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Criti
al phenomena in semi-in�nite systems

Phase diagram in the absen
e of ordering �elds: h = h1 = 0

✲

✻

surface interactions

T

Tc ❝

DISORDERED

ORDERED

SO/BDSurface

Ordinary Special Extraordinary

EOT exists in d dimensions if d−1-dimensional ST is possible: d ≥ 3

h1 6= 0 � Criti
al Adsorbtion/Normal Transition � o

urs

whenever a d dimensional bulk transition is possible: d ≥ 2

� Metlitski 2020 d = 3, n ≥ 2 � Parisen Toldin 2021 d = 3, n = 3
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Extraordinary transition

• Lubensky Rubin 1975 MF two-point fun
tion → DHS20 O(ε)

• Bray Moore 1977 s
aling; Ohno Okabe 1984 large n

⇒ exa
t parallel 
orrelation 
riti
al exponents for L and T


omponents

{
η‖ = d+ 2, η⊥ = 1

2(d+ 2 + η)
}L {

η‖ = d, η⊥ = 1
2(d+ η)

}T

∆φ = (d−2+η)/2 [ η/2 ≡ γσ ] ∆̂ = (d− 2 + η‖)/2

s
aling dimension of the leading nontrivial boundary operator Ô ↑

• 
onformal bootstrap: Liendo Rastelli van Rees 2013, Gliozzi Liendo

Meineri Rago 2015

EXP Law 2001 Wetting, adsorption and surfa
e 
riti
al phenomena
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Geometri
 setup: R
d
+ = {x = (r, z) ∈ R

d | r ∈ R
d−1, z≥0}

z
φ(r, z)

φ(0, z′)

r
φ(r, z > 0) � bulk �elds

←− φ(r, 0) ≡ φ(r) ≡ φ̂

boundary �elds

↑ boundary 
onditions ↑

bulk OPERATORS boundary

O∆ = φ2, φ4, φ2∇2φ2, φ6 . . . Ô∆̂ = φ̂, φ̂2, Tzz(r) . . .
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LGW hamiltonian and boundary 
onditions

H[φ] =
∫

dd−1r

∫ ∞

0

dz

[
1

2
|∇φ|2 + m2

0

2
|φ|2 + u0

4!
(|φ|2)2

]

+

∫

dd−1r
(c0
2
|φ̂|2 − h1φ̂

1
)

φ = {φi, i = 1, 2, ..., n
︸ ︷︷ ︸

Transverse

}

BC:

∂

∂z
φ1(z)

∣
∣
∣
∣
z=0

= c0 φ
1(0)− h1 Longitudinal 
omponent

< φi(z) >= 0, i = 2, ..., n

m(z) ≡< φ1(z) >=
µ0

(2z)∆φ

� OP pro�le: µ0 =

{
0, ORD, SP, ST

6= 0, EOT/N

EOT :

{

h1 = 0

c0 < 0
CA/N :

{

h1 6= 0

arbitrary c0
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Two-point fun
tions in BCFT (T = Tc)

• Cardy 1984; M
 Avity Osborn 1993, 1995

• Nakayama 2013 Is boundary 
onformal in CFT?

G(x,x′) ≡ 〈φ(r1, z)φ(r2, z′)〉 =
g(ξ)

(4zz′)∆φ
=

F (v2)

|x− x′|2∆φ
g(ξ) = ξ−∆φF (v2)

ξ =
r2 + (z′ − z)2

4zz′
=
|x− x′|2
4zz′

v2 =
r2 + (z′ − z)2

r2 + (z + z′)2
=
|x− x′|2
|x− x̂′|2

u4 =
x12 x34

x13 x24
v4 =

x14 x23

x13 x24

ξ = u4 v2 =
u4

v4

x

x′

x̂

x̂′

|x− x′|

2z 2z′

|x − x̂′|

1
3

2
4
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Asymptoti
 limits. 1. Bulk limit

G(x,x′) =
g(ξ)

