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Frequentist Constraints

Prototype: NP measured in a separate auxiliary experiment
e.g. luminosity measurement

— Build the combined likelihood of the main+auxiliary measurements

Independent

( u, 0 N main data) LauX ( 0 ; AuX. data) mMmeasurements:

mam = just a product

L(n,0;data) = L

Gaussian form often used by default: L., (6;aux. data) = G(6°*;0,0_,,)

? ™ syst

In the combined likelihood, systematic NPs are constrained
— now same as other NPs: all uncertainties statistical in nature

— Offen no clear setup for auxiliary measurements
e.g. theory uncertainties on missing HO terms from scale variations
- Implemented in the same way nevertheless (*pseudo-measurement”)



Likelihood, the full version (binned case)
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Wilks’ Theorem

The likelihood usually has NPs:
* Systematics

 Parameters fitted in data

— What values to use when defining the hypotheses ? — H(S=0, 6="7)

Answer: let the data choose = use the best-fit values (Profiling)

= Profile Likelihood Ratio (PLR)

t, =—2log

_ A 0. bestfit value for u=u, (conditional MLE)
L(M_MO BMO) AMO w—=Wy
) 0 overall best-fit value (unconditional MLE)

L(ji,0

Wilks’ Theorem: PLR also follows a x?! [ (tuo | n= uo) =f Xz(,,dof=1)(tu0)

also with NPs present
— Profiling “builds in” the effect of the NPs

= Can freat the PLR as a function of the POI only



Gaussian Profiling

Measure N(S,0) =S + 0 : ‘
— Main measurementn ~G(@S + 0, ) + L(S,0) =G(n;S+06,0,) G(6";0,0,)

— constraint (aux. meas.) : 8°> ~ G(8, G,)

n—(s+0))* (o> -0l For S = S, matches
Then:  A(S,8) =|—, Gy MLE as it should
MLEs: §=n—g™ Condifional MLE:  §(s)=g" + 20_32(3 _s)
é — eobs 0"+09
A Statistical Systematic
PLR: t,=—2log L(S=AS°;950) Uncertainty Uncertainty
° L(S,6) \, /
. v _ 2 2
=7"(Soé(so))_7"(*§’é)= (Sz0 S)z Os = \/Gn t O
’ o,+ O

Stat uncertainty (on n) and syst (on 8) add in quadrature as expected
6



Effect of Profiling

Systematics sfill affect the result even after profiling their NPs!
e.g. again counting experiment: N(S,8) = S + 6, measure n, constraint on 6~0.

L(S,)
L(5)

1. No NP: N(S) = S ts,=—2log
- §fit: adjust Sto N(S) =S =n

— S=§ fit: 5=, fixed = N(S)) = S,, cannot adjust

= tension between N(S)=5, and n = large t,, = strong exclusion of H(S,)

D>

L(S=S,,
t; =—2log —
2. With NP: N(u,0) =S + © L(S,6

- § fitbdjust N, ) = N(S, 6=0) = n using S only (avoid penalty on 8)
- $=8 fit: S=S, fixed, but B(S,) can still pull N(S,,8(S,)) towards n
= smadaller T, = reduced exclusion of H(S,)

5

j

NG, ly 1O sys*?mq“cs - ~ N©) More freedom
N(S,, GSO)L 5. With systematics | N(§, 6=0) N = Weaker exclusion

n 7



Uncertainty decomposition

All systematics NPs fixed : statistical uncertainty only

exp. syst. NPs fixed : stat+theory uncertainty j
ATLAS

— Total — Theory — Stat
H — yy, m,=125.09 GeV
< 6_ :
c ¢ '
Y 5 o
4l =
3 Subtraction in quadrature
- o _ 2 2
2 L E : 5 Gsyst - Jototal — Gstat
N ‘ + 1o intervals [ 2
1:_ > : Gtheo - Jctotal o Gtheo
:I | | | | | IEI :I | | | | | | | /I | | | | |
0.7 0.8 * 0.9 y 13 y 14

u = 0.99 + 0.12 (stat) = 0.06 (syst) = 0.06 ( theo)



Gaussian Profiling

Gaussian measurement with 1 POl u and 1 NP 6:

0 A) = 1 u—p| —ifun—p C = C, Y0,0
L(”’G",géfg,,_ Pl "2lp—8] ¢ lo-b Y0u0s O
— A(u, B) defines an ellipse: F=cCc'
Mw,0;0,0) = F,,(n—)*+ 2F,o(n—{)(8—8) + Fye(6—6)? _[Fux Fuo
Fue Fgq
3.5¢
Uncertainty on p: 92 2;
* From C, with 0 3
included: O, =
1.5
11— |
0.5F
0F-
0.5
_12_
-1.5_? | | I S | |
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Gaussian Profiling oo o voe

2
.Ycuce Og

A A 'F F

k(u’e:ﬁ"é) — Fuu(u_ﬁ)z*'ZFMB(M_ﬁ)(e_e)"'Fee(e_e)z F= F:: F::

\ Profiled 6 (minimize A at fixed p) :

A A

. . —0—F.F — 0
Profile likelihood ratio: v 6(w) =8 — Foo Fo,(n — 1)
A A )2
)\’<u ’e(u‘)’ﬁ"e> — (Fuu_FuOFB_;FBu (M_a)z — C;llk(u_ﬁ')z — uo-uu
F,, ;e*c;; I 35, : Proof of Wilks” theorem...

Uncertainty on p: ® 3

2.5

2F-

*FromC: O, /b
* FomPLR: O, 15_

0.55—
Profiled 6 crosses ellipse at 0E
vertical tangents by -0.5F-
definifion (L is lower at other & .
points on the tangent) 4B I




Gaussian Profiling

np,0;0,0) =

— For fixed 6 = 8, A(u) defines an i
MIMG:G M é) uu(u_u) —
3.5

Uncertainty on J: 03
2.5

2

*FromC: O, -
* romPLR: O, §
0.5

* From A(u): O, \/1 — y2 0
-0.5

—1

1.5

Fuu(u_a)2+2Fu6(u_a)(e_e)'l'Fee(e_e)z

1 Y
F _ C,—l _ 1 Gi GM 09
-yl ¥y 1
interval: o
u—{
ou\/l—yz
- !
— Ll [ i i
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Gaussian Profiling

Mu,0;0,0) =

Fuu(u—ﬁ)zﬂﬂe(u—ﬁ)(9—9)+Fee(9—9)2

1 Y
— C,—1= 1 2 ()’i 0,00
) 1-y’l_y 1
— For fixed 6 = 6, A(u) defines an interval: 0,0
2
MM:9=9 M 6) uu(u’_u’) — b u >
GM\/I—y
3.5¢
Uncertainty on p: 6 Sé_
2.5
- FromC: O 2E
fom % W Total uncertainty ng...-*
* FromPLR: O, e ~
" From A(W): O, V1 — ¥ - giq uncertainty Syst uncertainty
A ~l i i-'.'
J(\/ ¥ ] )
1— O ol
* (YO, Y

I3!
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Profiling Example: ttH—bb e

o = o] 0

Analysis uses low-S/B categories to constrain backgrounds.

S/B=0.1% S/B = 0.6% S/B = 3.6%

S/\B
S/\B
S/\B

— Reduction in large uncertainties on t bkg 5 ;. -
— Propagates to the high-S/B categories through the mm—l
sfatistical modeling
= Care needed in the propagation (e.g. different 5 - 5
kinematic regimes) 0 : :
> i AR R DR R R R R AR RN AR R AR RERRE RN RARRE RRREE
& - ATLAS Preliminary -e-Data ] - ATLAS Preliminary -¢- Data E
o 10000/~ \s =13 TeV, 13.2fb™ EEH iaht ] F |s=13TeV, 13.2fb" -EH it ] >
B . + 1l T . | ]
T [ Dilepton SR - Dilepton Ctaste | 2
-28000—24152b Mttt +>1b - 24),2b mtt+>1b 4 >
o " Pre-fit it + V. ] - Post-fit mtt+v. 1 9
Ll [ ]Non-tt . s [ JNon-tt 1 Q
6000 /- Uncertainty ] 23 7zUncertainty - CZ)
i ] - =
4000— ] E B
: / 1 4 o
2000~ % ; ] ] 8
- ;;;k;;i _ ) 4 O
o ENEEE o mm oo Sos s S : S S e v e
5 15t g :
QL_ 1 % 027 = o 1 B6» - : _ ) ]
5 05F ©075 3 3
8 % 500 300 400 500 600 700 800 900 1000 & % "200 300 400 500 600 700 800 900 1000

