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e Physical background: dynamical scaling & ageing

e Schrodinger algebra

e Two- and three-point functions and tests

e Free fields, the energy-momentum tensor and the current
e applicability to stochastic non-equilibrium field theory

e Why response functions ?

Examples are meant as illustrations, focus on dynamical symmetry concepts



Dynamical scaling out of equilibrium, after quench to T < T,

Ising magnet T < T,

—— ordered cluster

growth of ordered domains, of typical linear size

L(t) ~ t¥/7

dynamical exponent z: determined by equilibrium state
I5" for quenches to T < T, and without conservation laws: have z = 2

Bray, RUTENBERG 1996

have dynamical scaling, although stationary states are not scale-invariant



Two-time observables from time-dependent order-parameter ¢(t, r) show
data collapse, with t: observation time, s: waiting time

_ t
two-time auto-correlator  C(t,s) := (¢(t, r)é(s, r)) — (6(t, 1)) ($(s, r)) = s fc (7)
s
- 6 (¢(t,r)) oy 1.y [
two-time auto-response R(t,s) := . = < t,r s,r> = s f (7)
wo-time amto-resp (5= S| = {olenits ) < (!
L S——————— —
0,8 -
_osl _ autocorrelator 3D Glauber-Ising,
=z T<T.
O 04k -
data collapse in scaling regime
0,2 @ — for | t, s > Tmicro | and ’ t — S>> Tmicro
a
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(1) no time-translation invariance

(2) dynamical scaling (3) slow dynamics = ageing

derive scaling function in a model-independent way



Another simple example: interface growth in EW universality class

[Geh(E.1) = VAL ) 4 (Eir)] | e widthw? = (= B))

7 growth regime w ~ t?
with 17 white noise, temperature T N " saturation regime w ~ L*
e : , z2=0ofB
K5 noisy diffusion (‘Schrédinger’) equation
linear = exactly solvable, gives height response & correlator long-time limit
R(t,s;r) = ro(t—s) ?ex M r
o -0 P 2 t—s
T d M r d M P
r) = r(z-12= —r(2-1,2
Cltsir) |r\d*2{ (2 ) t+s) (2 "2 t—s
. o EoT d M I’2

where T'(a, x) = [>°du u*"le™" incomplete Gamma function

ROTHLEIN, BAUMANN, PLEIMLING 06; BUSTINGORRY, CUGLIANDOLO, IGUAIN 07

I5” again data collapse, i.e. C(t,s;r) =s °Fc(L, (t’_zs)) etc.

I¥” recover the three defining properties of ageing



Question: ‘ can one reproduce these results from a dynamical symmetry

= interface coupled to heat bath with temperature T
— difficulties with Galilei-invariance, when T # 0

Proceed in two steps:

@ study symmetries of the deterministic part, with T =0

@ use deterministic symmetries to analyse full noisy equation

In practice:
. . . . . H Lie 1881
1. find dynamical symmetries of free diffusion equation (Incost 1642/ 45)
= analogies with conformal invariance NIEDERER 72
2. derive Bargman superselection rules BARGMAN 54

= reduction of ‘noisy’ to ‘deterministic’ averages



Examples of infinite-dimensional time-space transformations

group coordinate changes co-variance
(ortho-) conformal Z=f(z) Z=zZ correlator
(1+1)D Z=z 7 = f(2)
Schrédinger-Virasoro | t' = b(t) r’ = ./db(t)/dt r | response
t'=t r'=r+a(t)
=t r=%(t)r

* Schrodinger group Sch(d) is maximal finite-dimensional sub-group
* dynamical symmetry of free diffusion equation or
free Schrodinger equation under Sch(d) JacoBI 1842/43, Lk 1881
rediscovered in physics since 1970s
* not the ‘non-relativistic limit' of conformal group
* time-space anisotropic dilatations t — b®t, r — br,
with dynamical exponent z = 2
* Schrodinger-invariance predicts form of (not correlators)
* applications to phase-ordering kinetics, after quench to T < T, sice 1900



(A) Standard (projective) conformal invariance at equilibrium CARTAN 1909

label coordinates as ‘time’ t and ‘space’ r
in (14 1)D use complex variables w = t +ir and w =t — ir

