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INTRODUCTION

1995 McAvity Osborn CFTs near a boundary in general dimensions cond-mat /9505127

8. h. To achieve this it is convenient to define a transform, g — 2, by integrating G over where

planes parallel to the boundary® 7

2p) - 15 [ stk ).
0

8 The two-loop results [12,19,20,21] for the surface exponents 4, i, vanish as N — oo.
9 This is analogous to the radon transform [22].
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This transform may be inverted, § — g, by

Y AN
88 = SF D /dpp a(p+ )
0

1995 McAvity hep-th/9507028

I. Phys. A: Math, Gen. 28 (1995) 6915-6930. Printed in the UK . .
Integral transforms for conformal field theories with a

boundary

2013 Liendo Rastelli van Rees The bootstrap program for boundary CFT 4 1210.4258



Critical phenomena in semi-infinite systems
Phase diagram in the absence of ordering fields:  h =h; =0

T &

DISORDERED

SO/BD

Ordinary Special Extraordinary

ORDERED

surface interactions

EOT exists in d dimensions if d—1-dimensional ST is possible: d > 3

hi # 0 — Critical Adsorbtion/Normal Transition — occurs
whenever a d dimensional bulk transition is possible: d > 2

— Metlitski 2020 d =3, n > 2 — Parisen Toldin 2021 d =3, n=3



Extraordinary transition

Lubensky Rubin 1975 MF two-point function — DHS20 O(¢)

Bray Moore 1977 scaling; Ohno Okabe 1984 large n

— exact parallel correlation critical exponents for L and T

components

L T
{np=d+2,n.=5d+2+n)} {m=d n.=35d+n}
Ay = (d—2+4n)/2 (1/2 =7, ] A=(d-2+m)/2

scaling dimension of the leading nontrivial boundary operator O 0

conformal bootstrap: Liendo Rastelli van Rees 2013, Gliozzi Liendo
Meineri Rago 2015

EXP Law 2001 Wetting, adsorption and surface critical phenomena



Geometric setup: R% ={xz = (r,z) e R?|r e R 2>0}

Za - (0, 2")

o(r,z) o, o(r,z > 0) — bulk fields
r

/ — o(r,0)=¢(r)=¢
boundary fields

1 boundary conditions 1

bulk OPERATORS boundary

OA — ¢27 ¢47 ¢2v2¢27 ¢6 - OA — ¢27 ¢227 Tzz(r) SR



LGW hamiltonian and boundary conditions

o0 2 . R
R L R Y o B KA G Ry
dp={¢"i=1,2,...,n}

N——

Transverse

BC: —¢'(2) = co ' (0) — hy Longitudinal component

0, ORD, SP, ST
40, EOT/N

— OP profile:  pg= {

hy =0 hi # 0
EOT:{ ' CA/N:{ 17

arbitrary ¢



Two-point functions in BCFT (T ="1T,)

Cardy 1984; Mc Avity Osborn 1993, 1995
Nakayama 2013 Is boundary conformal in CFT?

9(§) F(v?)

Glz,z') = (p(r1, 2)p(re, 2))) = = — TR F (12
(@,2) = {0(r1, 2002, )) = oo = T €)= €F ()
¢ r’+ (2 —2)? |z —x')? , TP+ (2—2)? |z—x)?
— — v = —
Az 4z r? 4 (z + 2')?
|33 _y? ' @
L12 X34 @ az
Uyg = Vg4 = I :
L13 L24 L13 L24 22 522/
£ =uy v? = e
V4 @ :% -



Asymptotic limits. 1. Bulk limit

no 9@ _ F() _ Jz—a)? . &
G(ZB,ZB ) o (422/)A¢ o ‘a;,_w/|2A¢ ’S - Ay (VA= €_|_ 1
G, @)~ |z —a/|72 <= g(§) ~E %, 02 =0
fL0 « TPz bulk limit
lz —x'| — 0 short-distance (OPE) limit  F(0) =C

a:‘a:’




Asymptotic limits. 2. Boundary limit £— o0

g(§) = F(v?)

