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Rockets on Israel – 10 min break on alarm





The participants here are mainly
experts in conformal bootstrap 
techniques. I was called on to speak, 
essentially in a service role, 
presumably because I witnessed and 
had some hand in the history of 
multicritical phenomena in 
perovskites. This talk presents my 
subjective history of 50 years on 
this topic, with simulating theory-
experiment feedbacks.



Minerology:
Perovskite (CaTiO3) 
lueshite(NaNbO3),

tausonite (SrTiO3), 
macedonite (PbTiO3), 
lakargiite (CaZrO3), 
barioperovskite (BaTiO3), 
neighborite (NaMgF3)

Ferroelectrics,
Magnets,
Multiferroics,
Colossal magnetoresistance,
Superconductivity,
Charge ordering,
Solar cells,
Memory devices in spintronics,
Catalysts, …











Conductive interfaces[edit]

•GdTiO3/SrTiO3
[41]

•LaTiO3/SrTiO3
[42]

•LaVO3/SrTiO3
[42]

•LaGaO3/SrTiO3
[43]

•PrAlO3/SrTiO3
[44]

•NdAlO3/SrTiO3
[44]

•NdGaO3/SrTiO3
[44]

•GdAlO3/SrTiO3
[45]

•Nd0.35Sr0.65MnO3/SrTiO3
[46]

•Al2O3/SrTiO3
[47]

•amorphous-YAlO3/SrTiO3
[40]

•La0.5Al0.5Sr0.5Ti0.5O3/SrTiO3
[10]

•DyScO3/SrTiO3
[48]

•KTaO3/SrTiO3
[49]

•CaZrO3/SrTiO3
[50]

Insulating interfaces[edit]

•LaCrO3/SrTiO3
[51]

•LaMnO3/SrTiO3
[43]

•La2O3/SrTiO3
[40]

•Y2O3/SrTiO3
[40]

•LaYO3/SrTiO3
[40]

•EuAlO3/SrTiO3
[45]

•BiMnO3/SrTiO3
[52]
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Double perovskite

Parent material of high 
Temperature superconductors

Tetragonal to
Orthorhombic







Octahedra rotate  – move Sr towards vertical axis – tetragonal           antiferrodistortive

Also





Landau theory

Order parameter – vector of rotation  Q Q has n=3=d components

v>0              order along [111], trigonal.           v<0            order along [001], tetragonal.

Elastic strains

u+v/3>0 u+v>0



Can minimize over the eta’s, obtain a “renormalized” energy for the Q’s

Soft mode



Pierre Toledano



Experiments:

• X-ray and neutron scattering give lattice 
structure

• In ordered phase, rotation generates strain: 

• EPR spectra (below)

• Specific heat, … 

]





Which universality class is this??is lowered, power law changes

crossover

MFT

critical



Critical phenomena

Correlation 
lengthOrder 

parameter

Need  introduction to RG



PRL 28, 240 (1972)

I arrived at Cornell in July 1972,
Took the RG course from Wilson.
Also there: Pfeuty, Bruce, Kosterlitz, Nelson



Renormalization group: integrate in Z over short length scales

Then rescale length,                                and order-parameter scale,   

A. Aharony,   Dependence of universal critical behavior on symmetry and range of interaction

in Phase Transitions and Critical Phenomena, C. Domb and M. S. Green, eds., Vol. 6 (Academic Press, NY, 1976), 

p. 357

New Hamiltonian similar to previous 
one, but may contain new terms

Q        S

RG

Landau-
Ginzburg



Critical point flows to the Fixed point! 



Search for fixed points,   



Near fixed point,

Linearize, diagonalize the matrix of derivatives,

Singular part of the free energy density:

Scaling,  Homogeneous functions – Widom, Kadanoff

are scaling operators, and the couplings       depend 
on original Hamiltonian parameters



--- Log corrections



If there  are no other relevant operators then the fixed point represents a 
regular critical point,

Correction to scaling
Irrelevant

Scaling relations among exponents

effective exponents

Ordering field



If there is another relevant operator                       crossover to another behavior 
multicritical point

relevant

Example: Isotropic Heisenberg model

r

increases,

becomes negative and large

first order transition   

Gaussian fixed point represents a tricritical point



Crossover from Gaussian to Heisenberg



Scaling function comes from fixed point – independent of initial Hamiltonian – UNIVERSAL

Also implies UNIVERSAL AMPLITUDE RATIOS, equation of state, correlation functions

V. Privman, P. C. Hohenberg, and A. Aharony

Universal critical-point amplitude relations

in Phase Transitions and Critical Phenomena, 

C. Domb and J. L. Lebowitz, eds., Vol. 14

(Academic, NY, 1991), pp. 1-134, 364-367

Also finite size scaling

UNIVERSALITY



Wilson-Fisher 
Renormalization Group

2nd example: cubic problem





A. Aharony,   Dependence of universal critical behavior on symmetry and range of interaction

in Phase Transitions and Critical Phenomena, C. Domb and M. S. Green, eds., Vol. 6 

(Academic Press, NY, 1976), p. 357

crossover





A. Aharony,   Dependence of universal critical behavior on symmetry and range of interaction

in Phase Transitions and Critical Phenomena, C. Domb and M. S. Green, eds., Vol. 6 (Academic Press, NY, 1976), p. 357

H

Larger than experiments!

1st order

1st order

Heisenberg is stable



Alex Müller visited Cornell in 1973

(Usually, samples have many domains)



Coupling to strain







Landau theory RG, near H or C fixed point



In ordered phase of the symmetric structure, 

Goldstone modes now have a “mass”

Different for cubic and Heisenberg fixed points! 