(4zz′)∆φ
=

F (v2)

|x−x′|2∆φ
ξ =
|x−x′|2
4zz′

v2 =
ξ

ξ + 1

G(x,x′) ∼ |x− x′|−2∆φ ⇐ g(ξ) ∼ ξ−∆φ, ξ, v2 → 0

ξ → 0 ⇐

{
|x− x′| ≪ z, z′→∞ bulk limit

|x− x′|→ 0 short-distan
e (OPE) limit F (0) = C1

φφ

∞

x

x′

x x′
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Asymptoti
 limits. 2. Boundary limit ξ→∞

G(x,x′) =
g(ξ)

(4zz′)∆φ
=

F (v2)

|x−x′|2∆φ
g(ξ →∞) ∼ ξ−∆̂

• r →∞| z, z′ �xed ⇒ G(r; z, z′) ∼ r−2∆̂ = r−(d−2+η‖)

• z′ →∞| r, z �xed ⇒ G(r; z, z′) ∼ z′−(∆φ+∆̂) = z′−(d−2+η⊥) η⊥ =
η‖+η

2

• z→ 0| r, z′ �xed⇒ G(r; z, z′) ∼ z∆̂−∆φ = zη⊥−η short-distan
e

(BOE) limit

x

x′

x

x′

x

x′
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Short-distan
e operator expansions

x

x′
· · ·

Ô∆̂(r)
x x′

· · ·
O∆(x̄)

b̂ = ∆̂ + 1− d/2 
onformal blo
ks b = ∆+ 1− d/2

Gboe(∆̂; ξ)=ξ−∆̂
2F1

(
∆̂, b̂; 2b̂;−ξ−1

)
Gope(∆; ξ)=ξ∆/22F1

(
∆
2 ,

∆
2 ; b;−ξ

)

g(ξ) =
∑

∆̂≥0

µ2
∆̂
Gboe(∆̂; ξ) = ξ−∆φ

∑

∆≥0

λ∆ Gope(∆; ξ)

bootstrap g(ξ) = ξ−∆φF (v2) equation
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Correlation fun
tion Radon transformation

∗

Layer su
eptibility

G(x,x′) =
g(ξ)

(4zz′)∆φ
ξ|r=0 =

(z′ − z)2

4zz′
≡ ρ χ(z, z′) =

R(ρ)

(4zz′)∆φ−λ

χ(z, z′) =

∫

dd−1r G(r; z, z′)

= G̃(p = 0; z, z′)

z

z′

r

R(ρ) =
πλ

Γ(λ)

∫∫∫ ∞

0

du u−1+λ g(u + ρ)

g(ξ) =
π−λ

Γ(−λ)

∫∫∫ ∞

0

dρ ρ−1−λR(ρ + ξ)







Radon

λ = d−1
2

transformation

∗

M
Avity Osborn95 CFTs near a boundary in general dimensions NPB455 522
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Simple examples. 1. Diri
hlet propagator

GD(r; z, z
′) = Cd

(
|x− x′|2−d − |x− x̂′|2−d

)
=

g(ξ)

(4zz′)∆
(0)
φ

g(ξ) = Cd

[

ξ1−
d
2 − (ξ + 1)1−

d
2

]

Cd =
S−1
d

d− 2
∆

(0)
φ =

d− 2

2

G̃(p; z, z′) =
1

2p

[

e−p|z−z
′| − e−p(z+z

′)
]

χ(z, z′) = lim
p→0

G̃(p; z, z′) =
1

2
(z + z′ − |z′ − z|) = min(z, z′)

χ(z, z′) =
√
4zz′

1

2
ζ
1
2 ≡
√
4zz′X(ζ) =

√
4zz′R(ρ) ζ =

min(z, z′)

max(z, z′)

R(ρ) = X(ζ)|ζ=(
√
ρ+1−√

ρ)2 =
(√

ρ+1−√ρ
)
/2 ρ =

(z′ − z)2

4zz′
= ξ|r=0

g(ξ) =
π−λ

Γ(−λ)