Glx,x') = — o) A

(@) (4z2)2¢  |x—x/|*2¢ 9(& )~ &
e — OO‘ Z, Z, fixed p— G(T, z, Z/) ~ T_2A — ,r,—(d—2—|—fr,“)
o2 — oo|r z fixed = G(r;z,2) ~ = (Bp+A) _ 1—(d—2+n) - my;rn
oz 0|12 fixed= G(rz,2/) ~ 2878 = zm1=7 short-distance
(BOE) limit

T [ -/
<« w/




NG . il
- Oa(Z)
b=A+1-d/2 conformal blocks b=A+1—-4d/2
Groe(B; €)= %P1 (A b 20 ~¢7")  GopelA: =655 F1 (5, 5355 —¢)
g(é) — Z M2A gboe(A — §_A¢ Z >\A gope(A; f)
A>0 A>0
bootstrap  ¢(§) = £ 2¢F(v?)  equation

Short-distance operator expansions




Correlation function Radon transformation® Layer suceptibility

N 9(&) (=27 _ .~ R(p)
G(ZB,CIZ ) - (422,)A¢ €|T:O — Az =pP X(Z,Z ) _ (422,)A¢_)\
Z/
X (2, 2") :/dd_lT‘G(r;z,z’) @ .
=G(p=0;2,2)
71.)\ oo N
R(p) =155 [, @ au+p) ) Radon
— oo > A — %
g(§) = I,7(T ) / dp p_l_" R(p+ &) ) transformation
- 0

* McAvity Osborn95 CFTs near a boundary in general dimensions NPB455 522
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Simple examples. 1. Dirichlet propagator

Gp(r;z,2)=Cq(lx —2')> 4= |z —2/|*7%) = 9(6) 0
(422")

(6) C [&-1—% o (g + 1)1—§:| C o Sd_l A(O) o d— 2
JIs) = T “Td=2 ¢ T 9
G(p;2,2) = : [e_p|z_zl| e_p(z“/)}

x(z,2) = lim G(p; 2, 2') = 1(z + 2" — 12" — z]) = min(z, ")

p—0 2
; /
x(z,2") = Vdzz' ! C% = V4zz' X(¢) = vV4zz' R(p) _ min(z, 2’)
2 max(z, 2')
. (& =2
R(p) = X<C>‘C=(\/m—\/ﬁ)2 =(Vptl=vp)/2  p= Arsa Elr=0

7T_>‘

T(—\)

9(6) = /O dp p M R(p+€) = Ca [€78 — (€ 4+ 1)1
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2. EOT, Landau approximation |Eisenriegler1984 J Chem Phys 81 4666]

Ge(p;z <2') = % W (—pz) — W(pz)| W(pz") Wi(x)=e" (1+%+%)
L ~ 1 [min(z, 2 3 B ;1 s
xe(z,2') = ;1_]()1(1) Go(p; z,2) g[max(z,z’)]Q = Vdzz 0 ¢
R = Gg(r;z ) = (422)"2¢ gp(§)
() = €% — (c+1)F 4 [52‘2 T (53“ - (£+1)3—7)]
JEAS) = S 4—d 6—d
9p (&)
[Lubensky Rubin 1975]
(d=4) 11 RS
B O =g gy TI2H 60426

[LR75, ..., Liendo Rastelli van Rees 2013]
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Radon transformation and BOE blocks  [DHS20]

€:r2+(z’—z)2 ¢ = min(z, 2’)

dzz' max(z, z’)

Geon(T;2,2") = (422') 729 geon(€)  +—  x(2,2") = (422/)* 20 X (¢)

one-to-one correspondence between BOE blocks and ¢ powers

gcon(ﬁ) = ZA>0 /*1'2A gboe(A;g) i X(C) — ZA>0 CA CA—A

in scaling functions of correlator g¢on(£) and layer susceptibility X (¢)

& Enhanced scaling form:  x(z, 2/) = (42222 (A" =Ny () [MS20]
Y (¢ — 0) — regular

(1 . /U2)A_A¢ _

— Guess: G(r;z,2') = F(v?) F(v? = 1) — regular

x —x
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3. BOE decompositions via Radon transformation

2
9(&) = (+1)7" =1 +p p=1(C+C—2)
7T>\ e
R(p) = o [ dun™ P glutp) A >0 = RBp) = mH@alp+ D

(2a — 2)),
n!

