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Michael E. Fisher

FOREWORD

“In March 1996 the Departments of Philosophy and of
Physics at Boston University cosponsored a Colloquium
‘On_the Foundations of Quantum Field Theory.” But in
the full title, this was preceded by the phrase ‘A Historical
Examination and Philosophical Reflections,” which set
the aims of the meeting. The participants were mainly
high-energy physicists, experts in field theories, and inter-
ested philosophers of science.” I was called on to speak,
essentially_in_a_service role, presumably because I had
witnessed and had some hand in the development of
renormalization group concepts and because 1 have
played a role in applications where these ideas really mat-
tered. It 1s hoped that this article, based on the talk [
presented in Boston, may prove of interest to a wider
audience.”
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The participants here are mainly
experts in conformal bootstrap
techniques. | was called on to spealk,
essentially in a service role,
presumably because | witnessed and
had some hand in the history of
multicritical phenomena in
perovskites. This talk presents my
subjective history of 50 years on
this topic, with simulating theory-
experiment feedbacks.



Table 2. Examples of known tilt systems

Substance

NaNbO;(S5)
YAIO,;

SmAIQ;

EuAlO;*
GdAIO;*

DyAlO;

BaCeO,

YCrO,,

YFeO;, LaFeO,,
PiFeOQ;, NdFeOs,
SmFeQ;, EuFeO,,
GdFCO3

TbFeO3, DyFeo:,
HoFeO,, ErFeO,,
TmFeO;:., YbFeO;,
LuFeO,

NaMgF;({ < 760°C)*
Y NiO;, SmNiQ,,
EuNiO;, GdNiO;,
DyNiO;, HoNiQ;,
EI'NiO;r,, TleO;,
YbNiO;, LUNiO;
BaPrO,

CaTiO;

CdTiO;

LaAlO;

PrAlO;(172-293°K)
NdAIO,

LaCoO;
FeFa, COF3,
RUF;, RhF3,
Png, ]I'Fg.
VF;

BiFeO,

LiNbO;

NaNbO;(N)
LiTaO;
BaTb03
szro.gTio. 103

Cation

displacements space group

Na?

Y

Sm
Eu?
Gd?
Dy

Ba

Y

Y, La,
Pr, Nd,
Sm, Eu,
Gd

Thb, Dy
Ho, Er
Tm, Yb
Lu

Eu, Gd,
Dy, Ho,
Er, Tm
Yb, Lu ]
Ba

Y, Sm, 1

Cd, Ti
La

Bi, Fe
Li, Nb

Na, Nb
Li, Ta

Pb, (Zr, Ti)

Space group
of tilted

Observed . framework

Pnmm
Pbnm
Pbnm
Pbam
Pbnm
Pbnm

Pbnm

Pbnm
Pbnm
Pbnm

Pbnm
Pbnm
Pbn2 1
R3c

R3c

R3e
R3c

R3c
R3c

R3c

R3c
R3c
Ric
R3c

alone

Prnmm
Pbnm
Pbnm
Pbnm

Pbnm
Pbnm

Pbnm

Pbnm
Pbnm
Pbnm

Pbnm
Pbnm
Pbnm
R3c

R3c
R3c

R3c
Ric

R3c
R3c

R3c

R3c
R3c

R3c
Ric

Minerology:

Perovskite (CaTiOj)
lueshite(NaNbO,)
tausonite (SrTiO;),
macedonite (PbTiO,),
lakargiite (CaZrO;,),
barioperovskite (BaTiO;,),
neighborite (NaMgF,)

Ferroelectrics,

Magnets,

Multiferroics,

Colossal magnetoresistance,
Superconductivity,

Charge ordering,

Solar cells,

Memory devices in spintronics,
Catalysts, ...
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< Thin film crystal
<4 2D electron gas

<= Crystal substrate

Conductive interfaces|edit]
*GdTiO,/SITiO 41
LaTiO,/SrTiO,42
LaVO,/SrTiO 42
*LaGaO,/SrTiO 4l
*PrAlO,/SrTiO,4 44l
*NdAIO,/SITiO,144
*NdGaO,/SrTiO,44l
*GdAIO,/SITiO 45

*Ndg 35Srg sMNO,/SITiO, 46
*AlLO,/SITIO 41
«amorphous-YAIO,/SrTiO,4d
eLay cAly sty 5 Tig sO4/SITIOL LY
*DyScO,/SrTiO 8l
*KTa0,/SITiO 442
«CaZrO,/SrTiO,BY
Insulating interfaces|edit]
*LaCrO,/SrTiO R
*LaMnO,/SrTiO, 43l
*La,0,/SrTiO,l4d
*Y,0,/SITiO 4
LaYO,/SITiO, 40
*EUAIO,/SITIO, 48]
*BiMnO,/SrTiO,R2
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Sr1T10q : cubic to tetragonal Also RbCaF

Octahedra rotate — move Sr towards vertical axis — tetragonal antiferrodistortive



LaAlOq : cubie to trigonal

cubic to tetragonal

LaAlOq : cubic to h‘-igﬂ?mi/




Interaction of Elastic Strain with the Structural Transition of Strontium Titanate*

Landau theory B oo

IBM Thomas J. Waison Research Center, Yorktown Heights, New York 10598
AND
H. TroMAS

Order parameter — vector of rotation Q Q has n=3=d components

G =Go+ 30T - T0)Q% +(Q%)? +v(QF + Q4 + Q3) + ex(m + 12 + 13) Q?
+ea[m(2Q7 — Q3 — Q3) + 12(2Q3 — QF — Q) + n3(2Q% — Q% — Q2)]
+e3(Q1Qam6 + Q1Qsns + Q2Q3m4) + 5 ¥ Capfanp,

afB Elastic strains
v>0 == order along [111], trigonal. v<O == order along [001], tetragonal.
u+v/3>0 u+v>0

Q=0 for T>T., |QF o< (T.-T), T<T.



Soft mode

G =Go+ %Q(T —To)Q* + u(Q%)? +v(Q7 + Q3 + Q3) + ex(m + 12 + 13) Q7
+ea[m (2Q7 — Q3 — Q3) + 12(2Q3 — QF — Q3) +13(2Q% — Q% — Q)]
+e3(Q1Q2m6 + Q1Q3m5 + Q2Q3m4) + 3 Z CapMans;

3

Can minimize over the eta’s, obtain a “renormalized” energy for the Q’s

W) G =G+ [a(T - To)Q + w(@Q*)? +v(Q% + Q4 + QY)



@ Recording

F (T,f,){'}_,?b},)ﬁ @o(T,2) + 20, \T’T"\)’I‘;*' Ay /T\;'
+ Seyypy + Coseds
g by T 2 Ey

Co%‘)\(no)‘imen €Mavw\ oP E\a»ﬁcen%gt{

2
:g)p:i—cabe%:o Xil—*
T
Ay B = S— Te
Ll
e\ at 4 (0,-5_)1%
F(T/Q;{P-.) ‘=QOCTIQ) *QM_(T—M) Pyt ( : ZC;5

chan e 0.}»“'"”9

>y Vem’“m“l"b“ a%a)e}(ia'éﬂ*? Stabi &Wf M
9 "mdes —> 4 Po’w‘%
)@%3 (Qt/40>
4370 G

E(aehc \u%&Pm‘%‘ %6 r
V(s g,{lhrcﬁée% (%%:D
G=F- 0%5655? {?ea’a [ or (TT)+zqu+ge”] .

i
Cetond miw;miqbe\'mw with feAPw{'b ’05 o

Cn =>T3Te(hy=0) = ?(67,»' C,@;_

‘L

T Ly = 035-6”
2y

ene ok Te \ou)rMcJ«

quj a,m)'m(bba

Nodivmz%
> Ceondiany OF can %3 o\ms‘ﬁn%m\ne@( Mdmm .

attern)

Pierre Toledano



Experiments:

* X-ray and neutron scattering give lattice
structure

* |n ordered phase, rotation generates strain:
er(m + 12 + 13) Q% ea[m(2Q7 — Q5 — Q3) ]

 EPR spectra (below)

e Specific heat, ...