H [GeV] H' [Gev] 13


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-080/

Pull/Impact plots

Systemattics are described by NPs
included in the fit. Nominally:

NP central value = 0 : corresponds o
the pre-fit expectation (usually MC)

NP uncertainty = 1 : since NPs
normalized to the value of the syst. :

N=N,(1+0,,0),0~G(0,1)

syst

Fit results provide information on
impact of the systematic on the result:

If central value # 0: some data
feature absorbbed by nonzero value
= Need investigatfion if large pull

If uncertainty < 1 : systematic is
constrained by the datfa

= Needs checking if this legitimate
or a modeling issue

Impact on result of +10 shiff of NP

ATLAS-CONF-2016-058

Pre-fit impact on p:
90:+A9 90=-A9

Post-fit impact on p:

0,=+AB 6,=-A8

—e— Nuis. Param. Pull

Jet-vertex association

200Thad/3¢ non-prompt sample variation
ttH acceptance (QCD scale)
280TH5¢/38 non-prompt e transfer factor
Pileup modeling

2E1Thag non-prompt normalization

ttH cross section (QCD scale)

ttW acceptance (QCD scale)

Jet Energy Scale variation 1

tW acceptance (NLO vs LO)
280THag/32 non-prompt p transfer factor
ttW cross section (QCD scale)
Luminosity

280Thag ep non-prompt CR stat.

Jet Energy Scale (flavor composition)

Ap
-04 -02 0

0.2

0.4

A IR B
ATLAS Preliminary
Vs =13 TeV, 13.2 b

14



https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-058/

Pull/Impact plots

Systemattics are described by NPs
included in the fit. Nominally:

* NP central value = 0 : corresponds to
the pre-fit expectation (usually MC)

* NP uncertainty = 1 : since NPs
normalized to the value of the syst. :

N=N,(1+0,,0),0~G(0,1)

syst

Fit results provide information on
impact of the systematic on the result:

* If central value # 0. some data
feature absorbbed by nonzero value
= Need investigatfion if large pull

* If uncertainty < 1 : systematic is
constrained by the datfa
= Needs checking if this legitimate
or a modeling issue

* Impact on result of +10 shift of NP

13 TeV single-t XS (arXiv:1612.07231)

Ap

-06 04 02 0 02 04 06
II|III|III|III|III|III|III|II‘

.
¥

é/

Parton Shower generator

JES: flavour composition

JES: Eff1

tt I'FSR

Luminosity

Wt ME generator

JES: nintercal. model

PDF central value

JES: pileup p

\\X

b-jet efficiency scale fac. 0

—e— Full

ATLAS

s =13 TeV, 3.2 b

Pre-fit Impact on

2/, Postit Impact on u

[ | | | | | | | [ | | 1111 | | |
-3 -2 —1 0 1 2 3
(0 - 6,)/A6

15



https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-058/
https://arxiv.org/abs/1612.07231

Profiling Takeaways

Systematic = NP with an external constraint (auxiliary measurement).

— No special freatment, freated like any other NP: stafistical and systematic
uncertfainties represented in the same way.

D>>

)

When festing a hypothesis, use the best-fit values L(u — Uy,
of the nuisance parameters: Profile Likelihood Ratio. L(ﬁ é)

Wilks’ Theorem: the PLR has the same asymptotic properties as the LR without
systematics: can profile out NPs and just deal with POls.

Profiling systematics includes their effect info the total uncertainty. Gaussian:

— 2 2
0’total - Jostat + O'syst

Guaranteed to work only as long as everything is Gaussian, but typically
robust against non-Gaussian behavior.

Profiling can have unintended effects — need to carefully check behavior

16



Beyond Asymptotics: Toys CMS-PAS-HIG-11-022

. . 2104 CMS Preliminary \s=7 TeV L, =0.2-0.9 fb™
Asymptotics usually work well, but break down in e Higgs Combination at m_ = 250 GeV
some cases — e.g. small event counts. 2 108 — 1(q,) for bkgd-only pseudo-data

a — 2 with ndof=1
Solution: generate pseudo data (toys) using the PDF,  § ;| — 9, opserved
. pa
under the fested hypothesis
— Also randomize the observable ) 10§
oDs
(8°0%) of each auxiliary experiment: G(G 70, c’syst) |
— Samples the frue distribution of the PLR
-1
105 5 10

= Infegrafe above observed PLR to get the p-value
— Precision limited by numlber of generated toys,
Small p-values (50 : p~1071) = large toy samples

Test Statistic qO

Repeat N, . times

e

> -~ > 3000 o
 0.025f o 25001
2| p(data|x) 2 "1 4
£ 002f £ 2000[- "**m&%
o C S C
> C > : .
g 0.015: g 1500; “'ﬁmﬂ%” qo
GNJ r Sq’ - %‘Mfm
= 0.01F = 1000 i
£ : E E
5 0.005- s 500  Pseudo data

P00 710 120 130 140 150 160 foo 710 120 130 140 150760

m (GeV) m (GeV) 17


http://cds.cern.ch/record/1376643

Toys: Exqmple arXiv:1708.00212

ATLAS X—Zy Search: covers 200 GeV < m, < 2.5 TeV
— form, > 1.6 TeV, low event counts = derive results from toys

> o4l AT AG | 1 o n !
o 10* ¢ ATLAS . 2 i - :

o /s =13 TeV, 36.1 fo" 1 m ATLAS Observed
& 10°s i 1 x 10°t {s=13TeV, 36.1 fb" Expected -
? - 1 © - SX 7 + 1 std. dev. -
£ 10° - 1 5 - 99 v + 2 std. dev. i
e F E I - Jy =0, NWA .
W 10 = 4 E ol — Observed from |
- 1 35 10°E ensemble tests 3
Te R - S e Expected from ]
10-' - Data 1 2 - ensemble tests
-~ — Background fit ] - 10 AT =
0 N O = AR 3
8 4 R : ]
c o . o L -

g 0'-—.1—-'4“"-'1'1‘.1'-"-'-"-'-—'—‘ e

5 5. ] 3 | E

o TS P G P~ ' ‘ E— '

310 10 3x10° 10° 2x10° 3x10°
2, [GeV]

my [GeV]
Asymptotic results ( ) give optimistic result compared 1o toys (in blue)

18


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PAPERS/HIGG-2016-14/

Comparison with LEP/TeVatron definitions

Likelihood ratios are not a new idea: q,.p=—21log L(u=0 39)
+ LEP: Simple LR with NPs from MC L(u=1,0)
— Compare u=0 and p=1 L(u:O, éo)
* Tevatron: PLR with profiled NPs Qovaron — — 2 108 ~
L (M =1, 61)
Both compare to g=1 instead of best-fit . camse fom Clle doumentatn 00t 555
M?O u?1 éof;:: .vr" R - §
ep/Tevaton  H, l——— H, - A\ % : éz
ooo; Ao P! 3
LHC Ho . Hl :}.-'i - ‘;:%ELLR-‘ §
A i E
- Asymptotically: Sy R
 LEP/Tevaton: g linear in y = ~Gaussian B ron - somemeae =
« LHC: g quadraticinu = ~x2 Z:: m

—_

— Still use TeVatron-style for discrete cases

0 5 10 15 20
Test Statistic q, 19



Spin/Parity Measurements

Pseudoexperiments

0.18
0.16
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0

20 15 10 -5 0 5 10 15 20

Phys. Rev. D 92 (2015) 012004
CMS 19.4 fo' (8 TeV) + 4.9 fo! (7 TeV

_LIIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII

gg — X(2;2) — WW
— Observed

L—

||||II|III|I||||II|II||I|I||II|II||I'|—

-2 X In(LJP /Ly)

20


http://dx.doi.org/10.1103/PhysRevD.92.012004

Summary of Statistical Results Computation

Methods provide:

— Optimal use of information from the data under general hypotheses
— Arbitrarily complex/realistic models (up to computing constraints...)