X(¢) ~ A )TN = ()" ¢C* " [DHS20]

n>0

(E+1) %= Z ((_aiggz:i;:z!5_“_”2F1(a+n, a—>\+%+n; 204—2\+1+2n; —5_1)

n>0

A= % — Herzog Huang JHEP2017 189 deduced "with a little bit of guess work"
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EXTRAORDINARY TRANSITION 1Loop: O(e=4—4d)

x(z,2") = NIV +Q_|_go’_+... —
(a) b (c) )

xo(z,2') = vdzz C52;€Cd[1+6h(C)] )
s X(z,2") = (4z2")* 724 (27 Y (()
xr(z,2') = Vidzz' 7 Ca1[1+€j(C)]

h(¢) = ho(C) + h1(C) + hi(—C)

1
ho(€) = 140(n + 8) |

) oy (21 +204) C(1 + )+ 4(Tn+74) 2 —72(1 + ¢Y
1(6) = 42(n + 8) (6

203n 4 3140 — 10(7n + 96)¢ 2 4 20(7n + 128)¢ 4]

(1-¢)" In(1 —¢)

¢ — 0— BOE limit (exponentiated withe — 0) ¢ — 1, -1 — OPE limit
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Power expansions of xr, 7(z, 2’)

xp(z,2) = (422220 (A 3T e B+ O0(?) —6.8,10,. ..

A=d, k

k (k—3) (n+8) — 2 (5n-+-76)
(k—5)3(k)3 (n + 8)

! [1+ 6-n s] 2
Cqg — — =
¢ 60 (n+8)

10

xr(z,2) = (42222 AN G A 10 k=T7.9.11,...

A=d—1,k
_ 17, 2n+15 (k +2)(k — 5)
Co1 =14+ 5} cr. =4 €
176 { 6 (n+8) " T (k—4)g (n + 8)

{A;CA,éA} — BCFT data for the layer susceptibility

16



BOE decompositions for correlation functions
(A B 08 G0e(Bi8)  Groe(AsE) = €725 F1 (A, by 26 —¢ )

A=d| T.. b=A+1-
gr"(§) = 04ca Gboe(4 — €;§) + Z T Ck Gboe(k; &) +0(?)

k=6,even

\ . 4

T 0(e)

DN |

N\
ld N\

g7°°"(§) = 04—1€a—1 Gboe(3 — ;&) + Z Ok Gk Oboe(k; §) +0(€?)
) k=7,0dd
A =d—1 1 the analogue of the displacement operator

for the broken rotation current JLM] [Marco Meineri]

{A;JACA,JAEA} — BCFT data for the two-point function
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Explicit results  g%2(¢) = g\ (€) + ¢ gy 1 (€) + O(e?)

(0 L 1 LS (0) 1 1 S

14+ 1In[£(E+1)] £
(1) (&) — -

gr." (&) = 1 1) +6In&+3(26+1)Iné 1n£+1

N [725(2§+3)+n+80 lni_2(5n—|—52)§—|—2(2n—|—19) LS
4(n + 8) E+1 n+8 E+1

n+ 14 . 1
F2 [1 +3(2¢ + 1)L12<—E)]

(i) OPE limit: £-0: gioh(&) ~ £71734+0(e2) = €29+ 0(?)

(i1) BOE: 300t ggn(€) ~ 74 = 671 ggon(6) ~ 7348 = ¢4
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Bootstrap equation

g9(§) = Z NZA gboe(A§£) "= §_A¢Z A Gope(A;€)
A>0 A>0

g(§)

G(x,7') =< d(z)p(z) >= (122155 —  full two-point function
2z

One-point function

(L) = MMJr———waJr(n—l)___QNw b= Ho

5 n+8  n?+46n+244
140 5 S + O(e)
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Bulk-channel expansion b=A+1-4

Fope(€) = Y AaGope(A16) = Y an €2 gope(A;€) 1= €29g(€)