∫ ∞

0

dρ ρ−1−λR(ρ+ ξ) = Cd

[

ξ1−
d
2 − (ξ + 1)1−

d
2

]
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2. EOT, Landau approximation [Eisenriegler1984 J Chem Phys 81 4666℄

GE(p; z < z′) =
1

2p

[

W (−pz)−W (pz)
]

W (pz′) W (x) = e−x
(

1+
3

x
+

3

x2

)

χE(z, z
′) = lim

p→0
G0(p; z, z

′) =
1

5

[min(z, z′)]3

[max(z, z′)]2
=
√
4zz′

1

10
ζ
5
2

R ⇒ GE(r; z, z
′) = (4zz′)−∆φ gE(ξ)

gE(ξ) = ξ1−
d
2 − (ξ+1)1−

d
2

︸ ︷︷ ︸

gD(ξ)

+
12

4−d

[

ξ2−
d
2 + (ξ+1)2−

d
2 +

4

6−d
(

ξ3−
d
2 − (ξ+1)3−

d
2

)]

[Lubensky Rubin 1975℄

g
(d=4)
E (ξ) =

1

ξ
− 1

ξ + 1
+ 12 + 6(1 + 2ξ) ln

ξ

ξ + 1

[LR75, ..., Liendo Rastelli van Rees 2013℄
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Radon transformation and BOE blo
ks [ DHS20 ℄

ξ =
r2 + (z′ − z)2

4zz′
ζ =

min(z, z′)

max(z, z′)

Gcon(r; z, z
′) = (4zz′)−∆φ gcon(ξ) ←→ χ(z, z′) = (4zz′)λ−∆φX(ζ)

one-to-one 
orresponden
e between BOE blo
ks and ζ powers

gcon(ξ) =
∑∑∑

∆̂>0µ
2
∆̂
Gboe(∆̂; ξ) R

←→ X(ζ) =
∑∑∑

∆̂>0 c∆̂ ζ∆̂−λ

in s
aling fun
tions of 
orrelator gcon(ξ) and layer sus
eptibility X(ζ)

⋆ Enhan
ed s
aling form: χ(z, z′) = (4zz′)λ−∆φ ζ∆̂
(l.n.)−λ Y (ζ) [MS20 ℄

Y (ζ → 0) � regular

→ Guess: G(r; z, z′) =
(1− v2)∆̂−∆φ

|x− x′|2∆φ
F̃ (v2) F̃ (v2 → 1) � regular
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3. BOE de
ompositions via Radon transformation

g(ξ) = (ξ + 1)−a ξ =
r2

4zz′
+ ρ ρ =

1

4
(ζ + ζ−1 − 2)

R(ρ) =
πλ

Γ(λ)

∫ ∞

0

du u−1+λ g(u+ ρ), λ > 0 ⇒ R(ρ) = πλ(a)−λ(ρ+ 1)λ−a

X(ζ) ∼ ζa−λ(1 + ζ)−2(a−λ) =
∑

n≥0

(−1)n(2a− 2λ)n
n!

ζa−λ+n [DHS 20 ]

(ξ+1)−a=
∑

n≥0

(a)n(2a−2λ)n
(−4)n(a−λ)nn!

ξ−a−n2F1

(

a+n, a−λ+1

2
+n; 2a−2λ+1+2n;−ξ−1

)

λ = d−1
2 → Herzog Huang JHEP2017 189 dedu
ed "with a little bit of guess work"
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EXTRAORDINARY TRANSITION 1Loop: O(ε = 4− d)

χ(z, z′) =

(a)

+ +

 a!