— No Gaussian assumptions in the measurements

Still often assume Gaussian behavior of PLR — but weaker assumption and
can be lifted with toys

Systematics treated as auxiliary measurements — modeling can be tailored
as needed

— Single PLR-based framework for all usual classes of measurements
Discovery testing
Upper limits on signal yields
Parameter estimation

21
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Look-Elsewhere Effect
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10*

> gl"'l"““ III"'I"'I""'E
Look-Elsewhere effect . ot ;
P § —— Background-only fit %
. . . L% 102 ;_ Spin-0 Selection _;
Sometimes, unknown parameters in signal model 5= 13TeV, 3.2 10"
h 4 E
e.g. p-values as a function of m, s | ‘ H .
= Effectively performing multiple, simultaneous 0 -
seqrches g 15?1' ,:::‘:::‘:::‘:::,:::!:::!:::,::é
— If e.g. small resolution and large g o y E
scan range, many independent experiments 3 o # j —
o 3
4] T T | T T LI | T T | LI LI LI T T T T LI LI § _105_ _f
= 1= — 200 400 600 800 1000 1200 1400 1600 1800 2000
z B s m,, [GeV]
C 16 ]
10 - — More likely to find an excess
- 2 1 anywhere in the range, rather
102 & 3 : i i
| 1 thanin a predefined location
N i
00 i g 4 = Look-elsewhere effect (LEE)
- Vs=13TeV, 3.2 b .
104 NWA - ' '
= 40 e Spin-0 Selection festing the same Hy, but against
s e e e e i e 1 dlifferent alternatives
107" "200 400 600 800 1000 1200 1400 1600 1800 2000

m Gev] = different p-values
24



Global Significance

Probability for a fluctuation anywhere in the range — Global p-value.
at a given location — Local p-value

N
Global — pglobal =1~ (1_plocal)1 ~ N plocal R — Local

p-value p-value
Trials factor
= Pgiobal ? Procal = Lgiobal < Lioca — 9lOLAl fluctuation more likely = less significant
??
" __ scan range

Trials factor : naively = # of independent intervals: N s = Ningep = - width
However this is usually wrong — more on this later peak widt

is the relevant p-value

ATLAS Vs = 13 TeV, 36.7 fo”' Spin-0 Selection
3

For searches over a parameter range, Pgiopal

— Depends on the scanned parameter ranges
e.g. X—Yyy: 200 < m,< 2000 GeV,0< T, < 10% m,.
— However what comes out of the usual
asymptotic formulasis p__-

10
2.5

Local P, [o]

<
£ 8
=
x

= 2

15
:

0.5

o N L (2]

0

500 1000 1500 2000 2500
my [GeV]

? — Toys (brute force) or asymptotic formulas.

How to compute p

global 25



* Data

/20 GeV
>
2
>
n

Global Significance from Toys

—— Background-only fit

Spin-0 Selection
Vs =13 TeV, 3.2 b

Event
)
|

local 3.96 .
Principle: repeat the analysis in toy data: 5 — \ H :
— generate pseudo-dataset i

— perform the search, scanning over parameters
as in the data

— report the largest significance found A
— repeat many fimes m, (GeV]

Data - fitted background

= The frequency at which a given Z, is found is the global p-value

e.g. X=yySearch:Z_ __ =390 (=p_,~510°,
scanning 200 < m,< 2000 GeV and 0< T, < 10% m,

— In foys, find such an excess 2% of the time

~210?,2 = 2.10 Less exciting...

=
IOglobol global

@ Exact treatment

© CPU-infensive especially for large Z (need ~O(100)/p ., TOYS) 2%



Global Significance from Asymptotics

Principle: approximate the global p-value in the asymptotic limit

— reference paper: Gross & Vitells, EPJ.C70:525-530,2010 N ) _ Scan range
indep = peak width

Asymptotic trials factor (1 POI): —
ymp trlals I+ N indep local
— Trials factor is not just deep T VN -
& - ATLAs ' =
= . . D -
also dependsonz,___ ! 2 ek : fa '
:;,,_“ § . Background on;ly fit | E
Why ? L% 102 ; : Spih -0 Selectldn : _;
— slice scanrange info N, regions Ll Ehiatev, sk
of size ~ peak width o bt LS
— search for a peak in each region 1= . ‘: H: -
| s SR
= Indeed gIves N’rriols=Nindep' - - T, N S
S : A
g 1o : DS
However this misses peaks sitting on g s : : 3
edges between regions g o . b |
' -5 ! =
§ _102_“: | | ] 1 ] ] 1 1 _—
= frue chls IS > deep 200 400 600 800 1000 1200 1400 1600 1800 2000

m,, [GeV]



Global Significance from Asymptotics

Principle: approximate the global p-value in the asymptotic limit

— reference paper: Gross & Vitells, EPJ.C70:525-530,2010 N ) _ Scan range
indep = peak width

Asymptotic trials factor (1 POI): —
trlals I+ N indep local

—>Tnolsfoc’ronsnotjus’erdep o 10* e N
2 = ATEAS J =
also dependsonz,___ ! g ' + iata 7
10° E =
:;,,_“ = Background -only }lt =
Why ? L% 102 ;_ 'Spln G Selectlon : _é
- slice scan range into N, regions i - 1B Te, 02 b :
of size ~ peak width o i Lo =
— search for a peak in each region 1= * : :‘ :H -
= Indeed gives N, =N, . B TR -
s sl : L
RRUY: : 5
However this misses peaks sitfing on g s : =
edges between regions g o ik g
T 5B 0 =
§ _102_“ . ] [ ] [ ] ] [ ] 1 ] E

= frue chls IS > deep 200 400 600 800 1000 1200 1400 1600 1800 2000

m,, [GeV]



lllustrative Example

Test on a simple example: generate toys with

— flat background (100 events/bin)

— count events in a fixed-size sliding window, look for excesses

Two configurations:

1. Look only in 10 slices of the full spectrum

2. Look in any window of same size as above, anywhere in the spectrum

PSSRV I I S S — — — — Predefined

foEY PV VIRV IY iV viYiy Slices

130 Example toy; : | ¢+ & [0 7

ot | o, AT L HL

I # |ilu1||1“nll : ol

T e

jgi i %Lc;lrgest excess in predefined slices
605 I N Lqrigesir excess anywhere

50 IIIEI\\IEI\\IilIIIiIIIIiIIIIiIIIIiIIII:\III:\III
0O 01 02 03 04 05 06 0.7 08 09 1 29




lllustrative Example (2)

Very different results if the excess is near a boundary :

150
140
130
120
110
1001
90
80
70
60

50IIII;IIIIEIIIIilIIIiIIIIiIIIIiIIIIiIIIIEIIIIEIIII
o 01 02 03 04 05 06 0.7 08 09 1

—e_—
—_——

—_—
"":""!""fl"""""".""""""""
———&————

; ® |
=

|IJII|IlI|II|I|I||III|
——

|I|I|IIII|I|I,I_|_IJ_U_i_Z_H

1. Look only in 10 slices of the full spectrum

2. Look in any window of same size as above, anywhere in the spectrum
30



lllustrative Example (3)

Global Z

Normalized 3380; Search > o
S L
/ __distribution W =20
locd L 70 everywhere:
, " 60-
local -
ocda 50__
40"
pglobal<zlocol> - é&q’
| 30:_ . . .
2 3 4 5 6 E Search in predefined
l l" 20 .. "x binS: Ntrials = ]0
’.f: -103%, : —
%"tfif:’ ;‘I'III|IIII|IIII|IIII|IIII|IIII
0\3'," T T2 3 4 5 e
$ L’ /:// Local Z
o //; /' Search everywhere Searching everywhere gives the
’/M,/ Slearclh in predefined bins extra Z _, dependence
° ° ) 5LocaIZ6 31



L.... Asymptotics Extrapolation

e . _ i
Asymptotic trials factor 1 POD: N . =1 + /5 Nindep Liocal

How fo geft Nindelo ? Usually work with a slightly different formula:
Zioca= Zes
1 .
Ntrials= 1+ p <Nup(Ztest)>e ?
local

*— Number of excesses withZ > Z
apply result to higher Z

test

= calibrate for small Z

test? local®

Can choose arbitrarily small Z

test

= ANy excesses
= can measure N in data (1 “toy”)

p-value

Can also measure <N > in multiple toys ¢

If large stat uncertainty from 10
too few excesses s 5= 19 TeV. 3210
10* = _
E 46 Spin-0 Selection

—5 11 | | 11 1 I 11 1 | 11 1 | 11 1 I 11 1 | 11 1 I 11 | | 11 1 | 11 1 | 11 1
10 200 400 600 800 1000 1200 1400 1600 1800 2000
m, [GeV] 32



In 2D O. Vitells and E. Gross, Astropart. Phys. 35 (2011) 230

Generalization to 2D scans: consider @ @

sections at a fixed Z_ .. compute its Q
Euler characteristic ¢, and use - 5=0 5=2
Pelobal * E[¢(A)] = Proca + € “/*(N1 + VuN»)

ATLAS Vs =13 TeV, 3.2fb" Spin-2 Selection
— Generadlizes 1D 0.3 - ., T
bump counting = I .- 9
i .
~0.25 ' 3 c
“=F i i S
¢ B =
1
0.2 : { b5 9
’ ! s
0.15 / ) 3
10 s sb b Toob 64001805 1805 000 : i ,
e 0.1 J |
Now need to determine / :
2 constants N, and N, 0.05 : JE0.
f I :
0

from Euler ¢ measurements .
: 600 800 1000 1200 1400 1600 1800 2000
at 2 different Z__, values. m.. [GeV]


https://arxiv.org/abs/1105.4355

Outline
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Bayesian Methods
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Frequentist vs. Bayesian

All methods described so far are frequentist

* Probabilities (p-values) refer to outcomes
if the experiment were repeated identically
many times

 Parameters value are fixed but unknown

* Probabilities apply To measurements:
- “m, =125.09 £ 0.24 GeV” .