‘ Extend global dynamical scaling to local, projective transformations‘

=i

+
+

N

ow+f L8 L ad—fy=1,as—Fy=1
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YW +

21
N
=91

note: (i) translation-invariance in t, r & (ii) time-space rotation-invariance

w= ) . otw. ) = ()7 (D) )

Transformation of scaling operators w — w’ with S(w’) > 0 and

with x = A + A scaling dimension, s = A — A spin (‘usually’ s = 0)
scaling dimension x. ‘

‘at equilibrium, scalar ¢ has




infinitesimal generators ¢, = —w"*19,, — A(n+ 1)w"

generators X, = {, + (, and Y, = {,, — 7, span conformal Lie algebra conf(2)

[Xoy Xm] = (n = m)Xoim s [Xoy Yml = (0= m)Yoim, [Ya, Yl = (n— m)Xoim

(©)
Invariant Schrodinger operator (Laplacian) S = 40,0y
[S,X_1] = [S,Y_1] = [S, Y] =0
[S, X0] = =S, [S,X1] = —2(w+ Ww)S —8(Adz + Ad,,)
[S, V1] = —2(w— w)S —8(Ady — Ad,)
Lemma: If Sgb =0and A = A = 0, then S(X¢) =0. CARTAN 1909
‘conf(d) maps solutions of S¢ = 0 onto solutions ‘
Co-variant two-point function (correlator) PoLYAKOV 70

($1(t, r)$2(0,0)) = 0x p (24 1%) = 2 (r/t), f(u) ~ (1 +u?)™™
(P)



(B) Dynamical scaling: Schrodinger-invariance

Time-dependent behaviour characterised by dynamical exponent z:
trsth™?, r—rb!

If z = 2: local scaling given by Schrédinger group: Jaconl 1842/43, Lie 1881

ApPPELL 1892, GOFF 27, KASTRUP 68, HAGEN 71, NIEDERER 72, JACKIW 72

at+f h_}Dr%—vt—i—a

t s ,
vyt 46 vyt 446

, ad—fy=1

‘note: (i) translation-invariance in t, r & (ii) time-space GaIiIei—invariance‘

Transformation of scaling operators t = 3(t'), r=1r’ dg(tf') with B(t') >0

. 2 O+
o(t,r) = B(¢') 2 exp [‘Aﬂd'fs(t)l ot r)

mass term

Schrodinger-covariant scalar ¢ has scaling dimension x, and mass M. ‘




infinitesimal generators MH 94

1 1 1
X, = g, Tl 000FD neae L gy
2 4 2
1
M, = —t"M
also contains ‘phase changes' in the wave function ! ( )

non-vanishing commutators (including central extensions)

c
(X0, Xo] = (n— n')Xn+n/+E(n3 — 1)0ntm 0

n
X, Y] = (5 — m) Yoim
XmMn/ = _n,Mn n’
+

[Ym, Ym/] = (m — m’)/\/lm+m/

with n,n’ €Z, mm’' € Z+ § = ‘ Schrodinger-Virasoro algebra s ‘

sv contains 3 chiral fields, with dim X =2, dmY = % dmM =1

= Schrodinger algebra sch(1) = (Xi1,0, Y12, Mo) C sb(1)



Explanation

X1
Xo
X1

Y 12
Y12

sch(d) not semi-simple: can have

of these generators:
-

= —t0: — %r@,
= —t%9; — tro,
- 9,

= —to,

hered =1
time translation
dilatation
‘special Schrodinger’

space translation

Galilei transformation

representations

, give additional terms in the generators

Y1/2 = —tar - ./\/lr
1
X]_ = —tzat—trar— 5MI’2
My = —M phase shift

and also a further generator My (central extension):
[Yi/2, Y_12] = Mo

Finally, can have a scaling dimension x: extra terms in Xp 1.