+ + · · · ⇒

χL(z, z
′) =
√
4zz′ ζ

5−ε
2 Cd

[
1 + ε h(ζ)

]

χT (z, z
′) =
√
4zz′ ζ

3−ε
2 C̃d−1

[
1 + ε j(ζ)

]






χ(z, z′) = (4zz′)λ−∆φ ζ∆̂−λY (ζ)

����������������������������������������������

h(ζ) = h0(ζ) + h1(ζ) + h1(−ζ)

h0(ζ) =
1

140(n+ 8)

[
203n+ 3140− 10(7n+ 96)ζ−2 + 20(7n+ 128)ζ−4

]

h1(ζ) =
(21n+ 204) ζ(1 + ζ2) + 4(7n+ 74) ζ2 − 72(1 + ζ4)

42(n+ 8) ζ6
(1− ζ)3 ln(1− ζ)

�����������������������

ζ → 0� BOE limit (exponentiated with ε→ 0) ζ → 1 ,−1� OPE limit
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Power expansions of χL,T (z, z
′)

χL(z, z
′) = (4zz′)λ−∆φ ζ−λ

∑

∆̂=d, k

c∆̂ζ
∆̂ +O(ε2) k = 6, 8, 10, . . .

cd =
1

10

[

1 +
76− n

60 (n+8)
ε
]

ck = 2
k (k−3) (n+8)− 2 (5n+76)

(k−5)3(k)3 (n+ 8)
ε

�����������������������

χT (z, z
′) = (4zz′)λ−∆φ ζ−λ

∑

∆̂=d−1, k

c̃∆̂ζ
∆̂ +O(ε2) k = 7, 9, 11, . . .

c̃d−1 =
1

6

[

1 +
2n+ 15

6 (n+8)
ε
]

ck = 4
(k + 2)(k − 5)

(k−4)6 (n+ 8)
ε

{

∆̂; c∆̂ , c̃∆̂

}

� BCFT data for the layer sus
eptibility
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BOE de
ompositions for 
orrelation fun
tions

ζ−λ+∆̂ R
←→ σ∆̂ Gboe(∆̂; ξ) Gboe(∆̂; ξ) = ξ−∆̂

2F1

(
∆̂, b̂; 2b̂;−ξ−1

)

∆̂ = d ↓ Tzz b̂ = ∆̂ + 1− d

2

gL
con(ξ) = σdcd Gboe(4− ε; ξ) +

∞∑

k=6,even

σk ck Gboe(k; ξ)
︸ ︷︷ ︸

O(ε)

+O(ε2)

gT
con(ξ) = σd−1c̃d−1 Gboe(3− ε; ξ) +

︷ ︸︸ ︷
∞∑

k=7,odd

σk c̃k Gboe(k; ξ)+O(ε2)

∆̂ = d− 1 ↑ the analogue of the displa
ement operator

for the broken rotation 
urrent J [1i]
µ [Mar
o Meineri℄

{

∆̂;σ∆̂c∆̂ , σ∆̂c̃∆̂

}

� BCFT data for the two-point fun
tion
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Expli
it results gconL,T (ξ) = g
(0)
L,T (ξ) + ε g

(1)
L,T (ξ) +O(ε2)

g
(0)
L (ξ)=

1

2ξ
− 1

2(ξ+1)
+6+3(2ξ+1) ln

ξ

ξ+1
g
(0)
T (ξ)=

1

2ξ
+

1

2(ξ+1)
+ ln

ξ

ξ+1

����������������������������

gL
(1)(ξ) =

1 + ln
[
ξ(ξ + 1)

]

4ξ(ξ + 1)
+ 6 ln ξ + 3(2ξ + 1) ln ξ · ln ξ

ξ+1

+

[
72ξ(2ξ + 3) + n+ 80

4(n+ 8)
ln

ξ

ξ+1
− 2

(5n+ 52)ξ + 2(2n+ 19)

n+ 8

]

ln
ξ

ξ+1

+ 2
n+ 14

n+ 8

[

1 + 3(2ξ + 1)Li2

(

−1
ξ

)]

��������������������������������������

(i) OPE limit: ξ→0 : gconL,T (ξ) ∼ ξ−1+ε
2+O(ε2) = ξ−∆φ+O(ε2)