— i.e.[125.09 — 0.24 ; 125.09 + 0.24 | GeV has p=68% to contain the true m,,.

— If we repeated the experiment many times, we would get different
intfervals, 68% of which would contain the true m...

— “80 Higgs discovery”
« if there is really no Higgs, such fluctuations observed in 3.107 of experiments

Not exactly the crucial guestion — what we would redlly like to know is
What is the probability that the excess we see is a fluctuation

— we want P(no Higgs | data) — but all we have is P(data | no Higgs)
36



Frequentist vs. Bayesian

same as in the frequentist

Can use Bayes’ theorem to address this: formalism (=likelihood)

e

P(data|p) P() — Prior Probability
P(data)

P(p|data) =

irrelevant normalization factor

Can compute P(u | data), if we provide P(u)
— Implicitly, we have now made J info a random variable

— Is m,, or the presence of H(125), randomly chosen ?

— In fact, different definition of p: degree of belief, not from frequencies.
— P(u) Prior degree of belief — critical ingredient in the computation

"Bayesians address the questions
everyone is interested in by using
assumptions that no one believes.
Frequentist use impeccable logic to
deal with an issue that is of no
interest to anyone.” - Louis Lyons

Compared to frequentist PLR:
® answers the “right” question
© answer depends on the prior
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Bayesian methods

Probability distribution (= likelihood) : same form as frequentist case, but

P(8) constraints now priors for the systematics NPs, P(6)
not auxiliary measurements P(6™s; 6)

® Simply integrate them out. no need for profiing: ~ P(u) = [ P(u,6) d6
— Use probability distribution P(u) directly for limits, CredibiIiTy intervals
e.g. define 68% CL ("Credibility Level”) interval (A, B) by: IP
© No simple way to test for discovery

© Intfegration over NPs can be CPU-infensive

du=68%

Priors : most analyses still using flat priors in the analysis variable(s)
= Parameterization-dependent: if flat in oxB , then not flat in k...
— Can use the Jeffreys’ or reference priors, but difficult in practice

Frequentist-Bayesian Hybrid methods (" Cousins-Highland™)
* Infegrate out NPs as in Bayesian measurements
* Once only POls left, Use P(data | W) in a frequentist way

— "Bayesian NPs, frequentist POIs”
« Some use in Run 1, now phased out in favor of frequentist PLR.
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Bayesian methods and CL_: CL. computation

Gaussian counting with systematic on background:n=S+B + o 8

L(n;S’e) = G(n;S+B+Osyste’Gstat) G(eobs=0;e’1)
R 3
MLE: S=n—-B
2
N s O o PR AW =| 2
Conditional MLE: 6(p) = —*'_—(n — S—B) Jo' +o’,
stat syst )
Gaussian = from previous studies, CL_ limit is
CL,: S, =n-B+|®'|1-0.05® ';'_B 2 «/oitat+0§yst
\/Gstat+05yst
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Bayesian methods and CL : Bayesian case

Gaussian counting with systematic on background:n=S+B + o 8
P(n|S,8)=G(n;S+B+0, 0,0, ) G(0]0,1)

syst

Bayesian: G(0) is actually a prior on 8 = perform integral (marginalization)

P(n|S)=G(S; n—B, Yo?,+3°,) same effect as profiling!
Need P(S|n) = a prior for S - take fiat PDF overS>0 o
= Truncate Gaussian at $=0: P(S|n) = P(n|S) P(S) o3
' 1 0.25"
P(S | n) = G(S;n_B,‘/Gitat'l'o'Syst) o ';_B > - 01-5_
‘/Gstat"'o'syst '0 17
Bayesian Limit: 0.05|
. S —(n—B P i
[P(s|n)ds=5%=|1-®|—m (n=B))[| o[- _n=B temaetE s s
Sup Jogtat+cgyst ‘/Oitat+0'§yst
Bayes __ -1 n—B J 2 2
Sp =nN—B+|® 11-10.05P(F—— Osat Oy same result as CL !
Jcstat-l-csyst
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Example: W’ =lv Search

ﬂ 107 T T T T T | T T T T Ié
] ATLAS —W'(3TeV) e Data =
i 1 —W@4Tev) OW -
W ygeL- Vs=13TeV, 36.1 1o _
W' = ev selection — W' (5Tev) [EBTopquark 3
105 [JMultijet a
Oy E
10° = —é
107 = -
10 - =
1= =
10 é
E 1 1 I 1 1
E) 1-4 T T T T T T T T |+ ) I"." T
2 1'21 Lok
& 0.8 E
0 0.6 . L L. !
c) . 1 -4 T T T T T I 1 hh' T
o E 12 t |
RN :
5 208
D 0‘6 1 1 1 1 1 I II 1
200 300 1000 2000

POl: W o xB — use flat prior over [0, +ool.
NPs: syst on signal € (6 NPs), bkg (6), lumi (1) — integrate over Gaussian priors

Transverse mass [GeV]

Trigger

Lepton reconstruction
and identification

Lepton momentum

scale and resolution

E%’iss resolution and scale
Jet energy resolution

arXiv:1706.04786

Multijet background
Top extrapolation
Diboson extrapolation
PDF choice for DY
PDF variation for DY
EW corrections for DY

Pile-up Luminosity
E 1 O § T T T T T ‘ T T T T | T T T | T T T | T T é
= - ATLAS 3
> [ --- Expected limit
2 0 (s=13TeV,36.1fp"  —pectedlimit -
> U3 W' — Iv Expected + 1o =
% | 95% CL Expected + 20 E
§101 E — Observed limit é
g_ - — Wissm -
2107 =
=
1 073 g_ A\ ]
—4 1 1 | | | 1 | 1 ‘ 1 | 1 | | | 1 1 1 | 1 1 1 | 1 1 |

10 1 2 3 4 5 6
m,,. [TeV]


file:///home/nberger/Data/Applications/analysisDoc/PDF/1706.04786.pdf

Why 50 ?

One-sided discovery: 90 < p, =3 10-7 < 1 chance in 3.5M

— Overly conservative ?

— Do we even know the sampling distributions so far out ? Local 3.90, p, = 5E-5

Global 2.10, p, = 2E-2

—
ATLAS

10*

* Data

Reasons for sticking with 5o (from Louis Lyons):

Background-only fit =

Events / 20 GeV

Spin-0 Selection

* LEE : searches typically cover multiple (5= 13Tev, 32 1"
independent regions { § E
= Global p-value is the relevant one 13 ‘ H E
N, __~ 1000 : local 56 « O(10-4) more reasonable , = - 2

o "'_:

O:..J" jﬁ' had 4 & _

] \ E
~100- "‘ ) E
:ll |
200 400 600 800 1000 1200 1400 1600 1800 2000
m,, [GeV]

 Mismodeled systematics: factor 2 error in
syst-dominated analysis = factor 2 erroron Z...

* History: 30 and 40 excesses do occur regularly,
for the reasons above

* “Subconscious Bayes Factor” : p-value should be

Data - fitted background
)]

P(fluct| B) P(B)

at least as small as the subjective p(S): P(fluct) = p(fluct]s) P(5) + P (fluct|B) P(B)
uc uc

Extraordinary claims require extraodinary evidence
= Stay with 50... 49


https://arxiv.org/abs/1409.1903

Outline

Statistical modeling in practice



Statistical Modeling: In Practice
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Bulding statistical models

So far focus has been on concepts, but building a statistical model also
requires numerical inputs:

* Data PDFs for all model components
* Constraint PDFs for all sources systematics
* Impact of each systematic uncertainty on all relevant model parameters

— Stafistical methods are only as accurate (and/or optimal) as the descripfion
provided by the model!