Geometric illustration of a few Schrodinger transformations:

t t
r i HE
Criginal exp(Y. )
Tt T
exp(X_) expXc) exp(Xy) exp(Xa)

HINRICHSEN ’10



visualisation of commutators in a root diagramme (complexified)
sch(1) = (Xt10, Yir2, Mo) C Bo
associate root vector x <— X generator

vector addition x + x’ «— [X, X’] commutator

if x + x’ ¢ diagramme, then [X, X'] =0
if x + x' = x” € diagramme, then [X, X'] ~ X"
(modulo generators from Cartan subalgebra b)

subalgebras <— convex set under vector addition
subalgebra isomorphisms <— discrete (Weyl) symmetries of diagramme



Dynamical symmetry I: Schrodinger algebra sch(d)

’dynamical symmetries of Langevin equation (deterministic part ')‘

Schrodinger operator in d space dimensions: S =2M0 — 0, - O,
(free) Schrodinger/heat equation _ —
(noiseless) Edwards-Wilkinson equation |’

[87 Y:|:1/2] = [87 MO] = [va—l] = [87R] =0
[S, X] = =S
d
[S,X1] = —-2tS+2M <x - 2)
infinitesimal change: d¢ = e X ¢, X € sch(d), el <« 1

Lemma: If Sgb =0and x = Xp = %, then S(qu) =0. Lie 1881, NIEDERER 72

‘5ch(d) maps solutions of S¢ = 0 onto solutions ‘




[ Schrodinger-covariant two-point function: derivation

two-point function | R = R(t,s; r1, r2) := (¢1(t, r1)da(s, r2))

physical assumption: co-variance under Schrédinger transformations (quasi-primary)

= set of linear 1°*-order differential egs.: ; X € seh(d)

Each ¢; characterized by (i) scaling dimension x;, (ii) mass M;
a) time & space translations: R = R(7;r), r=t—s,r=r;1—n,
b) Galilei (1D):

0 0 —~
Y1/2R = |:_t18r1 — erl — t267r2 — M2r2:| R

- [(—Tar ~ Mar) =1 (M1 + /\72)} R<o0
spatial translation-invariance = any explicit reference to rn, must disappear !
(=70, — Mir)R(t,r) = 0 (1)
(Mi+Mz)R(t,r) = 0 (2)



R(r,r) = (1) exp {_

heat kernel
BARGMAN 54
N.B.: Galilei-invariance requires ‘complex’ fields, here the ‘response field’ 5 with

Mg < 0 plays the role of the ‘complex conjugate’ of the order parameter ¢

with Mg >0
c) scaling: (use 9; := 0/0t; and D; := 8/0r;)
1 1 1
XoR = —t181—§r1D1—t282—§r2D2—§(x1 +X2) R

1 1 !

hence |f(7) = for—Oatx)/2| fy = cste.




d) ‘special’:

M M
XiR = |-801— 50, — tinDy — Dy — 71r12 - 72@2 -t —X2t21 R

= (—7287 —7r0 — %rz - XlT) - fr2 (Ml + Mg)
=0

+2t> (—T@T — %r@, — %(Xl +X2)> “+r (—78, —er) R

—_——
=0

=0

= {—7—2& —Tr0, — %rQ — X17':| R(7,r) L0

use the decompositions t12 — t22 =(t — t2)2 + 2tp(t; — tp)
tin — = (1 — )(n — )+ t(n — )+t —t)

combine with previous conditions: ’Tr(xl —x)R(7,r) = O‘

fo = 0x 0 |, With rg = cste. Mz 92 & 04 ]




Schrodinger-covariant three-point functions

two possible forms: vt 94

<¢1(f1, r1)e2(ta, r2)és(ts, r3)> O py 4 Myt Vi0 EXP [_2t13 5
—x23,1/2 ,—x12,3/2 Viss ((r13t23 - r23t13)2)

2
re th3 tio
tiot13t03

Mir, My
2 tio 2 ti3
7X13)2/2 —X23, 1/2 —X12 3/2 ‘-U ((r13t12 - r12t13)2>

th3 t1o 1,23

(¢1(t1, r1)da(ta, r2)d3(t3, r3)) = O pty 4 Wi+ 15,0 OXP [_

Xt
13 t1ot13t23

With tap 1=ty — th, Fap :=Fs— rp and Xapc = Xa + Xp — Xc, Xa = Xa
W1o 3 and Wy o3 are arbitrary differentiable functions



Tests of Schrodinger-covariant response

response is independent of gaussian noise
= can use Schrodinger co-variance (deterministic !)