(ii)BOE: ξ→∞ : gconL (ξ) ∼ ξ−4+ε = ξ−d gconT (ξ) ∼ ξ−3+ε = ξ−(d−1)
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Bootstrap equation

g(ξ) =
∑

∆̂≥0

µ2
∆̂
Gboe(∆̂; ξ) := ξ−∆φ

∑

∆≥0

λ∆ Gope(∆; ξ)

G(x, x′) =< φ(x)φ(x′) >=
g(ξ)

(4zz′)∆φ

� full two-point fun
tion

g(ξ) = µ2
0 + gL

con(ξ) + (n− 1) gT
con(ξ)

One-point fun
tion

〈φL〉 = + + (n−1) + · · · = µ0

(2z)∆φ

⇒ µ2
0 = 2

n+8

ε
− n2+46n+244

n+ 8
+ O(ε)
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Bulk-
hannel expansion b = ∆+ 1− d
2

Fope(ξ) ≡
∑

∆≥0

λ∆ Gope(∆; ξ) =
∑

∆≥0

a∆ ξ
∆
2 gope(∆; ξ) := ξ∆φg(ξ)

gope(∆; ξ)=β(∆; ε)2F1

(
∆
2 ,

∆
2 ; b;−ξ

)
a∆=

λ∆
β(∆;ε) β(∆; ε)=

Γ(∆2 )Γ(
∆
2 +2−d

2)

Γ(b)

ε expansion of Fope(ξ)

Fope(ξ) = ε−1F (−1)
ope (ξ) + F (0)

ope(ξ) + εF (1)
ope(ξ) +O(ε2)

∆ := ∆k = 2 + 2k + γ
(1)
k ε+ γ

(2)
k ε2 +O(ε3) ←→ |φ|2(1+k)

a∆ := a∆k
= a

(−1)
k ε−1 + a

(0)
k + a

(1)
k ε+O(ε2) k = −1, 0, 1, 2...
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ε expansion: Fope(ξ) = ε−1F
(−1)
ope (ξ) + F

(0)
ope(ξ) + ε F

(1)
ope(ξ) +O(ε2)

F (−1)
ope (ξ)=

∞∑

k=0

ξk+1 <a
(−1)
k > gope(2k+2; ξ)|ε=0 <xk>=

∑

j

xk,j

F (0)
ope(ξ)=

∞∑

k=−1

ξk+1
(
1
2 <a

(−1)
k γ

(1)
k > ln ξ+ <a

(−1)
k > ∂ε+ <a

(0)
k >

)

gope(2k+2; ξ)

F (1)
ope(ξ)=

∞∑

k=−1

ξk+1
[
1
8 <a

(−1)
k (γ

(1)
k )2> ln2 ξ+ <a

(1)
k > + <a

(0)
k > ∂ε +

1
2<a

(−1)
k >∂2

ε

+ 1
2(<a

(−1)
k γ

(2)
k >+<a

(0)
k γ

(1)
k >+<a

(−1)
k γ

(1)
k >∂ε)ln ξ

]

gope(2k+2; ξ)

ε−1F
(−1)
ope (ξ) + F

(0)
ope(ξ) + ε F

(1)
ope(ξ) = ξ∆φ

[
µ2
0 + gL

con(ξ) + (n− 1) gT
con(ξ)

]

−→ Disc
−1<ξ<0

ln ξ = 2πi Disc
−1<ξ<0

ln2 ξ = 4πi ln(−ξ)
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Bulk CFT data 1. OPE 
oe�
ients

ak = a
(−1)
k ε−1 + a

(0)
k + a

(1)
k ε+O(ε2) k = −1, 0, 1, 2...

< a
(−1)
0 >= 2(n+ 8) < a

(−1)
k≥1 >= 4(n+ 8)

< a
(0)
−1 >=

n

2
< a

(0)
0 >= −n

2 + 74n+ 408

2(n+ 8)

< a
(0)
k≥1 >= 24k − 2

n2 + 46n+ 244

n+ 8
− (n+ 8)

(
3

k
+ 4Hk−1

)

Hk =
k∑

l=1

1

l

� harmoni
 numbers

a
(1)
k remains undetermined
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Bulk CFT data 2. S
aling dimensions

∆k = 2 + 2k + γ
(1)
k ε+ γ

(2)
k ε2 +O(ε3) k = 0, 1, 2...

