breaking

perturbative vs. stochastic approach
QED+free QCD

See also RBC/UKQCD’s Vera Gülper and James Harrison 
talks at Lattice 2016

2 setup

32

3 ⇥ 64 lattice

quark mass am = 0.2

40 Z2 noises for stochastic photon vertex

one source position

M5 = 1.0

3 results

3.1 uncharged q = 0

Figure 1: The hvp without charge

3.2 QED correction q = 1/3
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Figure 2: The qed correction to the hvp for quarks with q = �1/3 from the di↵erent diagrams.
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Figure 3: The total qed correction once including the contact terms (purple) and once without the

contact terms (green)

3.3 comparison with James
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Figure 4: The qed correction to the hvp for quarks with q = �1/3 from stochastic and perturbative

method.
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Isospin Breaking Effects
preliminary results for the finite volume isospin breaking

perturbative vs. stochastic approach
QED+free QCD

Tremendous Finite Volume effects — not unexpected but needs to be studied in detail
Figure 11: Comparison of lattice data for the electromagnetic correction to the HVP in free QCD with the O (↵)
analytical expression after subtraction of the analytical disconnected term, following equation (10).

References

[1] K. G. Chetyrkin, Johann H. Kuhn, and M. Steinhauser. Three loop polarization function and O (alpha-s**2)
corrections to the production of heavy quarks. Nucl. Phys., B482:213–240, 1996.
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5.2 Comparison of lattice and analytical HVP

From equation (5), we should find for the HVP at ↵ = 0:
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and for the electromagnetic correction to the HVP:
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Using equation (3), equation (7) can equivalently be written:
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Both sides of equation (6) are plotted in Figure 8. The renormalised lattice HVP on the 323⇥ 64 lattice agrees well
with the analytical expression, but on the 163 ⇥ 32 lattice the agreement is not so good.
Both sides of equation (8) are plotted in Figure 9. For both lattice volumes, the renormalised HVP EM correction
has the opposite sign to the analytical expression.

Figure 8: Comparison of lattice data and analytical expression for the HVP in free QCD with charge-neutral quarks,
following equation (6).
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Isospin Breaking Effects
preliminary results for the finite volume isospin breaking

the strange contributions to the HVP, perturbative vs. stochastic approach
QED+QCD (DWF, 243, 1.7GeV, mπ=330MeV)
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3 results

3.1 QED correction HVP
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Figure 1: The left plots show the QED correction to the HVP form factor (3). Di↵erent colors are
the di↵erent diagrams that contribute. The black squares are the total QED correction.
The plots are from top to bottom: up, down and strange. The right plots show the
respective renormalized HVP (4).
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Isospin Breaking Effects
very preliminary results for the finite volume isospin breaking

the strange contributions to the HVP, perturbative vs. stochastic approach
QED+QCD (DWF, 243, 1.7GeV, mπ=330MeV)

3.2.2 renormalized HVP
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Figure 3: The same as figure 2 for the renormalized HVP (4).
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very preliminary results for the finite volume isospin breaking

the strange contributions to the HVP, perturbative vs. stochastic approach
QED+QCD (DWF, 243, 1.7GeV, mπ=330MeV)
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Figure 3: The same as figure 2 for the renormalized HVP (4).
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Techniques are there,
need to work on stat. error



Results

Hartmut	Wittig Hadronic	contributions	to	(g–2) 43

Summary	on aµ
hvp

a(s) hvp
µ · 1010

a(c) hvp
µ · 1010
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Summary
• The hadronic contributions to the muon g-2 are now a big topic in L(QCD+QED)  

• Physical quark mass simulations have allowed for a real breakthrough in  
reliability  

• Tremendous theoretical/algorithmic /computational progress has been  
made and the prospect of new experimental results keeps the pressure up  

• Most concerned about signal-to-noise (long distance) and finite volume effects  

• New techniques developed with impact on applications beyond g-2  

• 1%(10%)-level precision on LO HVP(LbL) are feasible and we will be able  
to go beyond

• Very exciting times!!!!!!



Merci!
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(gµ � 2)cHLbL~�s0s /
Z

d3r
h
~r ⇥ hµ(s0)| ~J(~r)|µ(s)i

i
• similar to HVP, moment based approach
• perturbative construction including (free) muon propagators

G

µ⌫

(x, y) =
1

V T

�

µ⌫

X

k,|~k| 6=0

e

ik(x�y)

k̂

2

• three Feynman Gauge photon propagators inserted explicitly

x y

• weighted stochastic sampling of x and y position with r=|x-y|

μ

acHLbL
µ = 11.60(96)⇥ 10�10

Preliminary result, connected only,  
further analysis needed

5

where the errors shown are statistical only. These results
are obtained from a single gauge ensemble with an inverse
lattice spacing of a�1 = 1.730(4) and a spatial size of
L = 5.476(12) fm.

Because the integration over r is performed as the last
step when evaluating Eqs. (2) and (7) by summing over
the stochastically-sampled point-pairs, we can study the
contribution to F2 as a function of r as shown in Fig. 6.
From the left plot we can see that most of the connected-
diagram contribution comes from a separation of |r| 6 10
in lattice units, while for the disconnected diagrams, the
signal vanishes more slowly and its large-r behavior is
obscured by the noise. The smaller, large-r contribution
seen for the connected diagrams comes partly from our
use of the weight factor Z in Eq. (2) to shift the contri-
bution toward the short-distance region, a strategy not
possible in the disconnected case.
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Figure 6. Histograms of the contribution to F2 from di↵erent
separations |r|. The ith bin includes contribution from region
where i�1 < |r| 6 i. The sum of all bins gives the final result
for F2. Left: the cHLbL contribution where r = x�y. Right:
the dHLbL contribution where r = z � y.