MrQ}

R(t, s; r) — ro 6x7;5(M + M) (t — S)ix eXp |:_2 t—s

1. Edwards-Wilkinson model: has z = 2. Exact solution has given:
2
R(t,sir) = 1o (t = 5) "9/ exp |~ 41 |
= perfect agreement, if one identifies x = x = d/2.

2. phase-ordering kinetics, in simple magnets

after quench to T < T. from disordered initial state
= analysis of energy dissipation implies z = 2 (model A)  Brav, Ruresene 94
= can test Schrodinger-invariance in Glauber-Ising simulations, with T < T

representations of Schrodinger algebra can also be used for non-free fields



Tests of R in 2D /3D Glauber-Ising models

© s=100 r « 5=25
4 5=200 t o 5=36
o 5=400 ; + 549
. . :=800 05 T}, o :=64 s
. v s=1600 r \ ;::?2‘0 1 XTRM(ty S) = / du R(t, U)
2 05 0
‘O—E - I P —a
= = s fu(t/s)
-1
15k integrated response
it (thermoremanent susceptibility)
(a) MH & PLEIMLING 03
Py N (PR B SN
0 1 2 0 1 2
In(y) In(y)
XTrM(t, s) for the Glauber-Ising model compared to LSI
(a)2D, T=15,(b)3D, T=3 T < T,, hence z =2

compare data from master equation with local scale-symmetry

also works for (i) g-states 2D Potts model LORENZ & JANKE 07
(II) 2D/3D XY model ABRIET & KAREVSKI 04



Test time-space behaviour (parameter-free !):

0.24 T T 0.30 T T 0.15 T T 0.21 T T
0 =25 o s=25
% = 5=36 9 * 5=36
3‘;; ° 5=64 TN@% ° s=64
2 s 5=81 7 @ +s=81
o | & 0s=100 1017 F ¥ & ¢ sz100
% PoE
3 % rd
oy % %
007 | i {o13} E §
“ T
% ™
© )
0.03 L L 0.09
0 4 8 12 4 8 12
y y
spatio-temporally integrated response Ising model T < T,
(a,b) 2D; p=1,2,4 (c,d) 3D; n=1,2,

Jidu "™ dr F1R(t usr) = 59272 p Ot s, 1)

MH & PLEIMLING, PHYS. REv. E68, 065101(R) (2003)
analogous results in the g-states 2D Potts model

LoORENZ & JANKE, EUROPHYS. LETT. 77, 10003 (2007)



(C) Schrodinger-invariant free fields
with a complex field (ﬁ € (C have action e.g. Janssen-de Dominicis type

00 96T\ oot 99
S = /dtdr.z /dtd[ ( 5 ¢> o 8r]

under transformations generated by the generators X,, Y, have changes

oxS = /dt dr'— ’2{ﬁ YT 6yS = /dt dr' M2 (e(t')—2r")é(t' )¢t ¢’

with the Schwarzian derivative {B t} g((tt -3 (ggg) :

K& action invariant under finite-dimensional sub-group only

Energy-momentum tensor: notation p = (t, r), coordinate change dp = &(p)
Action transforms as

6S = //dt dr (T,w0uen + Ju0un)

where 7 is the change in the ‘phase’ of ¢ (to be read from the X,, Ym)




Implies the following consequences A schematically !

dilatation-invariance (Xp): 2Too+ T11+ ... Tgg =0
Galilei-invariance (Y7/,): Toa+MJ;=0; a=1,...,d
spatial rotation-invariance: Toapb=Tps ; a,b=1,...,d

then, under a special Schrédinger-transformation, (1 + 1)D

(5X15—/dtdr 2Too+ T11+ ... Tgg t+ Tos + MJ, rl =0
=0 =0

temporal & spatial translations

Galilei transformations special

dilatations with z =2 Schrodinger-invariance
spatial rotations

invariance under

N.B.: can be extended to sub-algebras such as age(d)



The ‘canonical recipe’ gives the energy-momentum tensor and the current

0% By 0L
o(ore) T 9(omel)

are conserved and obey all Ward identities with exception of trace condition.
Construct improved tensor

0% . 0%
(au¢) a(au¢T

T,uzz = _5#113‘1’ 8Z/¢T > J;L = 9 )¢T

Ou = Ty + 3By

which satisfies all Ward identities and is classically conserved. The current
need not be improved.