A>0 A>0
_I(3rE+2-9

Gope(2; E)=B(A;€)2F1 (5,55 b; =€) a’A:—B()\AA;s) B(A;e)= T(b)

e expansion of Fy,.(¢)

Fope(€§) = 6_1F($p_e1)(€) + Féﬁé(&) + € Fo(;é(g) + 0(52)
A=Ap=242k+~v"e+4 P2 1 0E?) s |pP0HR
(—1

an = aa, = a, Jem1 4 a,,(fo) - a,,(fl)s + O(e?) k=-1,0,1,2...
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g expansion: F,,.(¢) = —1Fo(pel)(§) + Fégé(g) + eF()(Il)é(f) + O(e?)

Fo(pe1 kaﬂ <a/IC ) > Jope(2k+2;8)|__, <xp>= Zxk,j

F{0)(&) Z ghtl ( <al Vv >smet <alV> 0.4 <al” > )gope(2k+2;§)
k=-—1

F{ (&) Zg’““[ <al VAN s> et <alV > + <al”> 0.+ L<al V> 02
k=—1

+%(<a,i Dy 4 <al?y s 4 <alY (>>8)lng]gope(2k+2 £)

e Fipe (€) 4 Fape(€) + € Fpb(€) = €59 [u3 + gro°™(€) + (n — 1) gr°°*(¢)]

— Disc In& =2 D 1 = 4 |
Dise né = 2mi _1i§(<:0n£ i In(—=¢)

21



Bulk CFT data 1. OPE coefficients

aj = a,g_l)s_l + ag)) + a,gl)s + O(e?) kE=-1,0,1,2...

<al™ >=2(n+78) <apst >=4(n+8)

- (0) - n - (0) - n’ + 74n + 408
a = — a = —
- 2 v 2(n + 8)

n? + 46n + 244 3
— )| —+4H,._
n+8 (n+ )< * g 1)

<ad, >= 24k — 2 ;

k
1 .
H, = Zf — harmonic numbers
=1

1 . .
a,,i ) remains undetermined
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Bulk CFT data

2. Scaling dimensions

Ap = 2+2k+7,(€1)5+7,g2>52 + 0(e%) kE=0,1,2..
(1):6]€ —1 (2) _ (n+2)(13n + 44)
Tk n+ 8 U 2(n 4+ 8)3
VO 6k*(n + 20) + 13n + 50 He o4 36 k* — 3k*(n +44) — 13n — 50
k21 (n + 8)2 B k(n + 8)2
k?(n(11n + 314) + 1628) — 2 (n(2n + 77) + 398)
_I_
(n + 8)3
6e  (n+2)(13n+44) | 1
Ag=A p=2 — —— O Ap=d—y=d——
052 n+8 + 2(n + 8)3 e+ 0(E) I ¢? Jt v
3n + 14 -
Ar=Apu=4-3 (::8)2 e? + O(e?) Ayt = d—yuy = d—l—w}
2
Ap=1-S4 -T2 24 o

2 4(n+8)?
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Checks: A, with £ =0,1,2 agree with

6(k2—1)8_ k+1
n + 8 (n+8)3

+ k(34(k — 1)(n + 8) + 11n® + 92n + 212)] e2 4 O(e?)

1

Derkachov Manashov On the stability problem in the O(n) nonlinear sigma model
Phys Rev Lett 1997 79 1423

A¢k+1:2k—|—2—2dr( ) a(n %)(k+1) (k_l)(d_2)+§(d_4)(d_l)] %+O(%>

2
= 2k + 2+ 6(k? —1)——%(22k2+9k—13) +O(e )+0(n2)

e—0

Lang Riihl The critical O(n) o-model at dimension 2 < d < 4: Fusion coefficients
and anomalous dimensions Nucl Phys B 1993 400 597
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Outlook 1. Bootstrap equation for the layer susceptibility

2
(4§§>)A¢ “GEe) Ty ﬁ}’l)?%
0 7
(422")* 7% X (C) = x(#,7) = (2«4;7:’)2(/\—%) )
(=01 (=14 y—=0
| (422" 50 Z ca CA—A = x(z,7) = (Z—;z’>2(>\—Aqs) Z bay™ !
A>0 o=
0 7
D Ha Gboe(A:8) = g(6) = €759 ) Aa Gope(A:€)
A>0 520
) min(z,2')  z+2 —[z -2 _1—y _lz=7

Suggestion: ( =

max(z,2')  z+2 +|z—2| 14y YT
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Outlook 2. Correlation functions to O(&?)