γ
(1)
k = 6

k2 − 1

n+ 8
γ
(2)
0 =

(n+ 2)(13n+ 44)

2(n+ 8)3

γ
(2)
k≥1 =−2

6k2(n+ 20) + 13n+ 50

(n+ 8)2
Hk−1 +

36 k4 − 3 k2(n+ 44)− 13n− 50

k (n+ 8)2

+
k2
(
n(11n+ 314) + 1628

)
− 2

(
n(2n+ 77) + 398

)

(n+ 8)3

∆0=∆φ2=2− 6ε

n+8
+

(n+2)(13n+44)

2(n+ 8)3
ε2 +O(ε3)

[

∆φ2 = d− yt = d− 1

ν

]

∆1 = ∆φ4 = 4− 3
3n+ 14

(n+ 8)2
ε2 +O(ε3)

[

∆φ4 = d−yu0 = d+ω
]

∆φ = 1− ε

2
+

n+ 2

4 (n+ 8)2
ε2 +O(ε3)
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Che
ks: ∆k with k = 0, 1, 2 agree with

• ∆φ2(k+1) = 2k + 2 +
6(k2 − 1)

n+ 8
ε− k + 1

(n+ 8)3

[

− 1

2
(13n+ 44)(n+ 2)

+ k
(
34(k − 1)(n+ 8) + 11n2 + 92n+ 212

)]

ε2 +O(ε3)

Derka
hov Manashov On the stability problem in the O(n) nonlinear sigma model

Phys Rev Lett 1997 79 1423

∆ψk+1=2k+2−2
dΓ(d+1

2 ) sin(πd2)

π
3
2Γ(d2+1)

(k+1)

[

(k−1)(d−2)+k

2
(d−4)(d−1)

]
1

n
+O

( 1

n2

)

=
ε→0

2k + 2 + 6(k2 − 1)
ε

n
− 1

2

(
22k2 + 9k − 13

) ε2

n
+O(ε3) +O

( 1

n2

)

Lang R

�
uhl The 
riti
al O(n) σ-model at dimension 2 < d < 4: Fusion 
oe�
ients

and anomalous dimensions Nu
l Phys B 1993 400 597
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Outlook 1. Bootstrap equation for the layer sus
eptibility

g(ξ)

(4zz′)∆φ
= G(x,x′) =

F (v2)

|x− x′|2∆φ

R l l ?

(4zz′)λ−∆φX(ζ) = χ(z, z′) =
(z+z′

2

)2(λ−∆φ)

Z(y)

ζ → 0 ↓ ζ → 1 ↓ y → 0

! (4zz′)λ−∆φ
∑

∆̂>0

c∆̂ ζ∆̂−λ = χ(z, z′) =
(z+z′

2

)2(λ−∆φ) ∑

∆≥0

b∆ y∆ !

DHS l l ?
∑

∆̂≥0

µ2
∆̂
Gboe(∆̂; ξ) = g(ξ) = ξ−∆φ

∑

∆≥0

λ∆ Gope(∆; ξ)

Suggestion: ζ =

min(z, z′)

max(z, z′)
=

z + z′ − |z − z′|
z + z′ + |z − z′| ≡

1− y

1 + y
y =
|z − z′|
z + z′
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Outlook 2. Correlation fun
tions to O(ε2)

Diehl Dietri
h 1981

To determine GR(ρ; z, z′, u∗, 0)...

one still has to do a Fourier

transform in one parallel and

two perpendi
ular momenta...

of

Ohno Okabe 1985
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Outlook 3. Correlation fun
tions and 
riti
al exponents: O(ε2)

→ 2019 Bissi Hansen S

�
oderberg Analyti
 bootstrap for boundary CFT

Pro
h

�

azka S

�
oderberg

G(x, x′) =
(ξ + 1)γ−γ̂

|x− x′|2∆φ
∓ ξγ−γ̂

|x̂− x′|2∆φ

� the s
aling form of

Lubensky Rubin 1975:

⇒ Use χ(z, z′) to 
ompute 
orrelation fun
tions to O(ε2) ?