Static Critical Exponents at Structural Phase Transitions

K. A. Muller and W. Berlinger
IBM Zurich Reseavch Labovatory, 8803 Ruschlikon, Switzeviand

(Received 27 October

The temperature dependence of the rotational displacement parameters below the
second-order phase transitions in SrTiO; and LaAlOg at T, =105.5 and 797°K is de-
scribed by an exponent 8=0.33+0.02 down tot=T/T,=0.95. For smaller ¢’s there oc-
curs a change to Landau behavior approximately followed between? =0.9 and 0.7. The
observation of static critical exponents near displacive phase transitions confirms now

the notion of universality in this field.

Fel’t re places AlPY. EPR line s hifts with rotation angle



MFT

e QP2 o (1. —T) [oegre?]
002 -
+ D LaAIO; : Fe*
° (pz SrTiO5 Fe®*
- 2.0
o ¢ SITiO; : Fe’-V,
D p?
LaAlO, SrTiOy
001 - %
-1.0
crossover N
%
e.\'
el (Y
critical %
[ ]
0 T T T T ™ T 0
07 08 t 09 1.0

e

TC._ is lowered, power law changes

T, = 106.5°K

£=0.33=0.02

Which universality class is this??



Critical phenomena

Reduced Temperature, t ' 3
F—F, | Correlation
Order | &
T | length _ =
& % 1 arameter ,' : §
£ =4 5
—— % — % ' S 8
Specific heat (' oc £ | g 2
s ( - P
Magnetization s [\ €
o \ -
% ,:". 2
_’ ' o
. g =gs AL i £ o
Magnetic susceptibility x‘fl WA 7
e i | s
. 1 0 1
Correlation length Recuced temperature

Critical behavior of the order parameter an the
correlation length. The order parameter vanishes with
the power B of the reduced temperature t as the critical
point is approached along the line of phase coexistance.
The correlation length diverges with the power v of the
reduced temperature.

- Need introduction to RG



| arrived at Cornell in July 1972,
Took the RG course from Wilson.
Also there: Pfeuty, Bruce, Kosterlitz, Nelson

Physics Reports

Volume 12, |ssue 2, August 1974, Pages 75-19%

ELSEVIER

The renormalization group and the € expansion %

Kenneth G. Wilson 2 b T, ). Kogutt

Critical Exponents in 3.99 Dimensions* PRL 28, 240

Kenneth G. Wilson and Michael E. Fisher

Laboratory of Nuclear Studies and Bakevr Laboratory, Covnell University, Ithaca, New Yovk 14850
(Received 11 October 1971)

Critical exponents are calculated for dimension d =4 = € with € small, using renorma-
lization-group techniques. To order € the exponent y is 1 +-§-€ for an Ising~like model
and 1 +te for an XY model.



A. Aharony, Dependence of universal critical behavior on symmetry and range of interaction
RG in Phase Transitions and Critical Phenomena, C. Domb and M. S. Green, eds., Vol. 6 (Academic Press, NY, 1976),
p. 357

Partition function: 7 = exp[—F/(kzT)], Z = [qu) (de”Q{:{j) exp [H{Q(x)}]

Local Hamiltonian includes gradients, H = / d"x[ — %{?QET{} - VQ(x) — GQ(x)]/(kgT)] I(.Sa:rr]\;j;ljrg

Fourier transform: Q(q) = €'Y, exp[iq-x]|Q(x), q in 1st Brillouin zone (BZ), |q,| < 7/a

Approximate BZ by a sphere, |q| < A = — %J (r+q?) 25 S+ S2% =20 (u+vd )
q o

aB q

Q® S q near (m, m, ) X j_: J: f S5 S3 S%a Sfa_g.-;.. , 4
q 7T
Renormalization group: integrate in Z over short length scales  A/b < |q| < A u

7/

Thenrescale length, q=q'=bq andorder-parameterscale, Q(q)= Q'(bq) = Q'(qd) =¢"'Q(q)

‘ [’ﬁ:{Q’(q’j} = EI{Q({”}] New Hamiltonian similar to previous

one, but may contain new terms




Under renormalization step, x= x/b, q = bq,

At fixed point, £ =oc (or ()

» Critical point flows to the Fixed point!




H,=RH, ... H,=RH

Search for fixed points,

.-H* :RH %

If £(0) < o0, iterate

until ¢ = ¢*, where

§(07) =€(0) /b7 ~1

then solve Landau theory

with renormalized parameters

Michael E. Fisher: Renomalization group theory

physical physical manifold
critical v -
point , #V=Hen
(a)
U
oL RS
renormalized *Ha‘h’ first
critical | ,
oint J t’ ) rennfrnnuzed
P T \ \ manifold
v J, v y \
f’z / \ VN
/  critical _— ‘*N \
¥ trajectories N RB[]
-1

fixed pn'mtﬁ*
‘*é—- —_ = —
x g

(c)



Near fixed point, { — H* + Z 11;O. + higher order in the p's
1

= H =H"+) [;1,]O, + higher order in the p's

O

Linearize, diagonalize the matrix of derivatives, ;) = I
i

= b f

O, are scaling operators, and the couplings  ¢;epend 9\\\7
on original Hamiltonian parameters 7/
Singular part of the free energy density: /%}\\\
_ 11—l 1) D) (D)
f(ﬂf.-lr Hoy g, .. ) — b f(b lﬂ.-lr b ZH-Q; b Sﬂ-'gg .. )

Scaling, Homogeneous functions — Widom, Kadanoff



f(lul Hos Hazs - ) — b_gdf(bghlﬁ’lﬁ bf}ﬂﬁ?: bfhgﬁ’gr . )

A >0 = o isrelevant A, <0 = o, Is Irrelevant

/\-i =0 = 0, 1S marginal --- Log corrections
py =toc (T'=1T,) (0) =&t~ = (0¥
b oc £(0)/€(0) = £(0) = &t ™" PMT =T,) = (T=T)"™™ A =1/v

flpeg. pg. pz. ...) = Mdyﬂﬁ-gw_%eﬁ-gw_%v ..) Oy = VA



ju'Q — H Ordering field UQ —_ /l\_ — ,_'3 —+ Y > 0 :';,. H lEa I'elevant

If there are no other relevant operators then the fixed point represents a
regular critical point,

b, Ho g, o) = Y FOH/S 7%, ) = (4" fo (/) Lyt +. ]

Irrelevant .