60 [nt2 (lk+ky| |k —k,
+n+8[12 ( i u )
. . . , n+2 kyk, Ik, +k,|+1k, —k,l
Diehl Dietrich 1981 G2*(q,) o I (g arecet T
. -2 —2+47 ~E_ 27 3 2 |k, +k,|—1k, —k,]
To determine GB(p;z, 2, u*,0)... w2 ast [t (G5 ) [ o —H—l arcan "1 i)
one still has to do a Fourier =~ Gw'®ukikd) ks (o ran Pl
. _os[ Ptk (pitkNTT  ® ont 2 1o lpl 21p,|
F2 &
transform in one parallel and e A p— +(1 n+2) 1(k1+k2 kl_kz)
. _ 6¢ _ 6e - 12 E -
two perpendicular momenta... {[kl'k M‘klzkll M] (2p1)2+(!k1+k27~lk1—k2g2
- In 5
—(n*/2)+4n+34 6In2 IS
O'F ' [1+ (n+8)* TS 8] n+2.1(|k1+k2 B kl—kz)
12 2\ u u
. In (2p))* +(k, +k2|+|k1_k2|)2]}+0(83)
u? '
1 QY5 (v)
flv)= d/3 [exp[%(?.—d)m] o (d-2)/4
Ohno Okabe 1985 (27r) (v"—1)

Gp(zl yZ2) = (2122)(2—d_n)/2f(1’)

non-dimensional argument

_z?+z§+,oz_72+zr2

22,2, F—r

v

y vdv 3 y vdv v ( y )3 \
+ — — +
nvz—-ln[ y devvz_ljwy Jcodv vz_l 0(8 )-

where Q7 is the associated Legendre function of second kind and y is t

B { 1 for the ordinary transition
¥ v for the special transition.

This is the first presentation of the correlation function in real space.
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Outlook 3. Correlation functions and critical exponents: O(&?)

— 2019 Bissi Hansen Soderberg Analytic bootstrap for boundary CFT

Prochazka Soderberg

G(z,2') = (€+1)0 + oo
’ lz — /|>20 |2 — /|2
- 1 1Z-vX + 208,12 Y
— the scaling form of I*(x, x ):_5: x'|4 '2'"’( 4(z +2)(z" +>t) )

Lubensky Rubin 1975: 1 ( 1212 \7
aREEy

T X =vX +228, 17"\ 4(z +0) (27 +2)

= Use x(z,2’) to compute correlation functions to O(g?) ?

— Use x(z,2) to compute critical exponents to O(g?) ?
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Outlook 4. Other functions and models, Feynman integrals

2020 Herzog, Kobayashi The O(INN) model with ¢° potential in R? x R™
2021 Gimenez-Grau, Liendo, van Vliet Superconformal boundaries in 4—& dimensions

2020 Loebbert, Miczajka, Miiller, Miinkler Yangian bootstrap for massive Feynman
integrals arXiv:2010.08552

The combination of the above inversion with D-dimensional translations yields the special

d=D+1 conformal transformations in D 4 1 dimensions,

(D) 1 ; o + cPapa”

=
/ B L+ 2¢p2” 4 cpcPapa”’
PL 2+ m)e [+ p)2 + m] D41 g,

albeit with the extra-dimensional component ¢

set to zero, since I, is not invariant under

the respective translation. These transformations are generated by the conformal generator

[
2 2 2

. p p p® + (my — my)?
I ~p 2 2 B 2 27 .2 2
p? + (m1 + ma) p? 4+ (m1 + m2)? p? + (m1 + mo)
/ 2 r? o r’4(z—z")?
D—7r,m —zZ, My —Z — u- = 21 (2+2)2 v = 21 (2+2')2
_ 1 1+wo , . .
Iﬁ) 2 ~ v In [IMS'07JMP] A massive Feynman integral...
lx — x/|? 1—w