⇒ Use χ(z, z′) to 
ompute 
riti
al exponents to O(ε3) ?
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Outlook 4. Other fun
tions and models, Feynman integrals

2020 Herzog, Kobayashi The O(N) model with φ6

potential in R
2 × R

+

2021 Gimenez-Grau, Liendo, van Vliet Super
onformal boundaries in 4−ε dimensions

2020 Loebbert, Mi
zajka, M

�
uller, M

�
unkler Yangian bootstrap for massive Feynman

integrals arXiv:2010.08552

d = D + 1
∫ (D)

p′
1

(p′2 +m2
1)
α
[

(p′ + p)2 +m2
2

]β

The combination of the above inversion withD-dimensional translations yields the special
conformal transformations in D + 1 dimensions,

xµ̂
7→

xµ̂ + cµ̂xν̂x
ν̂

1 + 2cν̂xν̂ + cρ̂cρ̂xν̂xν̂
, (2.10)

albeit with the extra-dimensional component cD+1 set to zero, since In is not invariant under
the respective translation. These transformations are generated by the conformal generator

I11 ∼ p
−ε
(

p2

p2 + (m1 +m2)2

)
ε
2

F1

(

...;
p2

p2 + (m1 +m2)2
,
p2 + (m1 −m2)

2

p2 + (m1 +m2)2

)

p→ r, m1 → z, m2 → z′ → u2 = r2

r2+(z+z′)2 , v2 = r2+(z−z′)2
r2+(z+z′)2

I
(D=2)
11 ∼ 1

|x− x′|2 v ln
1 + v

1− v

[MS'07JMP℄ A massive Feynman integral...
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SUPPLEMENTARY STAFF
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m(z)

Flow equation: ℓ
d

dℓ
ū(ℓ) = βu[ū(ℓ)]

Solutions: ū(ℓ→ 0) ≈







u∗
for d < 4

1
β2| ln ℓ| +O

(
ln | ln ℓ|
| ln ℓ|2

)

for d = 4

uℓd−4

for d > 4

d = 4 : m(z) ∼ z−1

√

u(ℓ)
, ℓ = (µz)−1, m(z) ∼ z−1

√

| lnµz|

30



BOE asymptoti
s: ξ→∞

gcon
L (ξ) ∼ ξ−∆̂ ∆̂ = d :

Ô = Tzz � energy-momentum tensor

gcon
T (ξ) ∼ ξ−∆̂ ∆̂ = d− 1 :

Ô � the analogue of the displa
ement operator for the broken

rotation 
urrent J
[1i]
µ

The 
onservation equation for this 
urrent is broken by a delta fun
tion on the

boundary whi
h is multiplied by a s
alar boundary operator that is a ve
tor of the

preserved O(N−1) subgroup. Similar to the displa
ement operator, this operator

should obey a Ward identity that relates its 
oupling µd−1 to the bulk �eld φ1

with the one-point fun
tion 
oe�
ient µ0 of this �eld. It would be interesting to

derive this Ward identity to 
on�rm the nature of this operator. Similar prote
ted

defe
t operators appeared for instan
e in the 
ontext of a BPS defe
t whi
h breaks

part of the R-symmetry in a supersymmetri
 theory [Mar
o Meineri℄
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Simple examples [Herzog Huang JHEP 2017 189℄

ξ−a

2

[

1 +
( ξ

ξ + 1

)a
]

=
∑

n≥0

even

µ2
n Gboe(a+ n

︸ ︷︷ ︸

∆̂n

; ξ) (1)

