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Classical scattering angles of electrons and protons in (110) planes
of Si crystal as function of impact parameter and crystal thickness

( )1x U x
E x
¶

= -
¶

&&



Classical rainbow on one atom
Rainbow scattering of e- ’s on one atom
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Deflection function and classical rainbow (e- 50MeV Si (110))
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Deflection function 
of 4 MeV electrons in ultrathin Si (110) crystal planes
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Quantum consideration: Spectral (Operator) Method 
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Schrödinger type equation

Optics (resonant frequencies in waveguides and optical fibers)
M. Feit, J. Fleck et al. J. Comp. Phys. 47 (1982) 412.
Nuclear Physics 
Yu. Bolotin et al. Phys. Lett. A 323 (2004) 218.
Channeling
S. Dabagov et al. NIM B30 (1988) 185 (ε~MeV)
A. Kozlov, N. Shul’ga, et al. Phys. Lett. A374 (2010) 4690 (levels and zone structure)
N. Shul’ga. V. Syshchenko et al. NIM B309 (2010) 153 (levels for dynamical chaos in thick crystals)
S. Shul’ga, N. Shul’ga Phys. Lett. B (2017) 769 (scattering)
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Wave function calculation in Operator Method
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On Zassenhaus formula - D. Scholz, M. Weyrauch, J. Math. Phys. 47 (2006).

( ) ( )0 0
ˆ ˆi i iH U x t H t U x te e e

æ ö
ç ÷
è ø

- + D - D - D
¹h h h

( ) [ ] [ ] [ ]( ) ( )( )
32

1 2 , , , ,, 46

Zassenhaus formu

1

la
D C D C C DC DC D C D Oe e e e e ddd d d d

+é ù é ùë û ë û+ = × +

( )
1 1 2
2 2

2 2

ˆ
, ,

2

i H t B t B tA t i d iA B eU x
E c dx

e e e e- D D DD= = - = -
P

h h
h

3presision up to ~ tD
2 21 1

0 0
Fourier expansion1 N Ni nk i kmN Nn m

k m
e e

N

p p
j j

- - -

= =
-= å å

( )

( )( ) ( )
2

1

2 21 1

0 0

2

2
expexp exp1 N Ni nk i km

N N
m m

k m
i k

N x
iG x t iG t

t t

e e
N

p p
p

z

y

y
- - -

= =

-
D

- D × - D

+ D

ì üé ùï ïæ ö= ×í ýç ÷ê úè øë ûï ïî þ
å å

;

1 4 4 2 4 4 3
1 4 4 4 4 4 4 4 4 4 2 4 4 4 4 4 4 4 4 4 3

( ) ( )
2,

2 2
eU x tG x

E c
z D

º º
P

h
h



9

Calculation of Energy Spectrum of Channeling Radiation 
by the Spectral Method
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What radiation should we get at scattering by ultrathin crystal?
Possible application for study of quantum chaos

Levels of transversal energy 
of 50MeV electrons in Si crystal 
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PH
om
IL ~

PRAE ~1
X ~ 50MeV

5Me

40MeV ~ 50

V ~ 1

0
~100o

obs

bs

obs

ke
keV

V
V

ke
e w
e

w

w

e

h

h
h

[ ]
[ ]

planar scattering ~
axial scattering ~

levels

levels

N MeV

N MeV

e

e

EP

,e^



Plane wave scattering on a thin crystal ( Si (110) 170Å )

p+ 2 MeV

e- 2 MeV
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Scattering of electrons by crystal plane. Quantum case
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Electrons are considered as plane waves
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Convolution over different incidence angles 
corresponding to different electrons of a beam
with divergence beams



Planar scattering of positrons in a thin Si crystal:
changing energy
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Rainbow scattering in the field of
ultrathin Si (110) crystal planes 
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Scattering of protons on a thin crystal ( Si <110> 952Å )
Axial case.  Quantum results VS classical



Dependence on beam divergence
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Dependence on beam divergence
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Dependence on beam divergence
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Planar scattering of 2 MeV protons in a 777A Si (110) crystal:
changing angular tilt

initial beam direction
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Wave function calculation in Spectral Method
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Wave function calculation in Spectral Method
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Multiple rainbows geometrical optics

classical theory
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Supernumerary
rainbows

quantum theory

wave optics
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Summary
• Quantum effects can be observed even at scattering of 
particles as heavy as protons
• Beam diveregence has important impact onto the result of 
scattering  
•Planar orientation is preferable VS axial one for observing 
quantum effects for heavy particles
• Quantum effects reveal themselves depending on the beam 
angular tilt respect to the plane
• Quantum nature has influence onto rainbow scattering
• Possibility of experimental observation
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particles as heavy as protons
• Beam diveregence has important impact onto the result of 
scattering  
•Planar orientation is preferable VS axial one for observing 
quantum effects for heavy particles
• Quantum effects reveal themselves depending on the beam 
angular tilt respect to the plane
• Quantum nature has influence onto rainbow scattering
• Possibility of experimental observation

Merci! Дякую!
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Quantum angular distributions
of electrons in ultrathin Si <100> crystal

electrons 5MeV Si <100> 50-1600Å



Ultrathin, Thin and Thick Crystals

Channeling Channeling

Recent experiments:
V. Guidi et al. Phys. Rev. Lett. (2012) 
M. Mothapothula et al. NIM B283 (2012) 29
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Deflection function 
of MeV protons in ultrathin Si (110) crystal planes



Phenomenon of  Planar Channeling
J.Lindhard (1965)
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Phenomenon of Above Barrier Motion:  A. Akhiezer, N. Shul’ga (1978)
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1D-classical scattering of 4 MeV electrons channeled by
(110) Plane in Si crystal

200L A= 480A 750A 1500A
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Calculation of Energy Spectrum of Channeling Radiation 
by the Spectral Method
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What radiation should we get at scattering by ultrathin crystal?
Possible application for study of quantum chaos

Levels of transversal energy 
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Nous ne pouvons pas afficher cette image pour l’instant.

1D-classical scattering of 4 MeV positrons channeled by
(110) Plane in Si crystal



100 GeV electrons



Scattering of electrons by crystal plane. Quantum case
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Classical and quantum angular distributions
of 4 MeV electrons in ultrathin Si crystal
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Once, at a party in Copenhagen, Dirac suggested a 
theory according to which the face of a woman looks best 
at a certain optimum distance. He argued that at d=∞ it 
is impossible to see the face, and at d=0 it looks 
deformed because of <...> hence there must be a 
distance between these two values at which the face 
looks best (it is unknown whether Dirac's argument is 
valid only for women)...

Classical rainbow on one atom
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H.Kragh. Dirac: A Scientific Biography 1990,
Физики продолжают шутить 1968