N.B.: for d =2 and t  z, —53;Ou is identical to the tensor T(z) of a complex

fermionic free field.



(D) Stochastic field-theory out of equilibrium

theoretical approach: (model A of Homexsere & HaLPERIN 77)
¢ 6V[¢]
oMZ8 —p,p— 29
ot r 5¢ o

order-parameter ¢(t, r) non-conserved
M kinetic coéfficient V: Landau-Ginsbourg potential
7: gaussian noise, centred and with variance

(n(t,rn(t', r)y =2Ts(t — t')s(r—r')

fully disordered initial conditions (centred gaussian noise)

Langevin equations do not have non-trivial dynamical symmetries !

Galilei-invariance is broken by interactions with the thermal bath

cf. dipole anisotropy of cosmic microwave background

compare results of deterministic symmetries to stochastic models



take Langevin equation as classical equation of motion JANSSEN 92, DB DOMINICIS,. . .

(A) = / DDy Pli] 5 (M8 — A)é + V6] — 1) Ald]

introduce auxiliary field 5 integrate out gaussian noise 7
= arrive at effective field-theory, with action J and averages

(A) = / DD AL, &) exp(—T (6. 3])

T, 8] = / H2MO, — Ao+ V4] —T / P / Fe oCiitdeo

Jol¢,9] : deterministic + 7.[¢] : noise (bruit)

7 response field; C(t.5) = (D(D)9(s)), R(t.5) = (9(1)a(s))

deterministic averages: (A)q := fDqﬁDgA[qﬁ, ] exp(—To[, 9])
masses:

Mg =—M;




Theorem: IF 7y is Galilei- and spatially translation-invariant, then
Bargman superselection rules hold BARGMAN 54

<¢1...¢n51...5m>0 ~ S
llustration 1: computation of a response
R(t.s) = (6(0)als)) = (o()d(s)e 1)
= (0(1i(s)), = Rilt,s)

0

Bargman rule = response function does not depend on noise !
left side: computed in stochastic models
right side: local scale-symmetry of deterministic equation

15" Comparison of results of assumed deterministic age(d)-symmetry with
explicit stochastic models/experiments justified.



lllustration 2:
computation of a correlator, from Bargman rule

C(t,s:r) = (3(t, r)d(s, 0)) = <¢>(t, r)o(s, O)e—Jbl$1>
Ao

= — [ dR <¢)(t, r+ ro)o(s, ro)d(0, R)> initial = phase-ordering
2 Rd 0

0

-I-T/ du/ dR <gz§(t,r+ ro)o(s, ro)?(u, R)>0 thermal = interfaces
0 R4

sch(d)-invariance only fixes three-point function (¢¢d2)o
up to an unknown scaling function W

= how to obtain a prediction for fc(y) ?

Theorem: Schrodinger-invariance z =2 =

agrees with a different argument of BRAY 94 in phase-ordering and with all models



consider two typical cases:
1. autocorrelator C(t,s) = C(t,s;0)

* for phase-ordering, have T = 0: t=ys

A —Xp—X —X Xp—x— +1
Calys.s) = 259273y d125(y 1y (L)

* for interfaces, have Ag = 0:

o 1 . 1-2
Cint(ys, ) = Ts/2H1—x=%  Xe—x—d/2 / o [(y — 0)(1 — 0)]* 2w (y+ : 9)
0

where W(w) = [p.dR exp [—-24%R?] W(R?)
treat (bz as composite scaling operator, with scaling dimension 2x;

for free fields: X, = x and W(w) = Wy w* = scaling fixes w = d /2 — A\¢

agrees with EW model, if x = x = d/2 ROTHLEIN et al. 06



2. equal-time correlator C(t,r) = C(t,t;r)

three-point function has singularity when t —s — 0
treat by ansatz Wiz 3(A) = WoA* and fix w to have regular limit t —s=¢ — 0
rederive Ward identities for 3-point function (¢(t, r)é(t,0)¢*(u, R))o = same result