Technically, MC simulation provides most of these inputs. However 2
problematic issues:

* Potential MC/data differences
* Limited MC statistics

Which need to be addressed with (yet more) systematics.

45



Statistical Modeling:
|. Component PDFs
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PDFs : Binned likelihood

Eur. Phys. J. C (2012) 72: 2241

g 105; ATLAS IW"—>Iu\‘;I | &I\[,)V?(tgozoc;ﬁ

Binned case: ] 123 . Swizo ;
— PDF usually just a normalized histogram, from ¢ — L.
»  MC sample or 1ob SECR
- Data control region (CR) ik : 4
107 E

= Statistical uncertainties on the prediction: 10;; 'maﬂ :
pl [GeV]

* Data CR: counts as statistical uncertainty

 MC sample: uncertainty can be reduced without collecting more data

(just need more CPU!) = Counted as systematic

Independent counts in each bin ?
= a separate MC statistics NP in each bin E
— Poisson constraints Pois(N.M<; N.™e)

Total uncertainty ~ O o stateF O HC stareF oo

= need enough MC to avoid spoiling the sensitivity! Z

100

80—

60

40

20— ;

JHEP 12 (2017) 024

L + Data
[ ATLAS mm VH - Vbb (1=1.30) |
| {s=13TeV,36.11b" tLt)uboson
+ 1 lepton, 2 jets, 2 b-tags Single top
p" 2200 GeV Multijet

mm W+(bb,be,cc,bl)
Wiel

Il Z+(bb,bc,cc,bl)

Uncertainty

----- Pre-fit background

m== SM VH — Vbb x 1

'%..|...|.Hm”m”

| “*"\'{\'$—{—

%MNMM@&\\\# \\\\\

H \;
40 60 80 100 120 140 160 180 200 47
m,, [GeV]

\W‘M\



http://link.springer.com/article/10.1140/epjc/s10052-012-2241-5
https://link.springer.com/article/10.1007/JHEP12(2017)024

MC Statistics Requirements

e.g. Discovery: Total uncertainty: 02~ 402, . 0% ¥ -

= ﬂeed C)-MC stats << o data stats

B >> B BMC/ qufq oMC stais/ odclfc:l stats Odaia+MC siqis/ odcltol stats
Mc ™ T data (@) (1) (VQ+a))
By how much ? 1 ] 1.41
4 0.5
25 0.2 1.02
In the presence of a signal (e.g. limit-sefting, Eur. Phys. J. C (2012) 72: 2241
10° —— —

N, Measurement), relevant uncerfainty is V(S+B).

= S/B also maftters:

ATLAS W — pv e Data 2011 3
4 [JW’'(500)

Vs=7Tev ~ [IW(@000) |

W El

Events

10*

B 1 =
o S 1 o
S dat Dib

—_—  ~ 1 + + ata 10 I:IQIC‘E)son =

B B, 1+S/B

* low S/B:same problem as for discovery 10"

« highS/B : no issue, dominated by uncertainty % T
on signal itself.



http://link.springer.com/article/10.1140/epjc/s10052-012-2241-5

PDF shapes: Unbinned likelihood

Smooth backgrounds : Describe distribution using appropriate function
= Unbinned likelihood. Describes sideband + signal region in one fit.

Phys. Letft. B241 (1990) 278-282

20 , . _

.) i

15 r ‘ : _‘

of v b Tl

R mUT

3 5 *TJfL# |J|,|‘ ]

\v H | t ! '{ . '. ]
N |
g R N

E 10 Jl—&exp[—a 1—%22]] 1

‘_f Ti 17

-20 T L | - s L .—_

M (GeV/c?)

Fig. 1. Invariant mass distribution of the decay B* »n*n% (a)

At the T(45); the curve shows the result of the maximum likeli-
hood fit described in the text. (b) Afier subtraction of the contin-
uum contribution. The gaussian curve represents the 90% CL up-

per limit on the signal from the above fit (see table 1).

Candidates / ( 50 MeV/c?)

Phys. Rev. Left. 118 (2017), 191801

35

LHCb

o W
wm O

!

f

o
o

Gaussians

5 p—
n
|IIII|€III|II\I TTTTTTTT
I

I L
Crystal Ball
BDT > 05 Fun hOn - - BO SN u*u_

~., _ " \ + +

1 ‘ 1 1 T
Total
— = B > pu

------ Combinatorial
........... B?S) — h'h"

meme Bl o (KRt
i BO(+) 0(+)

— "
—-s Ay UV,

B¢ = Jiyu'y,

~
5 — - -
Y J CETTNe SR s,........’..‘J \
,,,,,, z . S
E g - - - ."- i N | \
* BsM_muldAndnPV_BDT7
Entries 1249
Mean 5e+03
RMS 87
#2 I ndf 47.5/36
Prob 0.0052
Constant 0.2071 + 0.0093
Mean 5009 £ T.8
Sigma 1024 +4.3
.............
SE0 5800 B0

S. Oggero Ph. D. Thesis

5800 6000
M- [MeV/c?]

5600

Functions help
smooth MC stats
fluctuations
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https://inspirehep.net/record/1517782
http://www.nikhef.nl/pub/services/biblio/theses_pdf/thesis_S_Oggero.pdf
http://inspirehep.net/record/294600

PDF Shapes: Unbinned likelihood

Widely used in HEP for smooth backgrounds (—» no resonances or threshold)

H—- vy Measurements

18000

16000

Events / GeV

14000

12000

10000

8000

6000

4000

2000

Data

Background /s =13 TeV, 36.1 fb
Signal + Background m, = 125.09 GeV
Signal

Diphoton fiducial

exp(-am + bm?)
(Gaussian )

——————————
ATLAS Preliminary

400
300
200
100

-100H
~200E-

Events - fitted bkg

NI
| Ty T

o Ll
o Ll
o

S N

R II‘IH

gnificance
data - fit
- N

Data-MC  Si
MC
o

X= jj Search
Phys. LeTT B754 (2016) 302 322

: ATLAS :
5\\ Vs=13 TeV, 3.6 fb” E
= . Data .
- — Background fit .
= S BumpHunter interval =
C - Q% m. = 4.0 TeV ]
= - - QBH ( M), m. = =6.5TeV—3
af1- .
L QBH (BM) o —]
E p-value = 0.67 "‘_3;'-"-:!’!='==-""" "il
- Fit Range: 1.1 - 7.1 TeV i 5
= ly*| < 0.6 | | =
- 1 I \ | |||||||||\|||\||||||||||||||||||||||||||||I||||yj



http://inspirehep.net/record/1408292

Signal Bias in Unbinned likelihoods

Function usually ad-hoc (no closed form expression for (theory ® detector
effects), or usually even theory by itself...)
— may not accurately describe the data

= Introduce free parameters, fit in sidebands JAN 2012 Higgs search paper

— Biases may still remain due to (4.9 fb'1_ of 2011 data)
functional form itself exponential

800 :_I T T | T T T T | T T T T T T T T | T T T T | T T T T
it v3In = 49.5/60

Problematic especially for low S/B

— small mismodelings of B can be large
compared to S.

Events / (1 GeV)

— X? test in sideband may not help: even
a large bias on the scale of S (« B) may -
remain within stat errors in the sideband! L L

Situation doesn’t improve with more luminosity:
— Reduced statistical uncertainties in sidebband, but
— Also reduced g, in the same proportion

51


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PAPERS/HIGG-2012-02/

Signal Bias in Unbinned likelihoods

Function usually ad-hoc (no closed form expression for (theory ® detector
effects), or usually even theory by itself...)
— may not accurately describe the data

= Introduce free parameters, fit in sidebands JAN 2012 Higgs search paper

— Biases may still remain due to (4.9 fo' of 2011 data)
functional form itself polynomial

x%n = 37.8/60

Problematic especially for low S/B

— small mismodelings of B can be large
compared to S.