The disconnected-diagram contribution is quite large
and negative, which may be partly explained by the size
of the ⇡0-pole contriubtions to the disconnected parts of
the amplitude [34, 35].

V. CONCLUSION

We have presented the first lattice calculation of the
connected, hadronic light-by-light contribution to the
muon anomalous magnetic moment at physical pion mass
and the first lattice calculation of the leading discon-
nected hadronic light-by-light contribution, also at phys-
ical pion mass. We find that the disconnected diagrams
contribute negatively and cancel approximately half of
the connected contribution. While the combined result
is much smaller than that of most model calculations,
we expect large finite-volume and finite-lattice-spacing

corrections, both of which were found to increase the
result in our previous calculations using smaller lattice
volumes [26]. Consequently, our lattice QCD result for
the hadronic light-by-light scattering contribution to a

µ

reported in Eq. (12) should not be viewed as inconsistent
with the result of model calculations. However, this lat-
tice result is completely independent from those model
calculations, with unrelated systematic errors. There-
fore the calculation reported here makes it even more
unlikely that the present discrepancy between the exper-
imental result for a

µ

and the prediction of the standard
model might be completely explained by an error in the
estimate of the hadronic light-by-light scattering contri-
bution.

Since the largest finite-volume errors are expected to
arise from the QED part of the calculation, they may be
reduced by performing only the QED part of the calcula-
tion in a larger or possibly infinite volume [36–38]. This
is an extension of the calculation reported here which
should be practical with current computational resources.
The finite-lattice-spacing errors can be removed by per-
forming the same calculation on a 643⇥128 lattice with a
smaller lattice spacing [29], which can then be combined
with the present calculation to extrapolate to vanishing
lattice spacing, a calculation that is now underway.
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Figure 5.1: Leading order diagram, survives in SU(3) limit.
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Figure 5.2: Next to leading order diagrams. O(ms �ml), vanishes in SU(3) limit.

a result, not much e↵ort is needed in order to control the error from the long distance region.

For disconnected diagrams, the signal has to come from a subtle gluon interaction between

the two quark loops, which only emerges after gauge averaging. As a result, although the

signal is still exponentially suppressed when |r| = |x � z| becomes large, the noise remains

constant for arbitrary |r|. Since the formula involves summation over r, one can expect that a

lot of noise will come from the large |r| region, and this noise will become larger if we increase

the volume. However, in terms of evaluating the diagram on the lattice, the independence of

these two loops also provide some benefit. The contraction at y position does not depend on

the position of z, allowing the M2 trick to be applied without recomputing the muon part.
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Work on disconnected diagrams under way:

There is a clear signal for LbL both connected and disconnected contribs,
further work on disconnected, finite volume etc. needed but on track…
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The disconnected-diagram contribution is quite large
and negative, which may be partly explained by the size
of the ⇡0-pole contriubtions to the disconnected parts of
the amplitude [34, 35].

V. CONCLUSION

We have presented the first lattice calculation of the
connected, hadronic light-by-light contribution to the
muon anomalous magnetic moment at physical pion mass
and the first lattice calculation of the leading discon-
nected hadronic light-by-light contribution, also at phys-
ical pion mass. We find that the disconnected diagrams
contribute negatively and cancel approximately half of
the connected contribution. While the combined result
is much smaller than that of most model calculations,
we expect large finite-volume and finite-lattice-spacing

corrections, both of which were found to increase the
result in our previous calculations using smaller lattice
volumes [26]. Consequently, our lattice QCD result for
the hadronic light-by-light scattering contribution to a

µ

reported in Eq. (12) should not be viewed as inconsistent
with the result of model calculations. However, this lat-
tice result is completely independent from those model
calculations, with unrelated systematic errors. There-
fore the calculation reported here makes it even more
unlikely that the present discrepancy between the exper-
imental result for a

µ

and the prediction of the standard
model might be completely explained by an error in the
estimate of the hadronic light-by-light scattering contri-
bution.

Since the largest finite-volume errors are expected to
arise from the QED part of the calculation, they may be
reduced by performing only the QED part of the calcula-
tion in a larger or possibly infinite volume [36–38]. This
is an extension of the calculation reported here which
should be practical with current computational resources.
The finite-lattice-spacing errors can be removed by per-
forming the same calculation on a 643⇥128 lattice with a
smaller lattice spacing [29], which can then be combined
with the present calculation to extrapolate to vanishing
lattice spacing, a calculation that is now underway.
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• First ever physical point results
• preliminary:

• full set of disco missing
• finite volume effects to be estimated
• continuum limit missing

Still a remarkable result: aHLbL
µ = �5.35(1.35)⇥ 10�10

to be compared to: e.g. 11.6(3.9)x10-10  or 10.5(2.6)x10-10,
Jegerlehner, Nyffeler (2009), Prades, de Rafael, Vainstain (2009) and also 1407.4021

with finite volume and continuum limit expected to increase the result

Results make it slightly more unlikely that tension can be explained by
an error in the LBL calculation
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