Correction to scaling

Q(H =0)=—0f/0H o [t|" 2 f" o [t|°[L + aglt|* + .. ] W= —0g ==\ >0

B=dv—A=2—a—(B—-7)=28+7)—(B+7) 4= Scaling relations among exponents

f, dlog@ .
X =0Q/0H o [t|"[L+a,|t|” +..] Bog = Tlogt] B+ waglt]

effective exponents



If there_is another relevant operator ‘ crossover to another behavior
multicritical point

f(t H, g, ...) = [t(|"F(H/E, pglt] 7%, .. )

relevant

Example: Isotropic Heisenberg model 3 = _ 3 =-fdﬁ[%(*§)2+%r]§\2+u|§\“—E -3]

o t 1t 1

A

U= —Ar
I _
H / u = Ar —> 1" increases, 1 — o0
A\( // U << j’l-r = 1 becomes negative and large
G

L first order transition

Gaussian fixed point represents a tricritical point



AUg
Crossover from Gaussian to Heisenberg ,) \—;/

dr/dl = 2r + A(P)u + O@Wu?) /*\< /

dufdl = eu — B(r)ut + Ou8) :
— el /[(1 B(e€! —1 Oy Y
wp = e /{(1/uo) + B(e® —1)/e] )= T L
- + min (%tRJWZ + uRAfﬂ)
1.O/f R=1+(n+ 8)u(ed* —1)271%€
” tR = tR_(n+2)/(n+8)7 UR — U/R
2 4 6 8 10 / PHYSICAL REVIEW B VOLUME 13, NUMBER 5 1 MARCH 1976

Equations of state and renormalization-group recursion relations

Joseph Rudnick
Department of Physics, Case Western Reserve University, Cleveland, Ohio 44106

David R. Nelson*
Baker Laboratory and Materials Science Center, Cornell University, Ithaca, New York 14853



UNIVERSALITY F(t. H, pg. ..) = [P F(H/D, palt] %, )

Scaling function comes from fixed point — independent of initial Hamiltonian — UNIVERSAL

Also implies UNIVERSAL AMPLITUDE RATIOS, equation of state, correlation functions

V. Privman, P. C. Hohenberg, and A. Aharony
Universal critical-point amplitude relations

in Phase Transitions and Critical Phenomena,
C. Domb and J. L. Lebowitz, eds., \ol. 14
(Academic, NY, 1991), pp. 1-134, 364-367

£, =8,L7" (¢>0, H=0)

Ci=(@A/a)™™ H=0,t>0)

RY=AY"t, {ammm) 1y-2-q.

R} =3nK, [1 +€ (1 _£§> +O(€2)]

Also finite size scaling

L—L/p wp [(()=1 = p =]

Cs=A"/a)t1™™ H=0,t<0)

dj ‘ AJAT=202(1 1 €) 2
Flt. po. prge o) = L7 (g LY pup L2 gL ) / (1+e)n+0(€)




2"d example: cubic problem

PHYSICAL REVIEW B VOLUME 8, NUMBER 9 1 NOVEMBER

Critical Behavior of Anisotropic Cubic Systems

Amnon Aharony
7C = lj r+q3]2 Sze S -2 (u+v6,,)
Wilson-Fisher 2 >-7 ! b

Renormalization Group ffJ‘ o8 52
a -q-q'-q"

w =b*"{y— 4K, Inb(1+ 2€lnb)[(n +8)u’+ 6uv]+ 16 K21n?b[(n?+ 61 + 20)u®+ 9(n + 4)u®v + 2T uv?]
+32K% Inb(1+1nb)[ (57 + 22)u’+ 36 uPv + Quv®] },

v’ =b*"%{v - 4K,Inb(1+ 2€lnd) (12uv + 9v?) + 16 K3 1n?p (36’ + 54 uv®+ 270°)
+32K%Inb(1+1nb)[3(n + 14)u% + T2uv®+ 270°) },



Gaussian:
uf=0%=0;

Ising:
I_ I_ 3
u'=0, v EEK,, (1+§-,—E}+G(E );

Heisenberg:

€ 3(3n + 14)
v -'El u "4Kd(ﬂ+3}(1 —{'—-E‘ig-‘ )+D‘(Eﬂi

Cubic:
c € ( (n—1)(106 - 197n) ) g
SRR Ty o T W €)+0t),
o__€ (n-4 (n-l}{l'?n+110ﬂ-424]
T12Km\ 3 81n°
+0(€?) .

)

Gaussian:
.TILE: AEZ 'E;
Ising:
M= 5€-31 €+ 0(€7), N=-e€+3e*+0(e);

Heisenberg:

On + 42

lf: - € +I:H_BF E3+ Q(EE},

n-4  5n°+14n4152 ,

H_ 3
Weps <F (n+8)° +0(€).
Cubic:
c__ {H—l}[l?ﬂ - 4n+ 212) 2 3
M= T T 1 2) +0le)
c_ 4-n
=g €

(n—1)(19n% = 72n°% - 660n + 848)
81n° (n+2)

€2+ 0(e?).



A. Aharony, Dependence of universal critical behavior on symmetry and range of interaction
in Phase Transitions and Critical Phenomena, C. Domb and M. S. Green, eds., Vol. 6
(Academic Press, NY, 1976), p. 357

Heisenberg Gausstan \‘*

Gaussian

crossover
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Critical Behavior of Anisotropic Cubic Systems
Amnon Aharony

borderline of stability of the Heisenberg fixed
point depends on the order of the truncated series
used for A, Using the order-€ result, the Heisen-
berg fixed point is stable for n <4, This explains
Cowley and Bruce’s® result for n=3. Using the
order-e® expression, given above, one finds that
A>0forn>2, and \’=0atn=2. Recently, Ketley
and Wallace'® calculated the order-€® term in ¥
using a Feynman-graph expansion near the Heisen-
berg fixed point. To that order, they find the
borderline goes up and lies close ton =4, Ketley
and Wallace conclude that for»n =3 the radius of con-
vergence of the series for Al is smaller than 1,

and that no conclusions may be drawn. We con-
clude tentatively that A} is either positive or very
small in magnitude, so that it is important to study
other possible fixed points and other types of criti-
_cal behavior.




A. Aharony, Dependence of universal critical behavior on symmetry and range of interaction
in Phase Transitions and Critical Phenomena, C. Domb and M. S. Green, eds., Vol. 6 (Academic Press, NY, 1976), p. 357

¢ =0, M =)\ =0

5 ; ‘ 4+ 3.176¢ _
ne =4 — 2+ —[6((3) — 1]e? + O[] = ~ 3.128 at € = 1.
. s -? / | \ |
}3(_—. > 13 . 15t ordel"J Ising ~’/ IS\
Heisenberg is stable |

B=0.37+0,01

H

. R Heisenberg | Gaussian - )

Gaussian \ K u ‘\ Heisenberg

Larger than experiments! o ;
1st order

£=0.33+0.02




Alex Miiller visited Cornell in 1973

Static Critical Exponents at Structural Phase Transitions

K. A. Muller and W. Berlinger

[Degree z]

+ D LoAlO; :Fe”' cancy {FEE+'VD} is observed.® V'EI'}F rEEEﬂﬂF
o ¢ SITi0; - Fe" » proper shaping of SrTiO, crystals led to samples
o ¢ SrTiOy : Fe*™V, '

o which became nearly monodomain below the
SITiO, phase transitions.'® These samples allowed us a
heretofore unattained accuracy in the determina-
tion of ¢. The ¢ axis of the monodomain was
\ [ aligned parallel to the rotation axis of the mag-
) ,,X net. Under this geometry there are essentially

07

(Usually, samples have many domains)



Coupling to strain

1
G=Co+|a(T —T¢) (@1 + Q3 +Q3) +2p: 01

+p2(Q5 + Q3|+ u(QF + Q3 +Q3)°
+o(Q1 + Q3+ Q3),




Polycritical Points and Floplike Displacive Transitions in Perovskites

Amnon Aharony anc@stair D. Bruc

Bakey Laboratory and Matevials Science Center and Labovatory of Atomic and Solid State Physics,
Covnell University, Ithaca, New York 14850
(Received 29 April

ﬁ_f=fdsx{% [?nﬁz"" {?'6}21"'3?0@4'50 Ea Qo
=1

3 - p[to0]
= 20 Tol(Ly = L)Q 2 + L Q] = Lg(@,Q,T ¢+ @R 7, + Q5Q, )t 4 Te (p)
a=1 __ _ _ ORDERING
IN (100)
stress along the [100] axis, T,==pb;, PLANE /é:PﬂNEHTS

_ e - 3
gel100] = f,.;gﬂx {2[7Q2+7,@.2+Q) + (V QP+, @ +7, 2 Q.7 FLOP-LINE
=1
J POINT

=T
v =v,+2pL,and v,=v,+2p L,

ISING

ORDERING A/ EXPONENTS

G(T,p)~ItBHf(p/ 1119, ALONG [100]

. £ ~— ) w
© 1s the crossover exponent for p pt)~zw,t



p[100]
4 Te (p)
ORDERING
IN (100)
PLANE

XY
~ EXPONENTS

BICRITICAL
POINT

FLOP-LINE |

»-T
<=
ISING
ORDERING EXPONENTS
ALONG [100]

FIG. 1. Schematic phase diagram for a perovskite
with a [100] stress, assuming v <7;<0 (SrTiOg. The
arrow locates qualitatively what we conjecture to be
the position of the observed transition in monodomain
SrTiO;.