C(t,r) = % /0th u72;/RddR exp (—/2\4—11 [(r - Ry + Rﬂ)
% /0th u*”/wdR exp [—% {(g - R)2 +(Z+ R)2”

t ~
= &/ duu ™ [ dR exp [—M rQ] exp {—M Rz]
0 Rd 4u

(Ir[)2o=) u
s ()" [ e[ 210
Ao \ M/ Pl
ox—2% ~ d Mr?
_ TG d—2x—2X rfox—-2 1. 2252
G lr T2 T At
for simplicity, we used X, = X I'(a, x): incomplete Gamma function

agrees with EW model, if one identifies x = x = d/2.

also agrees with numerical simulations in ‘Family model’ of interfaces ROTHLEIN et al. 06



‘(E) Non-equilibrium dynamical scaling: Ageing—invariance‘

Time-dependent scaling with dynamical exponent z: ‘ t—th™ %, r— rb=1 ‘

‘ I No time-translation-invariance out of equilibrium ! ‘

For z = 2: local scaling given by Ageing group:

at Dr+vt+ a

ot =1
QI I ~t+o @

Transformation of scaling operators t = 3(t'), r = r' dg(tf/) with 3(0) = 0 and B(t') >0

N\ —x/2 n "N =& 72 din B¢

out of equilibrium, have 2 distinct scaling dimensions, .

B: if TTI (equilibrium criticality), then £ = 0.




Dynamical symmetry Il: ageing algebra age(d)
1D Schrédinger operator: S =2M0; — 2+2M (x + & — % 1

IF" generalised ‘Schrodinger equation'

extra potential term arises in several models, without time-translations
(e.g. 1D Glauber-Ising, spherical & Arcetri models)

Lemma: If SQZS = O, then S(qu) =0. NIEDERER 74

’age(d) maps solutions of S¢ = 0 onto solutions ‘

As before: age(d)-covariant two-point function

1+a'—Ag/z —1-2 2
R(t,s;r) = ros 172 (E> " (E - 1) exp (—Ml d >
s

5 2 t—s

with 1—i—a:X17+X2, a—a=§&+&, )\RZQ(X1+§1)1 Mi+My=0

N.B.: for auto-response (i.e. r =0) also valid for z # 2; simply replace )‘7’? — )‘Z—R

K¥" also obtain prediction for autoresponse R(t,s;0) at criticality T = T¢



Examples of ageing-covariant two-point functions

(a) 1D Glauber-Ising model, T = 0, ¢: magnetisation reproduces the

age(1)-covariant autoresponse with a =0, a’ = f%, Ap=1z=2
= independent scaling dimensions: | x = 50 X =3, £=0,¢= -5

X
(b) 2D /3D kinetic Glauber-Ising model, at T = T. >0

0.8 0.6

LS| with a # a':
Ising data (momentum space !) at T = T¢
two-loop e-expansion (FT)

— resummation needed ?

0.4

[ Ising 2D

PR NN IR MR R £ s L L
02 04 06 08 02 04 06 08

IR ERT
Have &/ —a= —1/2in 1D (exact); 8 —a= —0.187(20) in 2D; a’ — a = —0.022(5) in 3D

PLEIMLING & GAMBAsSI, Phys. Rev. B71, 180401 (’05); MH, ENss, PLEIMLING, J. Phys. A39, L589 (’06)

(c) kinetic spherical model equation, at T < T, GopRECHE & LUCK "00
e p(t, r) = Dpo(t, r) — 3(t)d(t, r) + noise , 3(t) ~tt
Observation: the a = & often invalid out of equilibrium.

Observables cannot always be identified with scaling operators.



e Why responses ? Dualised Schrodinger algebra sch(d):

idée: treat the mass M as a variable, define 'dual’ coordinate ¢ G 96

o6, 1) = dau(t,r) = \/127 /R a4 e MEG(C, 8, )

trade projective representation for ‘true’ representation in dual space

1 1

Xn = i"(”4+)t"—1r2a< LT W 1)%1‘”
1

Yn = i<m+2> t"Y2rg; — t7Y20,

Mn == ltn8< MH & UNTERBERGER 03

Generators live at the boundary of (d + 3)-dim. Lorentzian space

e.g. MINIC & PLEIMLING 08, FUERTES & MORoOzZ 09, LEIGH & HoaNG 09,. ..