Events / (1 GeV )

— X* test in sideband may not help: even E
a large bias on the scale of S (« B) may 100

remain within stat errors in the sideband! foo T T TTwe '1én'mr'¥' |

@
1)
=
~= &
(=]

Situation doesn’t improve with more luminosity:
— Reduced statistical uncertainties in sidebband, but
— Also reduced g, in the same proportion
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PAPERS/HIGG-2012-02/

Signal Bias in Unbinned likelihoods

I T T T
- ATLAS - Data

= ]

> ]
i ¢ 1400 ]

If data cannot fix B shape, use MC 5 g JLO=203TY G =aTeY m e -
— Measure signal bias N on “credible” s .k JMe 3
. . L e Central - low P, .

shapes taken from MC (Spurious signal) 800 #4y . =
' ' ' _ ¢ ]

— take the maximum bias as systematic 600 |- P, ]
l .‘m. _

400:_ ....“.0“ _:

Works well if the true distribution is somewhere = h . B

in the space of MC distributions scanned... R 1] L L L + ffffffffffff L .
bt e
] 1 | 1 PN

Also Impose: AR LA *ﬂ t fWﬁ%
08 _‘ ..... . ,‘ ..... - | ‘ ..... - , ‘ ..... - ‘ ..... - \, ..... ,‘, ‘‘‘‘‘ |,, ,,_

N, < 20% o, (small contribution to G, ) P el
OR & TTATAS SRR T Zagt - pems ]
i% 0.4 Central-lowp_ — exp§ = 22;22 _:
N, < 10% S, (small bias on measured S) il - bas crteria :
0: """"""""" “'— """ f
Second criterion more stringent at higher S/VB. 0 = .
-o.4f— —f
If criteria are not meT, move to more Complex -0.6i1'8' S50 195 Hodr eE P95 T 1o '13'6_'
functions (—» more free parameters) m,, [GeV]
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Signal Bias in Unbinned likelihoods

Problem: for small MC stats, measured bias dominated by fluctuations
— again, need high MC stats (B,,. > 25 B__,) when S/Bis low.

BMC/ qufq cMC stqts/ odoﬂc: stats odc1tc|+MC stats/ odcltq stats
(o) (1/Na) (V(1+a))
] 100% 1.41
4 50%
25 20% 1.02 <+—— Ny < 20% Oy
— Can compromise on criterion level L 0F Then ety 1 £
(50% instead of 20% ?) ; l60E E
o t0p TP E
2 120E

— As before, better situation at at high S/B

Phys. Rev. Lett. 118, 182001 (2017)

Candidates
oo
S

- - Signal

- ---Background

Tt :

- N T o ST T N ]
3500 3600 3700

m,, (E5) [MeV/c?]
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https://inspirehep.net/record/1608879

Usuql Fu nCtions Comm. Soc. Math. Kharkov 13, 1-2, 1912,

Polynomiails: various basis choices (Chebyshev, Bernstein,...)

Bernstein basis: B, (x)= k X(1=x)"" for 0=<x<1
’ n
— Positive coefficients = positive polynomial JINST 10 (2015) no.04, PO4015

everywhere, useful to avoid numerical issues
in -2 log(PDF) computation

Exponential family : exp(polynomial)
Power laws : x%, x¢(1-x)¢, ...

Polynomial (2pars)
Polynomial (3pars)
Polynomial (4pars)
Polynomial (5pars)
Polynomial (6pars)
Exponential Sum (2pars)

- Exponential Sum (4pars)
--------------- Exponential Sum (6pars)
- Power Law Sum (2pars)
- Power Law Sum (4pars)
ceeeieee. PoOwer Law Sum (Bpars)
,,,,,,,,,,,,,,, Laurent Series (2pars)
Laurent Series (3pars)
- Laurent Series (4pars)
Laurent Series (5pars)

Gq uss‘ans - Laurent Series (Bpars)
Crystal Ball Functions t= (myy —pow)foes ) -
= 3 |
—0.5t2 . 5 0 E Gaussian DistributTc?r? ATLAS E
e if —agpy <t < (thigh g - X = yy .
£~ 2 . —Nlow . = i Oea-%Low ]
N - C_O'OQLOW [_ﬁlow (_210\&' — Ulow — t):| lft < —Xlow £
o 0-50igh ["bhlih (ahlih — Qthigh + t)} if t > amigh, - .
- Powerilﬁaw -
B )" |
10E Power Law vy 2
- ~(m ) ]
— Sums of the above - r amp
— Convolutions (resolution ® Breit-Wigner, ...) L ]

T R
40 660 680
m,, [GeV] §§

eV B
540 560 580 600 620 6

(@)
N
o


https://inspirehep.net/record/1312971

Discrete Profiling

Idea: treat the type of function and
number of parameters as discrete
NPs, profiled in data

— Let data choose the best shape
— Similar principle as other NPs,
except for discrete nature

fo avoid

— Need apenalty on N__
always choosing functions with high N

A + correction

— Used in the CMS H—-yy analysis,
works well in this context.

Caveats:

[y
ha
=

3]
[x%]

[a+]
—
o

3%
—
2]

pars

JINST 10 (2015) no.04, PO4015

214}
212}
210}

208

Approx. p-value

206-_||||||||||||||||1|||||||

Polynomial (2pars)
Polynomial (3pars)
Polynomial (4pars)
Polynomial (5pars)
Polynomial (6pars)
Exponential Sum (2pars)

- Exponential Sum (4pars)
--- Exponential Sum (6pars)
--- Power Law Sum (2pars)
- Power Law Sum (4pars)
- Power Law Sum (6pars)
- Laurent Series (2pars)

Laurent Series (3pars)

- Laurent Series (4pars)

- Laurent Series (5pars)
- Laurent Series (6pars)

Take lower envelope of all

— for N categories and M functional forms, MN
possibilities to check in principle — difficult in practice

— Need a well-chosen pool of sensible functions for

the method to work

functions when profiling
_I C T I‘ L F BT TT T Ty Ny T d i} ‘r
€—a| L | e Fuill pircifile i :E
5
' - e Fit freezing nuisance parameter to best fit }
L] L !
< - - .. Fits freezing nuizance parameter to arbitary values '
4 — Ervelope

— Large MC samples for selection and checks

_IIIIiIIIIiIIIIillllll I IllllliIIIIiIIIIiIIII
1020 121 122 123 124 125 126 127 128 129 130

X
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http://inspirehep.net/record/1304454
https://inspirehep.net/record/1312971

Gaussian Processes: 1-slide Summary

the data are drawn from one

u G E*

Gaussian

* the dimension is the number of data points.




Gaussian Processes: Longer 1-slide Summary

« Describe background distribution through the correlations between values
at different points.

* More flexible than a functional form K (x,,x,)=exp
« Correlation function (Kernel) can be

— Defined using a length scale, to ignore narrow peaks
— Obtained from first principles (e.g. from known JES/PDF effects)

(XI_X2)2
2L°

[ Zixa, gl
ad-hac

fixg)

189G0 60 L -AIXIO

fixa) XA X8

® More flexible than functional form, degrees of freedom less ad-hoc
© Still need large MC samples to check for signal bias
© Mainly for Gaussian processes, not well-adapted to Poisson regime
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Statistical Modeling:
Il. Systematics
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Systematics NPs

Each systematics NP represent an independent source of uncertainty
= Usually constrained by a single 1-D PDF (Gaussian, etc.)

Sometimes multiple parameters conjointly constrained by an n-dim. PDF.
— multiple measurements consfraining mulfiple NPs

Assume n-dim Gaussian PDF: then can diagonalize the covariance matrix C
and re-express the uncertainties in basis of eigenvector NPs = n 1-dim PDFs

Can also diagonalize to prune irrelevant uncertainties: keep NPs with large
eigenvalues, combine in quadrature the others

Phys.Rev. D96 (2017) no.7, 072002

ATLAS anti-k, R = 0.4, EM+JES + in situ
Data 2015, {s = 13 TeV (" *?) = (0.0,0.0) 1

—

ATLAS anti-k, A = 0.4, EM+JES + in situ ATLAS

Data 2015, s = 13 TeV (™' 1*%) = (0.0,0.0) Data 2015, s =13 TeV (""" *?) = (0.0,0.0)

o
w©

Py 1GeV)
®

Correlation

10°

2 =
@ N

bt
o
orrelation dif

o
~

10?

C

102

2 @
R ow

10° 2x10°

20 30 102 2x10?