In the light of the above analysis we
conjecture that this mechanism is simply a sys-

tematic strain field which breaks the cubic sym-

metry, as discussed above, and leads to a c7oss-

ovey from the purely Heisenberg critical behav-

ior expected for a strain-free sample to an Ising-

like behavioy, as indicated in Fig. 1.22 We note

that the experimental value® of 3=0.33+0.02 is

quite consistent with this suggestion since we
must presume that the experiments were per-

formed in the crossover region, in which the ef-
fective value of 8 changes from its Heisenberg
value, By =~0.37, to that appropriate for the Ising
system, B;~0.31."% | |
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Coupled order parameters, symmetry-breaking irrelevant scaling fields, and tetracritical
points

Alastair D. Bruce*
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 14850

Amnon Aharony

A(T, g, v, M) =27, M2 +uM® !

+§gEcEMi+v;M§
[0S

.HT'TF;{;]_*;

g

T,(@
ordering along

[010] or [001]

ordering along
[100] Tilg)

Landau theory

t=[T(g) - Tc]/Tc”glwl

g =
- Ti{g} zpl ¢.K
ordering along
[o10] or[0Of]

ordering along
[100] Ty(g)

RG, near H or C fixed point



In ordered phase of the symmetric structure,

Goldstone modes now have a “mass”

1
5 +u(0)Q(L)?

X1 X

4

oc [t [+

Different for cubic and Heisenberg fixed points!

A9
ordering along
[010] or[0O01]

~

T,(g)

- T

ordering along
[100]

T,(g)



49 1 T,(g) 49

I. ordering along
[011]

ordering
along [011]

T,(g,v)

T Tetracritical point

@ - |intermediate
II. ordering

along [100]

(g II. ordering along [100]

LaAlOq

Landau th
andau theory RG, near H or C fixed point

[T, — T,(g.»)] ~ (g/v)/¥2

For H fixed point, v is a “dangerous irrelevant variable”

by > O, Vs =¢’g c

F(t,g,v)=t** F(gt "”f, vt =%v)
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AXIAL AND DIAGONAL ANISOTROPY CROSSOVER EXPONENTS
FOR CUBIC SYSTEMS

A. AHARONY

IBM Zurich Research Laboratory, 8803 Rischitkon, Switzerland
and Department of Physics and Astronomy, Tel Aviv University, Ramat Aviv, Isrgel *

Eas = ~8Zp [SEDSB() — 85 S() - S()n),

Near the cubic fixed point, n-—72 (n—2) (7n2 +196n — 212)
Paiae =1+ € + €2 +0(e3
o 3n 162n3 )

5 1 5
O = Q= —= D0 ,
-t Sne—49n+ 53

=1tze— -~ €2

Paxis = 11 81n2

Oging = Q1Q5

Implies different shapes of phase diagram, different Goldstone modes, etc



Note: all the multicritical points discussed here

were simultaneously also discussed in the context

Heisenberg
bicritical
point

of magnetic systems:

Ising surface Tg(Hy,H,)

P. Pfeuty, J. M. Kosterlitz, D. R. Nelson, E. Domany, D. Mukamel,
D. J. Wallace, E. Brézin, S. Hikami, R. Abe, T. Nattermann, J. Rudnick,

E. Riedel, F. Wegner, A. J. Larkin, D. E. Khmel’nitzkii,....
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Equations of state for bicritical points, I, Calculations in the disordered phase

David R. Nelson*
Baker Laboratory and Materials Science Center, Cornell University, Ithaca, New York 14853

Eytan Domany
Labaratorv of Atomic and Solid State Phvsics. Cornell Universitv. Ithaca. New York 14853

‘lg —-—
X(t,g)~ 1" V¥ (g/t?)
, -
XY ORDER
H
<) DISORDERED
- T _d 1nx HEISENBERG TO XY
T - CROSSOVER
Vett = Z
A
ISING ORDER dln %
eff
tt
45
AH .40 SERIES
1.35F
.30
SPIN FLOPPED
v .25 €- EXPANSION
Hp DISORDERED l'zoﬁ/_—
.15
ANTIFERROMAGNETIC .
Shss et iy e e (=t/1{g) -1
. - logjo +




Polycritical Points and Floplike Displacive Transitions in Perovskites

Amnon Aharony and Alastair D. Bruce*

Baker Labovatory and Matevials Science Center and Laboratory of Atomic and Solid State Physics,
Covnell Univevsity, Ithaca, New York 14850

p[1 (Received 29 April 1974)

4 Te (p)
ORDERING
IN (100)
PLANE

XY
~ EXPONENTS

BICRITICAL
POINT

FLOP-LINE |

-7
(===

ISING
ORDERING _+/ EXPONENTS

ALONG [100]

FIG. 1. Schematic phase diagram for a perovskite
with a [100] stress, assuming v <7,<0 (SrTiOg. The
arrow locates qualitatively what we conjecture to be
the position of the observed transition in monodomain
SrTiO;.



Behavior of SrTiO, near the [100]-Stress—Temperature Bicritical Point

K. A. Muller and W. Berlinger
IBM Zuvich Reseavch Labovatovy, 8803 Riischlikon, Swilzeviand

(Received 2 September

The earlier measurements of the temperature
dependence of the order parameter have been
carried out on monodomain samples® to achieve
a better accuracy near 7T',. The experimental val-

n=2 ue obtained gave 8=0.33+0.02." Because of the

~— {010} uniaxial character of the sample, the Ising value

Huro B;=pB(1) =0.315 rather than the Heisenberg By
© (110} B (1)

n=1 QQ(T):QDU(]-_T/TC) ;3(1)"'0 315

y Order X[l +bl(1“T/T¢)I+._..] o

parameter _ .
correction Ising, n=1

{oo1}
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Coupled order parameters, symmetry-breaking irrelevant scaling fields, and tetracritical

4 P11

Tz ( p,'\a')

"intermediate”

points

Alastair D. Bruce*®

Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 14850

ordering
along

[11]

phase

-

Landau theory

Amnon Aharony

p
) [144]

ordering
along [111]

T,( p,.v)

"intermediate”
phase

RG, near H or C fixed point
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Stress along [111]

ORDER PARAMETER AND PHASE TRANSITIONS OF STRESSED SrTiO,

K. A. Miiller, W. Berlinger, and J. C. Slonczewski*

IBM Zuvich Reseavch Labovatory, 8803 Ruschlikon, Switzevland
(Received 6 July

EPR spectra of Fe-V pairs were used to study how the order parameter of SrTiO,
varies with uniaxial stress applied to a (111) face. A second-order cubic-trigonal phase
boundary appears above the stress-free transition temperature T,. A first-order tetra-
gonal-trigonal phase boundary is found below T,. An independently determined Landau
potential describes the results.

U=3KQ"+A'Q* +AHIZ{:- Qi°Q;"
1<J
_be; Tii(gQiz*QE)_bté Tij Q:‘Q.i |




(kg /mm?)
H- |
_ I
trigonal Lp 4
20+ I —-second
tﬁ order
e present ’
10 4 x Burke and Pressley 1
- = Theory peenco” | poeudo-
tetragonal d cubic
/
T . L4 /mem— 1 ] ‘ L OE 1
0 20 60 80 100 —* T(°K)

Ta
FIG. 3. Phase diagram of SrTiO4 for stress~induced

R3c phase. For T'<T, the transition is first order,
for T>T_ second order.