The Schrédinger/heat equation becomes 8(?5: 0, explicitly

Po  d ~
O OO (@MoX1+ Y2,) =0

SO =215 T ar




visualisation of extension of sch(1) from a root diagramme
sch(1) = (Xi10, Y12, Mo) C Ba = conf(3)

new coordinates & = (£_1,&0,&1)

(=Yoo +it ), t=3(~€o+ita) r=1/b&

Schrodinger /heat equation
D, 0"W(€) = 0] with ¥(C, £, r) = W(E)

has conformal dynamical symmetry

= include new generators Vi, W, N, extend sch(d) C conf(d + 2)¢
BURDET, PERRIN, SORBA ’73

Lemma: If S¢p =0 and x = x;, = 3, then S(X¢) = 0.
‘conf(d + 2)¢ maps solutions of S¢» = 0 onto solutions‘




Parabolic subalgebras of B,
Parabolic subalgebra: Cartan subalgebra h @ {positive roots}.
positive roots: all roots to the right of a straight line through b

Classification of parabolic subalgebras of By = conf(3)c:

extended Schrédinger
o o 0 sch(1) == sch(1) + CN
extended ageing
o @ erqy C R o @ eewq age(1) := age(1) + CN
= minimal standard parabolic subalgebra

-
-
-

extended conformal Galilean

CGA(1) := cea(1) + CN

o Find sch(1)-covariant dual two-point function F = ($1¢2), X1 = x
(-=3G-G)t=ti—t,r=n—n
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Causality for .f:cvb(l): use ( = (1 — (o, invert dualisation
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physical convention = causality condition t =t; —t, >0

I | co-variant F should be interpreted as (causal) reponse function ! ‘

N.B.: recall that a response F = F(t1,t2) = (1) vanishes for t; < t»
oh(t2) | ,_o



= Physical consequence: causality as required for responses sch(d)

in dual space, use conformal invariance (w;(&;)Ws(£,)) = Wode x 1€ — &5]721

. -~ 2\ —x1
(P1(¢1s t1, r1)2(Cas 12, r2)) = (V1(€1)W2(€2)) = $odx 3y (01 — 12) 71 <C1 -G+ ;%)
-

Physical convention: positive mass M > 0 of field ¢

If scaling dimension x; > 0, then derive causal form (2P):

(e1(t1,r1)e5 (82, 12)) = /deQdCQ e T IMIGHIM2C2 (4 (¢1, 1, 11 )9a(C2, 12, 12))
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If scaling dimensions x; > 0, and x> > 0, then derive causal form (3P):

(p1(t1, r1)d2(t2, r2)$3 (3, r3)) = C12,3 8(My + My — M3)
X Ot — t3)O(t2 — 13) (11 — 1) 232 (5 — 13)TI32/2 (1 — 15) T231/2

My (1 —r3)° Mo (r2 — r3)?
2 -t 2 -
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<1 [(r1 —r3)(t2 — t3) — (r2 — r3)(t1 — f3)12>
X W3 5

(t1 — t2)(t2 — t3)(t1 — t3)

Causality requires at least the parabolic sub-algebras of conf(d + 2)¢ ‘




An infinite-dimensional extension of sch(1)

extended Schrodinger-Virasoro algebra
s0(1) := (Xu, Ym, M, Np)

1 Dso(l)

nez, m€Z+

additional non-vanishing commutators, beyond those of sv(1):

[Xn, Nl = =0 Ny s [Yin, No] = =Y o [My, Nyy] = =2Np sy

admissible central extensions: nn €Z
[Xn, Xo] = (n—n")Xpsw +§(”3 = N)dntm .0

[NnaNn’] = ’inén—l—n’,o

[Xna Nn’] _n/Nn—f—n’ +a n2(5n +n’,0

maximal finite-dimensional sub-algebra: sch(1) = sch(1) + CNo

C. ROGER & J. UNTERBERGER, ANN. H. POINCARE 7, 1477 (2006) and Springer Lecture Notes (2011)



Some further reading:

1. MH & M. Pleimling, Non-equilibrium phase transitions, vol. 2: Ageing
and dynamical scaling ..., Springer (Heidelberg 2010)