28



SUPPLEMENTARY

STAFF
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m(2)

Flow equation: E%ﬂ(ﬁ) = Bulu(l)]
)

u* ford < 4

_ _ _ 1 In | In /| L
Solutions: u(l —0) =~ < ATt T O (W) ford =4
\uﬁd_ll ford > 4
1
d=4: m@)~—=—, L=(u2)"Y,  mz)~2"1/Inpz]
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BOE asymptotics: & — o0

gson(g) ~ ¢ A A=d:
oO=T., — energy-momentum tensor
g5 (&) ~ €74 A=d—1:
O — the analogue of the displacement operator for the broken

rotation current J[ g

The conservation equation for this current is broken by a delta function on the
boundary which is multiplied by a scalar boundary operator that is a vector of the
preserved O(N — 1) subgroup. Similar to the displacement operator, this operator
should obey a Ward identity that relates its coupling j1g—;1 to the bulk field ¢!
with the one-point function coefficient pg of this field. It would be interesting to
derive this Ward identity to confirm the nature of this operator. Similar protected
defect operators appeared for instance in the context of a BPS defect which breaks
part of the R-symmetry in a supersymmetric theory [Marco Meineri|
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Simple examples |[Herzog Huang JHEP 2017 189]

& £\l _ .
2 1+ (@) | — nz>:o ,ui gboe(af :|_ n; g) (1)
even An
g—a i 5 al o
9 -1 — (@) | == T; ,Ui gboe(a’ + n, 6) (2)

odd

W)+ 2): €9= 12 Gboe(Ani€)  GooelAiO)=¢"%F1(A, 525, —¢7Y)

(1) = (2): E+1)7"=D (=1)" 17 Groe(An; €) B:a+1—g
2 (a’)n(/é)n

n

- (28 — 1+ n),n!
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Generalizations [Fields Wimp’'60 Math Comp 15 390]

1 ‘S‘ al —
5_1+(§?>__nz>:opn "oFy (a+n,b+nset 20670 (3)
1—1_(L>a- _Z By (a4+n,b+n;c+2n;-¢71)  (4)
2— €+1 - n>1pn 2 1
odd
(3) + (4) : 1= pu& "oF (a+n,b+nic+2n;—€7)
n>0

(B)—(4): (E+1)7*=) (-1)"pp& * "2 (a+n,b+njc+2n;—¢ )

n>0

(@)n(b)n

(c— 14 n),n!

(a),bc—free

n:

33



BOE and OPE decompositions of unity

(i) BOE: ¢ =2b — 1 =3 -0 Pnlegy & "2F1 (a+n,b4n;2b4 2n; =)

(i) OPE: b=a, £ ' =€ — 1 =3 < Pnlp_g & 2F1 (@ +1n,a 4 n; ¢+ 2n; —£)

an eeop & 2F1(a+n b+n; 2b+2n; — 1)22 Prlp—y §2F1(a+n, a4n; c+2n; —§)
n20 An n=>0 An/2

Ghoe(A;€) = 6 25F (A, 3;28; —£71)  Gope(A;€) = £2/%F1 (5,55 8; —¢)

5 e Gae(Bi €) = €20 T G856
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BOE and OPE decompositions of (£ +1)7¢
BOE: ¢=2b — (§+1)7=3" < o(=1)" pnlo—gy, € "2 Fi(atn, btn; 204+2n; =)
OPE: b=a, £'=& = (§+1)7% =2 ~o(=1)"qnly—y §"2F1 (a4n, adn; c42n; =€)

(@)n(c—b)n
(c—1+n),n!

dn =
Zﬂzn gboe(An; £) = g—az A Gope(An; €)
A, Ay,

2 (=1)™(a)n(b)n . (—=1)™(a)n(c —a)y,
HA, — (26— 1+ n),n! An = (c—1+n),n!

A, ={a+n|n e Ny} A, ={2a+2n|n € Ny}
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