In the mountains near IBM Zirich, circa 1975

... Many mutual visits in Tel Aviv and Zirich:
Phase transitions in perovskites or high-Tc
Superconductivity?

Introduction to H . . ee e . .o ) th .
Solid State April 1987: Conference in Zurich, celebrating Muller’s 60" birthday

Physics
{\. ) My talk: “My life with Alex Muller and the perovskites”
2

% October 1987: Announcing the Nobel Prize, .......

i




Trigonal-to-Tetragonal Transition in Stressed SrTiO;: A Realization
of the Three-State Potts Model

Amnon Aharony
IBM Zuvich Reseavch Labovatory, 8803 Riischlikon, Switzevrland, and Depaviment of Physics and Astronomy,

Tel Aviv University, Ramal Aviv, Isvael*

and
‘ K. A. Miiller and W. Berlinger
IBM Zuvich Reseavch Labovatory, 8803 Rischlikon, Switzevland

(Received 18 October

S,=(Q, +Q, + QE}/V,?;: S,=(Q, - Qﬂ)/ﬁ: and S; = (Q, + Q; = ZQ:E)/;."FE

ARC= Ja%{lr, + 4@ +50)MZIMS, +4( + v)MS,(S,2 +S,%) +4{ +30)MS 3 +2"F—VMS:{(S 32)}

ﬁEeff = fddx{%[;’z(szz +S55%) +(VS,)% + (‘R?Ss)z] + Ez(szz +85%)% +wS,(S,° - %332)}



PRL 37,565 (1976)
Magnetization of Cubic Ferromagnets and the Three-Component Potts Model

David Mukamel, Michael E. Fisher, and Eytan Domany
Baker Laborvatory and Labovatory of Atomic and Solid State Physics, Covnell University, Ithaca, New Yovk 14853
(Received 19 April 1976)

, The (Hx ,H, ,H,) phase diagram of a cubic ferromagnet with three easy axes, in a field
H=(H, »H,), is studied by mean-field, scaling, and renormalization-group theories.
For T< T (H=0) and H || [111] there is a phase transition at fields + Hy(T), described by
the three-component Potts model. By varying H the full phase diagram of the three-di-
mensional Potts model is experimentally accessible and competing predictions of the mul-

ticritical behavior can be tested.

[ 60,2(0,% + 0,2) = 2V 20,(0,° = 30,20,)

+5(0,2 + 022)2 +0,%].




For w =0, the Hamiltonian (4) represents a sec-
ond-order XY -like phase transition. However, w
is a relevant variable, with exponent™ A, =1-¢€/
10 - 3€2/100 +O(€®). Simple scaling arguments'®
now yield for w # 0 a first-order transition, with
an order-parameter dlscuntmmty AS) w87,

where 6% =(d =x)/A, =3(d =2 +0)/A ~ (.62

20 |

S(AH,) (6)
o
k

h“xaun+ - 1.47 AHJ°°

o | | ! |
0 25 50 75 100

AH (] (@)

———




Side comment ) .
Thé 1as a 2nd order transition for p < p,.

p—state Potts model

due to fluctuations, and a 1st order transition for p > p..

p.=4at d=2. What is p,. at d = 37

PHYSICAL REVIEW B VOLUME 23, NUMBER 1 1 JANUARY 1981

First- and second-order transitions in the Potts model near four dimensions

Pc

Amnon Aharony” and E
T. J. Watson Research Center, P. O. Box 218, Yorktown Heights, New York 10598
)‘193{]}

(Received 28 Jul

The continuum generalization of the p-state Potts model is analyzed in the ordered phase.
Renormalization-group iterations in ¢ =4 — e dimensions are followed by an elimination of the
transverse modes and a mapping onto an effective Ising model. This model is then used to
show that the transition is first order for p > p,(d) and continuous for p < p.(d). We find that

pe(d)=2ford >4 and p,(4—€)=2+e+0(e?).




Plan for 3™ |lecture
Critical behavior of compressible systems

What is nc :? What are the implications?

Fluctuation driven 15t order transitions
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Critical behavior of an Ising model on a cubic compressible lattice

D. J. Bergman* and B. 1. Halperin
Bell Laboratories, Murray Hill, New Jersey 07974
(Received 22 July 1975)

Renormalization-group methods are applied to the critical behavior of an Ising-like system on an elastic solid
of either cubic or isotropic symmetry. Except in the special case where dT./dV = 0, the bulk modulus is
found to be negative very close to T, so that the phase transition at constant pressure must be at least weakly
first order. In the isotropic case the solid may be stabilized by pinned boundary conditions, if crystal fracture
can be avoided. A “Fisher-renormalized” critical point can then be observed. By contrast, the anisotropic
cubic solid will develop a microscopic instability so that T, cannot be reached, regardless of boundary
conditions. Estimates of the size of these effects are given, and contact is made with the Baker-Essam model
and a liquid, as limiting cases with a vanishing shear modulus.

PHYSICAL REVIEW B VOLUME 13, NUMBER 5 1 MARCH 1976

Coupling to anisotropic elastic media: Magnetic and liquid-crystal phase transitions*

Marco A. de Moura
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 19174
and Departamento de Fisica, ' Universidade Federal de Pernambuco, Recife, 50,000, Brasil

T. C. Lubensky?
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 19174

Yoseph Imry®

Department of Physics and Institute of Pure and Applied Physical Sciences, University of California, San Diego, La Jolla,
California 92037
and Department of Physics, Brookhaven National Laboratory, Upton, New York 11973

Amnon Aharony I
Department of Physics and Institute of Pure and Applied Physical Sciences, University of California, San Diego, La Jolla,
California 92037
and Bell Laboratories, Murray Hill, New Jersey 09794
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Critical behavior of an Ising model on a cubic compressible lattice

D. J. Bergman* and B. 1. Halperin
Bell Laboratories, Murray Hill, New Jersey 07974
(Received 22 July 1975)

Renormalization-group methods are applied to the critical behavior of an Ising-like system on an elastic solid As was pointed out by Rice,! Domb,? and Pip-
of either cubic or isotropic symmetry. Except in the special case where dT./dV = 0, the bulk modulus is pard,® and later by many others, this question
found to be negative very close to T, so that the phase transition at constant pressure must be at least weakly

is of particular importance if the specific heat
first order. In the isotropic case the solid may be stabilized by pinned boundary conditions, if crystal fracture ‘ th p'd 1 ¢ pd' T p it d
can be avoided. A “Fisher-renormalized” critical point can then be observed. By contrast, the anisotropic o el eja System diverges at [, as Il does
cubic solid will develop a microscopic instability so that T, cannot be reached, regardless of boundary for the Ising model.

conditions. Estimates of the size of these effects are given, and contact is made with the Baker-Essam model
and a liquid, as limiting cases with a vanishing shear modulus.

= J s (e e hmur gt
v o)+,

d
Hg: fddX(%C?I Zezaa +C?_226aae‘38 . au auﬂ
e =3 (5504 522
[e 4

1o 2
"'2044 Eeaﬂ)s
o< B

0

. i
—T— = %(70+q2)d)q1,b-q +'f/0 E ‘pql‘»qud)qalp-al-qz-a;;
q 719293
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Critical behavior of an Ising model on a cubic compressible lattice

D. J. Bergman* and B. 1. Halperin
Bell Laboratories, Murray Hill, New Jersey 07974
(Received 22 July 1975)

Renormalization-group methods are applied to the critical behavior of an Ising-like system on an elastic solid As was pointed out by Rice,! Domb,? and Pip-
of either cubic or isotropic symmetry. Except in the special case where dT./dV = 0, the bulk modulus is pard,® and later by many others, this question
found to be negative very close to T, so that the phase transition at constant pressure must be at least weakly

is of particular importance if the specific heat
first order. In the isotropic case the solid may be stabilized by pinned boundary conditions, if crystal fracture ‘ th p'd 1 ¢ pd' T p it d
can be avoided. A “Fisher-renormalized” critical point can then be observed. By contrast, the anisotropic o el eja System diverges at [, as Il does
cubic solid will develop a microscopic instability so that T, cannot be reached, regardless of boundary for the Ising model.

conditions. Estimates of the size of these effects are given, and contact is made with the Baker-Essam model
and a liquid, as limiting cases with a vanishing shear modulus.
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Coupling to anisotropic elastic media: Magnetic and liquid-crystal phase transitions*
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So why is n. important?
»What are the theoretical exponents for the fully cubic system?
»How do the bicritical and tetracritical phase diagrams look like?