L= =]
-

20 30 10 2x102 10° ,g.g_xms
Mean value -0.00, max -0.01 at (454,1039) GeV P’T [GeV]

20 30 102 2x10? 10° 2x10°
ps [GeV]

anti-k, R = 0.4, EM+JES + in situ

Mean value -0.13, max -0.39 at (209,2036) GeV df‘ [GeV]

Correlation difference

S

—0.2



http://inspirehep.net/record/1519834

Systematics : Impact on Model T
The effect of each NP 6, should be propagated : * :
to all the relevant model parameters Xi. o N ) :
— Propagation through MC: ﬁ b ‘+**++_*_ :
1. Apply +10 systematic variations in MC, Eg %

= obtain shifted values X*= X0 (1 = A). O I L R

— Possibly ssnooth out MC stats effects Constrained by unit Gaussian

\J
2. Implement systematic in model, e.g. replace  X; 2 X(J) (1+ Aijei)
or morph shapes:

— can affect event yields, shapes, etc.

Assumes Gaussian uncertainties and linear impact on model parameters
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Systematics : Constraints

|deally, constraint = likelihood of auxiliary measurement
= e.g. Poisson for constraint from counting in a low-stat CR.

Sometimes no clear auxiliary measurement

= Semi-arbitrary “pseudo-measurement” motivated by Cenftral Limit Theorem:

* Gaussian for additive corrections
* Log-normal for mulfiplicatfive corrections
_ Constrained by unit Gaussian
Gaussian: v
- representimpactas X ; = X(,) (1+ A,-,-G,-)
— or similar morphing for distributions

A;6; 6,>0

Can include asymmetric variations A+, A Xj - X? 1+ Y
A;0;, 06,<0

| |

However discontinuity in derivative at 0, so use smooth interpolation instead,
e.g. implementation in RooStats: :HistFactory: :FlexibleInterpVar.
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Systematics : Log-normal Constraint

Log-normail: x ~ log-normal if log(x) is normal 0.6F
— always » 0, useful fo avoid numerical issues 0.5
— PDF: 0.41
log(x)—X, |’ i
P(s;X,x)= 1—exp 1 g(K) 0) o3t
’ X KV2® 2 0.2]
However usually simpler to implement as : 0.1
0 b b L by b L
X;* X; exp(x;6,) ® 05175 2 253 35 4

where 8, is constrained by a unit Gaussian as usudl
— Correct form for a multiplicative uncertainty:

RMS (log (k))
Jn
Similarly to Gaussian — represent X = X, e*° ~ G(log X, k) if 8 ~ G(0,1)

n 1 - n=» oo
log\/(Xok1)(Xokz)"'(Xokn) = Ezl log(Xoki) ~ G(logXoa

Which k to use ? k = RMS(X) only aft first order. For larger uncertainties,
e.g. Match 10 variations: X(8=+1) = X: = k. = *log(X;/X))

Implemented in RooStats: :HistFactory: :FlexibleInterpVvar. 63



Systematics : Theory Constraints

Missing high-order terms in perturbative calculations: evaluate from scale
variations — but no underlying random process. Possible constraint shapes:

- Gaussians (ATLAS/CMS Higgs analyses, see Yellow Report 4, 1.4.1.d)

— Usually several independent “sources” of
uncertainty(QCD/EW/resummmation)

= overall uncertainty may e rather Gaussian
— Numerically well-behaved
— Uncertainties add in quadrature as usual

* Flat constraints : " 100% confidence” intervals
— NO preference for any value in the range

— Need regularization to avoid numerical
issues

— uncerfainties add linearly

— For Higgs cross-sections, rather similar results for both cases
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Constraints : Two-point systematics

sometimes differences between 2 discrete cases — e.g. Pythia vs. Herwig
Solutions:
* Resulfs for one case only
* Full results for both cases
* Single result with an uncertainty that covers the difference
— Two-point uncertainty

Usually implemented as 1D linear interpolations between the two cases

— However cannot guarantee this covers the space of
possible configurations

= This is not even a pseudo-measurement...

Pythia Nature

O
@ Sherpa

|dedlly, need to define proper uncertainties within

a single model, which would cover the other cases Next years O
— e.g. showering uncertfainties within Pythiq, generator
covering Herwig

— Usually a difficult task

W. Verkerke, SOS 2014 65


https://indico.in2p3.fr/event/9742/contribution/16/material/1/0.pdf

0

JES Pre-fit

Profiling Issues

JES

Too simple modeling can have uninfended effects

— e.Q. single Jet E scale parameter:

= Low-E jets calibrate high-E jets — infended ? >
Jet E

gz v Post-fit

Two-point uncertainties:

' . \ -06 -04 02 0 02 04 06
— Inferpolation may not cover full configuration ALERMLARRI RRAL ARRI AR AR
space, can lead to too-strong constraints '

JES: flavour composition

Pre -fit constraint Post -fit constraint

tfI/FSR

| Pythla 4Q ‘ ‘ ‘ Luminosity
Pythia b Nature .H’T@h Wt ME generator
erpa JES: 1 intercal. model
@ Sherpa Next years (O P 7
Nextyears O generator POF centralvlue —
| ‘ ‘ ﬂu} b-jet efficiency scale fac. 0 ._.%
W. Verkerke, S2014 ATLAS | ., TeV, 3.2 fb” e :ru:.m.mpamm
| | ’/{//A P‘osl-ﬁt Impa‘ctony
. . . . 73HI‘72HH—1HH0HH1HH2HH3
NP central values and uncertainties in pull/impact plots / (8- 6120
provide important “debugging” information for profiling 66
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Outline

BLUE



BLUE
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BLUE

Commonly-used ansatfz for combination

of measurements: C=lpo,0, o,
1. Build a x2 (same as -2logL t: :
for Gaussian L)

x'(X)=2 (x"—x)c;'(x"-X]

C; : covariance matrix of
measurements:

2
0, PO, 0,

p: correlation coefficients

-1
A=
J C J

2. Estimate combined X from minimum of x?(X)

* In the Gaussian case, equivalent to ML solution

= inherits good properties:
— Unbiased : <X> = X*

— Optimal: minimizes the combined uncertainty
* Solution is a linear combination of the inputs:

= “Best Linear Unbiased Estimator” (BLUE)

J_

A; = combination weight

of measurement i

) Voo
X = Z }\'iXObS,l
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BLUE Example ATLAS-CONF-2014-008

ATLAS + CDF + CMS + DO Preliminary
Example: World m.__ combination ;
op CDF Runll, I+jets 34.6
LW‘ = 87 fb I . :
CDF Runll, di-lepton '
L, =56f" I -4.2
Tevatron+LHC m,,, combination - March 2014, L_=3.5fb"- 8.7 fo™ CLD ESEETH’ UG I 55
_ ATLAS + CDF + CMS + DO Preliminary CDF Runll, E™4jets
Cor il et ———t 172.85+ 1.12(0.52+ 0.49+ 0.86) i J | 6.3
CLD_ZF:,L;'?”’ di-lepton ® 170.28 + 3.69 (1.95 +3.13) DO Runll, l+jets l 10.3
I a”_{ets - —_— 172.47 £ 2.01(1.43+£0.95+ 1.04) DL(‘;‘I::{&G fT; e . .
ebr Runll, & +jets P 173.93 + 1.85(1.26 + 1.05 + 0.86) l ) ] il 0.3
Ly, =87 10 Ric= 533 b
DO Runll. l+jets —t——t—t  174.94 + 1.50 (0.83+0.471.16) ATLAS 2011, I+jets I 158
DE RSUJ”'!' di-lepton - o -t 174.00 + 2.79 (2.36 + 0.55 + 1.38) AEI'WEAZZTOH dllepton &
AIE{:?E.O”' +jets —_— e — 172.31+ 1.55(0.23 +0.72+ 1.35) L, = 4.7 b : I -7.1
ATLAS 2011, di-lepton e b @bt 173.09 + 1.63 (0.64 +1.50) CMS 2011, I+jets . ST/
CMS 2011, l+jets Ly = 4.9 fo” :
Loaom’ — e — 173.49+1.06 (0.27+0.33 £ 0.97) CMS 2011, di-lepton
CMS 2011, drlepton —_— — 172.50 + 1.52(0.43 +1.46) Ly =491 I 3.1
C}fifgit all jots P — 173.49+ 1.41(0.69 +1.23) CLM?3§2;11’ all jets I 7.5
World comb. 2014 1/ =816 -t 173.34 £ 0.76 (0.27+ 0.24 + 0.67) e ]
S5 Tevaon March 2013 (Runlel) r—.—— 173.20 + 0.87 (051 0.36 - 0.61)
E S LHe September 2013 o 173.29 £ 0.95(0.23+0.26 + 0.88) |
‘ ‘ | total  (stat. syst) Tevatron + LHC m,,, comb.:
165 170 175 180 185 Marchi20ld §
m,,, [GeV] | | |
-100 0 100