ξ−a

2

[

1−
( ξ

ξ + 1

)a
]

=
∑

n≥1

odd

µ2
n Gboe(

︷ ︸︸ ︷

a+ n; ξ) (2)

(1) + (2) : ξ−a =
∑

n≥0

µ2
n Gboe(∆̂n; ξ) Gboe(∆̂; ξ)=ξ−∆̂

2F1

(
∆̂, β̂; 2β̂;−ξ−1

)

(1)− (2) : (ξ + 1)−a =
∑

n≥0

(−1)n µ2
n Gboe(∆̂n; ξ) β̂ = a+ 1− d

2

µ2
n =

(a)n(β̂)n

(2β̂ − 1 + n)nn!
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Generalizations [Fields Wimp'60Math Comp 15 390℄

1

2

[

1 +
( ξ

ξ + 1

)a
]

=
∑

n≥0

even

pn ξ
−n

2F1

(
a+ n, b+ n; c+ 2n;−ξ−1

)

(3)

1

2

[

1−
( ξ

ξ + 1

)a
]

=
∑

n≥1

odd

pn ξ
−n

2F1

(
a+ n, b+ n; c+ 2n;−ξ−1

)

(4)

(3) + (4) : 1 =
∑

n≥0

pn ξ
−n

2F1

(
a+ n, b+ n; c+ 2n;−ξ−1

)

(3)− (4) : (ξ + 1)−a =
∑

n≥0

(−1)n pn ξ−a−n 2F1

(
a+ n, b+ n; c+ 2n;−ξ−1

)

pn =
(a)n(b)n

(c− 1 + n)nn!
(a), b, c � f r e e
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BOE and OPE de
ompositions of unity

(i) BOE: c = 2b −→ 1 =
∑

n≥0 pn|c=2b ξ
−n

2F1

(
a+ n, b+ n; 2b+ 2n;−ξ−1

)

(ii) OPE: b=a, ξ−1→ξ −→ 1 =
∑

n≥0 pn|b=a ξn2F1 (a+ n, a+ n; c+ 2n;−ξ)
∑

n≥0

pn|c=2b ξ
−n

2F1(a+n
︸︷︷︸

∆̂n

, b+n; 2b+2n;−ξ−1)=
∑

n≥0

pn|b=a ξn2F1(a+n
︸︷︷︸

∆n/2

, a+n; c+2n;−ξ)

Gboe(∆̂; ξ) = ξ−∆̂
2F1

(
∆̂, β̂; 2β̂;−ξ−1

)
Gope(∆; ξ) = ξ∆/2

2F1

(
∆
2
, ∆
2
;β;−ξ

)

∑

∆̂n

(a)n(b)n
(2b− 1 + n)nn!

Gboe(∆̂n; ξ) = ξ−2a
∑

∆n

(a)2n
(c− 1 + n)nn!

Gope(∆n; ξ)

∆̂n = {a+ n|n ∈ N0} ∆n = {2a+ 2n|n ∈ N0}
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BOE and OPE de
ompositions of (ξ + 1)−a

BOE: c=2b→ (ξ+1)−a=
∑

n≥0(−1)n pn|c=2b ξ
−a−n

2F1(a+n, b+n; 2b+2n;−ξ−1)

OPE: b=a, ξ−1→ξ → (ξ+1)−a =
∑

n≥0(−1)nqn|b=a ξn2F1 (a+n, a+n; c+2n;−ξ)

qn =
(a)n(c− b)n
(c− 1 + n)nn!

∑

∆̂n

µ2
∆̂n
Gboe(∆̂n; ξ) = ξ−a

∑

∆n

λn Gope(∆n; ξ)

µ2
∆̂n

=
(−1)n(a)n(b)n
(2b− 1 + n)nn!

λn =
(−1)n(a)n(c− a)n
(c− 1 + n)nn!

∆̂n = {a+ n|n ∈ N0} ∆n = {2a+ 2n|n ∈ N0}
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