» What is the universality class of the preovskites?

n. ="



The Phase Transition of Strontium Titanate
Author(s): R. A. Cowley

Source: Philosophical Transactions: Mathematical, Physical and Engineering Sciences,

Dec. 15, 1996, Vol. 354, No. 1720, Phase Transitions with Elastic Interactions:
Equilibrium and Kineties (Dec. 15, pp. 2799-2814

Published by: Royal Society

The theoretical situation for the cubic n = 3, d = 3 system is also somewhat
uncertain. If the cubic terms, v and fy, are small, Aharony (1976) showed that the
system evolved to the isotropic fixed point at which v = 0 and f = 0, when the
exponents would be expected to be 8 = 0.365, v = 1.386 and v = 0.705 (le Guillou
& Zinn-Justin 1980). These results are similar to the experimental values although
the differences between the 8 and v are at the limit of what might be expected. This
success is, however, modified by the calculations of Nattermann (1976) who showed
that the isotropic n = 3, d = 3 fixed point would only describe the behaviour very
close to T¢ and that, in the presence of the cubic antisotropies, all of the exponents
might be larger than those calculated for the isotropic model. Second, if fj is close
to —1, Bruce (1974) and Nattermann (1976) concluded that the system probably
had a first-order transition. Clearly, although critical fluctuations are important in
SrTiOs, there is still the need for more theoretical and experimental work to clarify
the results. After developing the mean field theory of a phase transition, the next
step is the understanding of the critical phenomena, although this has not been
accomplished for SrTiOs.
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N-component Ginzburg-Landau Hamiltonian with cubic anisotropy: A six-loop study

José Manuel Carmona*
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(Recetved 9 Decembet

Method Results
Ref. 26, 1974 € expansion: O(€) N_.=3.128
Ref. 28, 1977 approximate RG v, w,,=—011, N,=23
Ref. 30, 1981 H.T. expansion: O(B'%) v, w, = —0.63(10), N.<3
Ref. 23, 1982 scaling-field N.=3.38
Ref. 33, 1989 d=3 expansion: O(g*) w,.~=0.008, N.=2091
Ref. 34, 1995 € expansion: O(€) N,=2958
Ref. 36, 1997 € expansion: O(€) w,,=—0.00214. w,,.=0.00213, N.<3
Ref. 37, 1997 € expansion: O(e) N.=2.286
Ref. 38, 1998 Monte Carlo w,,=0.0007(29), N.~3
Ref. 40, 1999 d=3 expansion: O(g?) - . T e—UU0T7T, V=2

w,=—0.003(4). w,,=0.006(4), N.=2.87(?
w,,=—0.013(6), w,,=0.010(4). N.=2.89(4

This work € expansion: O(€)
This work d=3 expansion: O(g®)
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Ref. Method 2,5 W2,¢ N,
[437] 2000 d =3exp: 0(g°) 0.015(2) 2.862(5)
[270] 2000 d =3exp: 0(g°) —0.013(6) 0.010(4) 2.89(4)
[270] 2000 € exp: O(€) —0.003(4) 0.006(4) 2.87(5)

[1078] 2000 d =3exp: O(g*) —0.0081 0.0077 2.89(2)
[1001] 1007 € exp: O(€”) 2.86

[660,661] 1905 € exp: O(€”) —0.00214 0.00213 N, <3
[658] 1995 € exp: 0(65) 2.958
[775] 1080 d =3exp: O(g") 0.008 2.91
[831] 1974 € exp: 0(63) 3.128

[1064] 2002 CRG 3.1
[835] 1982 Scaling-field 3.38

[1083] 1977 CRG —0.16 2.3
[273] 1908 MC 0.0007(29) N, ~3
[386] 1081 HT exp: O(B") —0.89(14) N. <3
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Bootstrapping Heisenberg Magnets
and their Cubic Instability

Shai M. Chester?, Walter Landry”®, Junyu Liu®?, David Poland®,
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I Institute of Physics, Ecole Polytechnique Fédérale de Lausanne (EPFL),
CH-1015 Lausanne, Switzerland
9 Department of Physics, University of Pisa, [-56127 Pisa, Italy

Abstract

We study the critical O(3) model using the numerical conformal bootstrap. In particular,
we use a recently developed cutting-surface algorithm to efficiently map out the allowed
space of CFT data from correlators involving the leading O(3) singlet s, vector ¢, and
rank-2 symmetric tensor {. We determine their scaling dimensions to be (A;, Ay A;) =
(0.518942(51), 1.59489(59), 1.20954(23)), and also bound various OPE coefficients. We addi-
tionally introduce a new “tip-finding” algorithm to compute an upper bound on the leading
rank-4 symmetric tensor 4, which we find to be relevant with A;, < 2.99056. The conformal
bootstrap thus provides a numerical proof that systems deseribed by the critical ((3) model,
such as classical Heisenberg ferromagnets at the Curie transition, are unstable to cubic
anisotropy.




O(3) from {¢;, s, t;;} System
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DavidPoland |
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Black (Bootstrap): [Chester, Landry, Liu, DP, Simmons-Duffin, Vichi, '20]
Green (Monte Carlo): [Hasenbusch, Vicari '11; Hasenbusch '20]

» Using tiptop search, find it is relevant: Ad){i(bjgb%z} < 2.99056!
» Proof that critical Heisenberg magnets are unstable to cubic anisotropy,
should flow to fixed point with cubic symmetry C3 rather than O(3)

David Poland Application of the numerical conformal bootstrap
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Exact five-loop renormalization group functions of ¢*-theory
with O(N)-symmetric and cubic interactions.
Critical exponents up to €’

H. Kleinert, V, Schulte-Frohlinde

S ,f 5 5((3) S 1 5¢(3)  15((1)  25((5)
N, =41 —2¢+¢ (ll‘+ 5 >+( <72+ 3 + 3 — 3 >+ (19)
f 10 93((3) 229¢3(3) | 15¢(M) 3155((5)  125¢(6) | 11515¢(7) 5
‘ ( 381 128 TR 1728 2 381 +0l]
Padé[1,1]: N.=3.128 Padé [2,2] : [N, =2.958
Padé[2,1]: N.=2.792 Padé[1,2] : N,=2.893
Padé[3,1]: N,=3.068 Padé [1,3]): N.=2.972.
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Si1x-loop ¢ expansion study of three-dimensional
n-vector model with cubic anisotropy

Loran Ts. Adzhemyan, Ella V. Ivanova, Mikhail V. Kompaniets,
Andrey Kudlis *, Aleksandr I. Sokolov

Detailed study of the n-vector cubic model including evaluation of critical exponents and n,
was carried out by many groupshaving used both field-theoretical methods and lattice
calculations. Early numerical estimates of n. obtained in the lower-order approximations within
the ¢ expansion approach [2,4-6] and in the frame of 3D RG machinery [12,15,16] turned out
to be in favor of the conclusion that n. > 3, while lattice calculations implied n. 1s practically
equal to 3 [13]. This made the study of the cubic class of universality less interesting from the

physical point of view. Later, however, the higher-order analysis including resummation ot RG
perturbative series was performed and shown that numerical value of n. falls below 3 [17-22,
24-26,28,32]. To date, the most advanced estimates of n. obtained within the & expansion, 3D

RG and pseudo-¢ expansion approaches are n. = 2.855,2.87 [21,26], n. = 2.89,2.91 [24,26]
and n. = 2.86 [28,32], respectively.




ne=4—2¢+2.588476e% — 5.874312¢> + 16.82704s* — 56.62195¢° + O (%) .