Landau theory
RG, near H or C fixed point

H

C

For H fixed point, v is a “dangerous irrelevant variable”

Tetracritical point



Near the cubic fixed point,

Implies different shapes of phase diagram, different Goldstone modes, etc



Note: all the multicritical points discussed here 

were  simultaneously also discussed in the context 

of magnetic systems:

P. Pfeuty, J. M. Kosterlitz, D. R. Nelson, E. Domany, D. Mukamel, 

D. J. Wallace, E. Brézin, S. Hikami, R. Abe, T. Nattermann, J. Rudnick, 

E. Riedel, F. Wegner, A. J. Larkin, D. E. Khmel’nitzkii,….







n=2

n=1
Order
parameter

correction Ising,  n=1



Landau theory RG, near H or C fixed point



Stress along [111]





In the mountains near IBM Zürich, circa 1975

…  Many mutual visits in Tel Aviv and Zürich:
Phase transitions in perovskites or high-Tc 
Superconductivity?

April 1987: Conference in Zürich, celebrating Müller’s 60th birthday

My talk:  “My life with Alex Müller and the perovskites”

October 1987: Announcing the Nobel Prize, …….





PRL 37,565 (1976)





Side comment



Plan for 3rd lecture

Critical behavior of compressible systems

What is                                  What are the implications?

Fluctuation driven 1st order transitions





Martin Zirnbauer



Martin Zirnbauer, Slava Rychkov





So why is       important?

➢What are the theoretical exponents for the fully cubic system?

➢How do the bicritical and tetracritical phase diagrams look like?

➢ What is the universality class of the preovskites?



















“New” approach:

Physically, n must equal d.

Later, we also consider 

Historically, started in 1973,  

M. E. Fisher and A. Aharony

Dipolar interactions at ferromagnetic critical points

Phys. Rev. Lett. 30, 559-562 (1973)



1/n

2+

=0



Small, so more reliable?

(with Ora
Entin-Wohlman)

©



C
H

1/nLarge n



???



???



If the cubic fixed point wins, what are the implications for

The displacive phase transitions in the perovskites??

December 2018-
Slava visits Barak Kol at HUJI
and Ofer Aharony at WIS



Back to the beginning

©



What is predicted if                ? 

u

v

C

H

LAO approaches slowly cubic behavior

STO starts with isotropic exponents, but
goes very slowly to 1st order

Exponents for the flow of v are 
very small (almost logarithmic) –
always see v-dependent effective 
exponents

Stability line

No
Universality!

1st order

©



Which universality class is this??is lowered, power law changes

crossover

MFT

critical

What about universality??



u

v

C=H

Stability line
u+v=0

A<0 ??

©



First order transitions, tricritical points

Need scenarios that turn 2nd order transitions into 1st order ones
Fluctuation driven 1st order transitions



Scenarios for fluctuation 
driven 1st order 
transitions: The role of 
irrelevant fields



Cubic
V<0

isotropic

Cubic
V>0





Scenarios for 
fluctuation driven 1st

order transitions: The 
role of relevant fields



Unstable fixed point: 
Ising of cubic for







Random cubic case,  n=0,  m=d=3



Cubic symmetry in the quadratic terms

Negative f reflects the small fluctuations along the axis of rotation



Isotropic:

f              v        

f is irrelevant near zero, highly relevant near 1



f  pushes v to more negative values  before it decays                               1st order transition

Should not expand in  f  if close to 1   (f=1 means 2D behavior?)





Back o back with experimental paper



for

Cubic:

If L is infinite – two dimensional fluctuations only. Otherwise –Lifshitz behavior



More perovskites

● H. Rohrer, A. Aharony and S. Fishman

Critical and multicritical properties of random antiferromagnets

JMMM 15-18, 396 (1980) 

A. Aharony, R. J. Birgeneau, A. Coniglio, M. A. Kastner, and H. E. Stanley

Magnetic phases and magnetic pairing in doped La2 CuO4

Phys. Rev. Lett. 60, 1330-1333 (1988)

● R. Sachidanandam, T. Yildirim, A. B. Harris, A. Aharony, and O. Entin-Wohlman

Single ion anisotropy, crystal field effects, spin reorientation transitions and spin waves in 

R2 CuO4 (R=Nd, Pr, and Sm)

Phys. Rev. B56, 260-286 (1997)

● Y. J. Kim, A. Aharony, R. J. Birgeneau, F. C. Chou, O. Entin-Wohlman, R. W. Erwin, M. Greven, 

A. B. Harris, M. A. Kastner, I. Ya. Korenblit, Y. S. Lee and G. Shirane

Ordering due to Quantum fluctuations in Sr2 Cu3 O4Cl2

Phys. Rev. Lett. 83, 852-855 (1999).

● R. Schmitz, O. Entin-Wohlman, A. Aharony, A. B. Harris, and E. Mueller-Hartmann

The magnetic structure of the Jahn-Teller system LaTiO3

Phys. Rev. B 71, 144412 (2005).

● S. Matityahu, O. Entin-Wohlman and A. Aharony

Landau theory for the phase diagram of the multiferroic Mn1-x(Fe,Zn,Mg)xWO4

Phys. Rev. B 85, 174408 (2012).

BCP under random fields

High-T superconductors 
parent

Same family

Same family

Orbital order

multiferroic

http://link.aps.org/abstract/PRB/v85/e174408


Remaining issues

• There is much more than exponents: scaling functions, amplitudes, 
multicritical points, crossover exponents, effective exponents – the 
importance of irrelevant operators

• What happens if                ?   Log corrections?   

• More work needed on Lifshitz critical and tricritical points

• The line n=d should be followed for many physical problems

• More work is needed on predicting and promoting calculations and 
experiments near the multicritical points of cubic systems

• Communications between CFT, conformal bootstrap and condensed 
matter physics are useful; let’s continue!