BLUE Combination Coefficient [%]

Limitation: relies on Gaussian assumptions (satisfied in this casel)

Negative weights possible! (for large correlafions, see Eur. Phy. J. C 74 (2014), 2717)
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2014-008/
https://inspirehep.net/record/1242645

BLUE and PLR

X,=X+A,0~G(X,0,)

PLR Computation: 2 measurements X,=X+A,0~G(X,0,)
+ 1 auxiliary measurement 0~G(0, 1)
Single measurement:  A(X,6) = — —(X+A,0-X7P +(0—-0")
(51
A — obs
MLESs: { 0=9
X = X obs A eobs
X-X
e a(x)= XL o =0l Al
1, tot
Combination: ) (X,6) = iz(x +A0-X) + iz(x +A,0-XF +(0-0")
O, O,
2
A Oy o — AA
MLE: X =0 X4 M XS+ 000 Ay = 5
Gl,tot + 02,t0t — ZAIAZ
A 2 2 2 A2
X—X) 2 . 01,t0t02,t0t_A1A2
PLR: K(X) = ( > ) Ox tot — 2
O x, tot Ottt T 02 000 — 2A1A2
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BLUE and PLR Eur. Phys. J. C, 74 (2014) 2717

BLUE computation: measurements X, and X, with uncorrelated
stafistical uncertainties ¢, and G, correlated systematics A, and A,

Single measurement: staf uncertainty o, , systematic A,

- Uncorrelated uncertainties
- Assume everything is Gaussian
= Uncertainties add

2 2 2
in quadrature: Of,0 = 01+ A}
o’ PO, O
: H . — 1, 1, 2,
Combination: C = tot . _ AA,
PO 1,10t02 0t O3, tot P= 01,10t 02, tot
2
| . o — POy O
BLUE weights X = A, X2 + A, X2 My = —5— et~ bt B
Gl,tot + 02,t0t — 2p01,t0t02,t0t
2 2 2
o 2 _ 01,t0t02,t0t(1 Y )
Propagate uncertainties from C:  Ox,tot = 3

2
ol,tot + 02,t0t — 2p01,t0t02,t0t
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Negqtlve BLU E Welghts ATLAS+CDF+CM?+DO Preliminary
CDF Runll I+jets - 34.6
CDF Runll di-lepton I 490
Occasionally, negative BLUE weights: mets - : =
Can happenifp ~ 1; I 103
unl] di-lepton | 0.3
)\' — o’l,tot(oil,tot_p0“2,t01:) < O fOI' p S 0'1,1:0t ATLAS%” i I. e
2 — 2 2 0 ATLAS 2011 di-lepton 71
ol,tot + GZ,tot — zpol,totGZ,tot 2, tot CMSZO” hjets . 277
I . CI\/IS2011 di-lepton I 31
Not intuitive! (Can also have A, =0foro,,,=p 02,fot...) e | 75
Can be explained in the PLR picture: X,=X+A0
—_ | i |
_ _ XZ_X+2AG 00 o 00 ¢ oo
Without correlated systematics (A = 0): LSl it
X obs X X obs 0.2
1
e } Cz f > )\1(2) —_ A >0
o+ O,
With large correlated systematics (A > o ,)
A N
- > B value makes X, and X,
X X obs X obs .
S 2 —o— é: 2 » Match observations, A, <0
A A small pull on 6 if A is large
=] >X >X, o g

p ~ 1 = 8 measurement is important = possibly very different MLE than X, @X....,



Uncertainty Decomposition

Often useful fo break down uncertainties into components (stat + syst, etc.)

ATLAS Preliminary __ .. _ Theory — Stat
H — Yy, mH =125.09 GeV

PLR approach: perform measurement twice

1. With all uncertfainties included
— nominal uncertainty o, , .

2Inx

2. Removing some uncertainties
(e.g. all syst uncertainties) —» o,

= Subtract in quadrature:

— 2 2
Y syst J O otal — O no-syst

BLUE-based approach:
1. Propagate each source of uncertainty (stat & syst) to the observables

2. Propagate through tfo the measurement using % = Z A x o
the BLUE weights et

The two methods are not completely equivalent (recently discovered!)
— In The BLUE case, weights still computed including systematics effects
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Presentation of Results
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Presentation of Results

Measurements often recast to consfrain a parficular theory model.
— |deally, by reparameterizing the likelihood and repeating the measurement

2,5\I‘\\\\‘Illl‘\\\ll\\ll\l\\‘\\lllrll\‘\l

5‘ :I T T T | LB ‘ LI | | T T 17T LB ‘ L | LB ‘ L M“_ L s . ' N
S 40 —— Combined 68% CL ATLAS Preliminary 3 L % SMprediction ATLAS Preliminary |
é e Combined 95% CL Vs =13 TeV, 36.1 fo'' = [+ Bestfit s =13TeV,36.1 b
o = i . 5 [ i 0, i1}
S H—>yy 68% CL Hoyyand HoZZ >4l 2r Combined 68% CL Hoyy and HoZZ >4 ]
30— =i=- H»ZZ* 4] 68% CL - e [sipneres Combined 95% CL
- A my, =125.09 GeV, Iy, [<25 ] o m, = 125.09 GeV
S e SRR 3 i H—yy 68% CL
£ [ SM prediction ST 7 15 = H—ZZ* 41 68% CL _ueeess, il

...............
......
o,

e : e |:>
15— 0 "‘, -
5: . + =

Ky

= Done by experiments for selected benchmark models
— However, often too complex to implement widely:

* Full likelihood typically not published

* theorists typically do not want to deal with 4000 NPs...

— Other approaches: e.g. reimplementing the analysis in a public fast-
simulation framework (e.g. SUSY searches). However clear accuracy limitations
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Presentation of Results

— Current solution: publish covariance matrices in HEPData, fogether with the

individual measurements

ggH (0 jet)

P {s=13 TeV, 36.1 b ggH (1 jet. plf < 60 GeV)
ATLAS Preliminary py_. ", m =125.09 Gev
, m =125,

ggH (1 jet, 60 = p_'; <120 GeV)
ggH (0 jet) — —

v ggH (1 jet, 120 = pf <200 GeV)
ggH (1 jet, p' <60 GeV) (—

: H =2 jet
ggH (1 jet, 60 = p;' <120 GeV) |— —_——— ggH (= 2 jet)

: |
ggH (1 jet, 120 < p:‘ <200 GeV) |— : aq — Haa (p, <200 GeV)
ggH (= 2 jet) — ggH + g — Hag (BSM-like)

qa — Hag (P, <200 GeV) — -—o— ggH - qg — Hog (BSM-like)

ggH + qq — Hqq (BSM-like) —

-0.22

0.17 -0.

0.00 -

-0.08

-0.07 -

ATLAS Preliminary

{s=13 TeV, 36.1 fo™
H—yy, m =125.09 GeV

VH (leptonic) | -0.02  -0.01
Vi (leptonic) = top | 0.00 -005 -0.01 O -0. -0. -0.0

|- . T 5 3 3 ¥ 3 & : @
I AN SIS PP B O I e © © e o © 3 s 2
SMpredicion  -05 O 05 1 15 2 25 F § &8 & ¢ §& 8 &8 2
Measured o x BR normalized to SM ¥ ow o= 2 EOF 7

= 8 8 i L L

. g ow . . . T 3 - S

(=2} -— — =2 I

— Only valid in the Gaussian approximation = % %

— To go further, need some form of simplified likelihoods
* Profile likelihood - function of POl only (NPs profiled out)

* Additional terms for non-Gaussian effects
— Significantly more complex (many dimensions!)

— Will be needed eventually as measurements become syst-dominated
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Conclusion

Significant evolution in the stafistical methods used in HEP
Variety of methods, adapted o various sifuations and target results
Allow fo

— model the statistical process with high precision in difficult situations
(large systematics, small signals)

— make optimal use of available information

Implemented in standard RooFit/RooStat toolkits within the ROOT framework,
as well as other tools (BAT)

Improvement and uniformization efforts are still ongoing

Still many open questions and areas that could use improvement
— e.g. how to present results with all available informatfion to the “outside”
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