Table |

Padé triangle for the & expansion of n.. Here Padé estimate of k-th order (lower line, RoC) is the number given by corre-
sponding diagonal approximant [L/L] or by a half of the sum of the values given by approximants [L/L—1] and [L—1/L]
when a diagonal approximant does not exist. Three estimates are absent because corresponding Padé approximants have
poles close to the physical value ¢ = 1.

M\ L 0 | 2 3 4 5

0 4 2 4.5885 —1.2858 15.5412 —41.0807
| 2.6667 3.1283 2.7917 3.0684 2.5692

2 - 2.8930 2.9576 2.8828

3 1.9518 - 2.9138

4 - 2.7887

5 0.4549

RoC 4 2.3333 3.1283 2.8424 2.9576 2.8983
Table 2

Padé-Borel-Leroy estimates of 7. obtained from & expansion (25) under the optimal value of the shift parameter byp; =
1.845. The estimate of k-th order (lower line, RoC) is the number given by corresponding diagonal approximant [L/L] or
by a half of the sum of the values given by approximants [L/L—1] and [L—1/L] when a diagonal approximant does not
exist. Two estimates are absent because corresponding Padé approximants turn out to be spoiled by dangerous poles.

M\L 0 | 2 3 4 5

0 4 2 4.58848 —1.28584 15.5412 —41.0807

| 2.75996 3.05988 2.87042 2.92283 2.91341 (6)

2 - 2.93394 291132 2.91499 _ ) S

: ORI - v R =07 =2.91520.003
4 = 291416

5 2.39138

RoC 4 2.3800 3.0599 2.9022 29113 2.9146




“New” approach: NEW
AN

Physically, n must equal d.

Later, we also consider #%= fo Zf kz|Qq (k)

Historically, started in 1973,

M. E. Fisher and A. Aharony 1 R(ii) -SRI . S(
Dipolar interactions at ferromagnetic critical points R [S)(i) .S(j) —d (i) g)' | (;J) (J)]
Phys. Rev. Lett. 30, 559-562 (1973) (25) (i7)

m) —=d=4—¢



d=n=4-¢€

n=d=4—c¢

w
I

Q.
1l

4-¢

24 €

n=n.(e) =4 — 2 + 2.58848¢* — 5.87431¢” + 16.827¢" — 56.62196¢” + O[c"].

AN

4—¢—n,(e) =e— 2.58848¢* 4 5.87431€¢” — 16.827¢* + 56.62196¢” + O[e"] =0



4—e—n.(e) = e — 2.58848¢% 4 5.87431€” — 16.827¢* + 56.62196¢° + O[¢°].

r 1-8.3198657E507938484 & 1-4,.551834202156295 = 1+2.177564360814811" =
142, J60480B5252034" = 1-1.9633586169239758" =-18,.956417728613614 =  1.4.76683995124633 =.6.462466193218685 =2 45,557 760880480281
148.2768367726822195 =-1,5464084471683843" &~ 142.684825951088864 -2, JOROTOE59658389 2 a
1+2.BE451II6IHIA5I8L" = 145.273381542313183" =45.46652978B426597 =2
1.° +8.7764628211312679° =2, §I57400500826666° =2 12, 9I06586856100527" a a
\ 143, 36493841 JI6I587 &

(with Ora
Entin-Wohlman)

© e. = .220, .369, 0.386, .900, 1.460

Small, so more reliable?




Large n n 1/n

Critical Behavior of Anisotropic Cubic Systems in the Limit of Infinite Spin Dimensionality 4 s
Amnon Aharony Al Y
Bakevr Labovatory, Covnell Univevsity, Ithaca, New York 14850 d=4-¢
(Received 29 October 1973)
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Volume 57A, number 1 PHYSICS LETTERS 17 May

BICRITICAL POINTS IN 2 + ¢ DIMENSIONS

R.A. PELCOVITS and D.R. NELSON *
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O(n) Heisenberg Model Close to n=d =2

John L. Cardy and Herbert W. Hamber

Department of Physics, University of California, Santa Barbara, California
(Received 19 May 1980)

SciPost Physics

Analyticity of critical exponents of the O(/N) models from
nonperturbative renormalization

A. Z. Chlebicki!, P. M. Jakubeczyk!"

1 Institute of Theoretical Physics, Faculty of Physics, University of Warsaw, Pasteura 5,
02-093 Warsaw, Poland
* pawel.jakubczyk@fuw.edu.pl

( May 11, 2021 )
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December 2018-
Slava visits Barak Kol at HUJI
and Ofer Aharony at WIS

If the cubic fixed point wins, what are the implications for

The displacive phase transitions in the perovskites??




Back to the beginning

s

Ising

¥

LaAlOq

Hetsenberg

Gaussian

Gaussron

LHAE{:}';

c

Helsenber'

Ve

Srili0q

*




What is predicted if n.=3 7?

Exponents for the flow of v are
very small (almost logarithmic) —
always see v-dependent effective

v exponents
ﬂk
Lﬂ-ﬂf{:}g l LAO approaches slowly cubic behavior
No
u Universality!

STO starts with isotropic exponents, but
1%t order goes very slowly to 1t order



What about universality??

MFT
e QP2 o (1, —T) [oegre?]
002 -
+ D LaAIO; : Fe*
° (pz SrTiO5 Fe®*
- 2.0
o ¢ SrTi0, : Fe -V,
D p?
LaAlO, SrTiOy
001 - %
-1.0
crossover N
%
e.\'
el (Y
critical a‘
[ ]
0 T T T T T T 0
07 08 t 09 1.0

e

T,L is lowered, power law changes

T, = 106.5°K

£=0.33=0.02

Which universality class is this??
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First order transitions, tricritical points

Phase Transitions. 1985, Vol. 5, pp. 219-232
0141-1594/85/0503-0219518.50/0

© 1985 Gordon and Breach, Science Publishers, Inc. and OPA Ltd.
Printed in the United Kingdom
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Structural Phase Transitions
of RbCaF,

M. HIDAKA, S. MAEDA

Department of Physics, Kyushu University 33, Fukuoka 812, Japan
and

J. S. STOREY

Clarendon Laboratory, Department of Physics, University of Oxford,
Oxford, OX1 3PU UK.