2nd ed. in preparation

2. J. Unterberger, C. Roger, The Schrodinger-Virasoro algebra: Mathematical
structure and dynamical Schrédinger symmetries, Springer (Heidelberg 2012)
in-depth analysis of many mathematical aspects

* MH, Dynamical symmetries and causality in non-equilibrium phase transitions,
Symmetry 7, 2108 (2015) [arXiv:1509.03669]
* MH, From dynamical scaling to local scale-invariance: a tutorial,

Eur. Phys. J. Spec. Topic 226, 605 (2017) [arxiv:1610.06122]






Appendix



Example for the t~1-term in Langevin eq.:

continuous slopes u; € RY, replace RSOS condition by ‘spherical’ constraint
for d > 0 phase transition T.(d) > 0, exponents not mean-field if d < 2

spherical constraint: (3" 5 u?) = dN Mit & DURANG 15, it 15

Langevin equation, with Lagrange multiplier 3(t) & centered gaussian noise 7;(t)

Ouy(t, r)
ot

= vAu,(t, r) +;3(t)ua(t, r) + (e, r) , (n(t,r)n(s,r')) =20Ts(t — s)5(r —r'
set g(t) :=exp (2 f;dr’;,(r’)), spherical constraint gives Volterra eq.

't def4t/1(4t)

g(t)—f(t)+2T/ dr F(t— )g(r) , f(t) =

0 At (e™*lo(4t)) -

find for T < Te: g(t) X7 t7F o | 3(e)~ht
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quite analogous to spherical model of a ferromagnet Gopmicn & Lo




Examples of infinite-dimensional time-space transformations (bis)

group coordinate changes co-variance
ortho-conformal Z=f(z) Z=z correlator
(1+1)D Z=z 7 = f(2)
Schrédinger-Virasoro | t' = b(t) ¢ = (db(t)/dt)" >r | response
t'=t r'=r+a(t)
=t r=2%(t)r
conformal galilean | t' = b(t) r' = (db(t)/dt)r correlator
t'=t r'=r+ a(t)
=t r=2%(t)r
* arises from quantum gravity Do ety Sty 1909

* is the non-relativistic limit of conformal group

* has dynamical exponent z = 1 2(t) € SO(d)
i.e. applications in hydrodynamics, ...

* conformal galilean invariance predicts form of correlators



On Galilei transformations

in sch(d):

in conformal galilean algebra cGA(d): Yo=—t0, —~
= imply different transformations of scaling operators

t,r) =exp (—Muv - r+ Zv2t2) p(t,r — vt)

{ cGAa(d): @(t,r) =exp(—v-7) o(t,r —vt)

* Schrodinger algebra is not semi-simple
with spatial translations Y _

=

1 = —8, = Bargman super-selection rules
2

and , since [Y4, Yfll] =-M& £0
2 2

* Yy commutes with spatial translations Y_; = -8, [Yo,Y_1]=0

= | physical applications depend on the choice of representation ‘




Scaling relation with slip exponent ©

critical system T = T, with an initial magnetisation mg > 0

find two distinct scaling regimes:

t© Cif t <ty
M)~ e s g

mft)

with t,, ~ m()—l/(@+ﬂ/uz)

‘@ := slip exponent

Theorem: (Janssen, Schaub, Schmittmann 89) Scaling relation with
critical autocorrelation exponent A\¢c = AR:

e =Ae(Te) =d — z0

Ac and © are independent of equilibrium critical exponents



re-derive this scaling relation from local scale-invariance:
take initial magnetisation mg into accout, hence effective action

T8, 0] = Jole, 8l + Told] + Tini 4], | Tinil8] = — [radr mog(0, r)
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Use Bargman's superselection rules
(m(t) = (6(t,0)) = (@(t,0)e™H=ulT)
= mo [ dr (s(£.003(0.1),

R(t,0;r)

0

response function R(t,0; r) =t~ */ZF(rt=1/%), for t < t,,. Hence
m(t) = t@AR)/2 o / du F(u) ~ 9
Rd

only term linear in mq survives for t < t,, = © = (d — A\g)/z.
Reproduces JSS-relation, since A\¢ = Ag. QED