N<N,
\

KMnF,,? RbCaF,,® KCaF,,*...
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Need scenarios that turn 2" order transitions into 15t order ones
‘ Fluctuation driven 1% order transitions




Scenarios for fluctuation PHYSICAL REVIEW B VOLUME 28, NUMBER 1 1 JUL¥1983)
driven 1%t order

transitions: The role of

irrelevant fields Daniel Blankschtein*
Department of Electronics, The Weizmann Institute of Science, Rehovot 76100, Israel
and Department of Physics and Astronomy, Tel Aviv University, Tel Aviv 69978, Israel

Fluctuation-induced tricritical points

Amnon Aharony
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VOLUME 47, NUMBER 6

PHYSICAL REVIEW LETTERS 10 AucusT 1981

Crossover from Fluctuation-Driven Continuous Transitions to First-Order Transitions

Daniel Blankschtein and Amnon Aharony
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We now add the quadratic anisotropy,

ﬁfg=%gfddx[m 1S, _m | 2—(n —m)|S,, fz]/n

TP
j/ -~ ///
\\ f < X _I','
(a) (b)

Daniel Blankschtein*
Department of Electronics, The Weizmann Institute of Science, Rehovot 76100, Israel
and Department of Physics and Astronomy, Tel Aviv University, Tel Aviv 69978, Israel

Amnon Aharony

TP

Fluctuation-induced tricritical points

/N

(c)

TP

) A

1JULY 1983

FIRST ORDER

| {9
|
! CONJTINUOUS
|
I
12
13
H
N T I ;U4
o e
s\ 2
'3 13
& CON[TINUOUS
FIRST ORDER :
|
|




Scenarios for
fluctuation driven 1
order transitions: The
role of relevant fields

critical
line

.

first
order

point

transition

/for g=0

o

critical
line

r

PHYSICAL REVIEW B VOLUME 15, NUMBER 11 1 ]UNE

Destruction of first-order transitions by symmetry-breaking fields

Eytan Domany, David Mukamel, and Michael E. Fisher
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Unstable fixed point:
Ising of cubic for
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(@) D. Mukamel, Phys. Rev. Lett. 34, 481 (1975); (b)
D. Mukamel and S. Krinsky, J. Phys. C 8, 1496 (1975);
(c) P. Bak, S. Krinsky, and D. Mukamel, Phys. Rev.
Lett. 36, 52 (1976); (d) D. Mukamel and S. Krinsky,
Phys. Rev. B 13, 5065, 5078 (1976); (e) P. Bak and
D. Mukamel, Phys. Rev. B 13, 5086 (1976),
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Weakly First-Order Phase Transitions: The € Expansion vs Numerical Simulations
in the Cubic Anisotropy Model

Peter Arnold, Stephen R. Sharpe, Laurence G. Yaffe, and Yan Zhang

Department of Physics, University of Washington, Seattle, Washington 981951560

In recent years, renewed interest in quantitative pre-
dictions for weakly first-order transitions has arisen in
cosmology, specifically the genesis of matter. Current

1 > A u - v <
d 2 2 4 4
S = _a(p +_¢ +_(]5 +—§(]5

¥ Zna i=1

[= =] . (==}
o ) ) )
S ? = We shall focus on the simplest case, n = 2. This model 1s
o =
st ? = analogous to electroweak theory when u = 0 and v = 0.

1 1 =
Nl? ? S
< t
cﬁ Ist x
© 0 0

0 o
B=U/T

FIG. 1. Phase diagram of electroweak theory, or the cubic
anisotropy model (for u = 0, v = 0), based purely on analytic
arguments. The left and right axes show the relevant ratio R
of couplings for electroweak theory, or for the cubic anisotropy
model, respectively.
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Fluctuation-induced first-order transitions and symmetry-breaking fields:
The n =3-component cubic model

Daniel Blankschtein
Department of Physics and Astronomy, Tel-Aviv University, Ramat Aviv, Israel

David Mukamel*

FIG. 3. (a) Schematic (g, T) phase diagram associated
with the n =3 cubic model with easy axes along the cube di- )
agonals (v—2u <0) when the stable isotropic fixed point is
not accessible (—u < v <0) [region (b) of Fig. 1]. Thin
lines represent continuous transitions and thick lines
represent first-order transitions. The point TC is tricritical,
C is a critical point and CE a critical end point and TR is a

‘triple point. (b) Schematic (g, T) phase diagram associated
with the n =3 cubic model with easy axes along the cube
edges (v—2u > 0) when the stable isotropic fixed point is
not accessible (0 < u < v/3) [region (a) of Fig. 1]. The
points CE1 and CE2 are critical end points, C is a critical

point.
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TABLE II, Fixed points and exponents (to order €) for random cubic case, n=0,
Fixed point 4K ju* 4K v* 4Kt 4K v * Exponents
L Gaussian 0 0 0 0 T I
II. Decoupled € ~ _4-m _m+4 m-—4
m-component 0 m+8 0 0 M= € M= € M T M C
I, Isotropic =0 €/8 0 0 0 N=—€, A== =—e/2
IV, Decoupled n=0 0 0 €/8 0 M=Ame/2, A= —e, Aym—e/2
V. Decoupled Ising 0 0 0 €/9 M=Ay=A,=€/3, A =—¢
. (m —4)e € ~ . _m—4 __m+4
VL. Mixed (0,m) m—1 Am-D 0 ME=E MENE T S M T T - 1)
VII. Mixed (m,0) €/4 0 —€/4 0 AM=Ay=m—€, Ag=A, =€
VIII. Decoupled . . N . —_— - _4em _mra .
m-componen 3m 9m TR T gy T W gy T T
cubic
m—4 3 m -4 m -4 m+4 4—m
e Ay = = Ay = €., A, = - =
Ix. 240m ~2) ¢ 6(m—2) 0 Bm—2) 7 T oy e =) M 6m —2)
X. €/12 0 —e/13 €/9 M==€, A=h=—e/3, N=c/3
XI- (Q'ﬂ Bt)
Xo. (o, B.) o, € m+4 B.e
! — € A =—¢€; for other exponents see text [Eq. (58)
VIL (e, 6,) 24,, 24,, 8A, 24, 177 P (Eq. (58)]
X1, (a., B

fo,=fm -4+ (?'72*48)1"‘2]/8, By==[m+12+ (m2+48)1"2]/6, Au=60,+38, +m+6,

m n
S§s+y}: Zsﬁﬁ'” .

i=1 =1

FRF T —aY

Random cubic case, n=0, m=d=3



Cubic symmetry in the quadratic terms

f fﬂ Zf ]{"ZIQ{I

R (k) =1a(l'—T.)+ Ak* + f&)]0;;+ Ak, (1 — ;) (I.4.40)

and the coefficients 4, f and & have been measured for St'T'1O4 by Stirling (1972) from
the anisotropy in the phonon dispersion relations about the R point. with the results

A=216+20(THzA)?, f=—097+001, h=019+004

showing a very large degree of anisotropy.

Negative f reflects the small fluctuations along the axis of rotation
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Uy “B(i)=[ro+qz ""fo(qa)z]aas +h0q°‘q‘3
vo=TRT/Jn2 =b(T = Ty)/Jn%,  kTy=cl|J]

1.1 =b{u; = 4K, Inb[(12 + 67, )
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m =K ui +Luv)  sotropic: 7= dse+ O(e?)

f 4

fis irrelevant near zero, highly relevant near 1
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On the decay of anisotropy approaching the critical point

T Nattermann
Sektion Physik, Karl-Marx-Universitdt, Karl-Marx-Platz, 701 Leipzig, DDR

LT = %ZJ(rOa + q2 - fqazz) Q:Qa—q + Z J J‘ j (uo - Doéﬂﬁ] QTHQ:ngsQqu—qz—q;
B q q1 Va2 vas

o a B

f pushes v to more negative values before it decays ‘ 15t order transition

Should not expand in f if closeto 1 (f=1 means 2D behavior?)
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a=1 o,B=1

Cubic: Us o (@) =75 +q 1 o° +ag >t ro=AT -T,) 910" 50" ~q4°

a close to 0.01 for both KMnF; and RbCaF, for L=1

If L is infinite — two dimensional fluctuations only. Otherwise —Lifshitz behavior

crvitical Lifshitz point. trvicvitical Lifshitz point.
dc:5—1/L d:dc—Ec dy=4-1/L €,=d,-d
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Remaining issues

* There is much more than exponents: scaling functions, amplitudes,
multicritical points, crossover exponents, effective exponents — the
importance of irrelevant operators

 What happensif n.=3 ? Log corrections?

* More work needed on Lifshitz critical and tricritical points
* The line n=d should be followed for many physical problems

 More work is needed on predicting and promoting calculations and
experiments near the multicritical points of cubic systems

« Communications between CFT, conformal bootstrap and condensed
matter physics are useful; let’s continue!
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