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The qT distribution of  a generic high-mass (Q) system produced, for 
example, in hadronic collisions has two main regimes: 

for qT ≳ Q collinear factorisation at fixed perturbative order is appropriate: 

for qT ≪ Q transverse-momentum-dependent (TMD) factorisation at 
fixed logarithmic accuracy is appropriate: 

Collinear and TMD factorisations may eventually be matched to produce 
accurate results over the the full qT spectrum.

Factorisations

TMD
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The respective evolution equations are: 

In addition, for small bT, TMDs can be matched onto coll. distributions: 

The solution is: 

Anomalous dims. and matching funcs. perturbatively computable.

with:

TMD factorisation
TMD factorisation introduces two independent artificial scales: 

the renormalisation scale μ, originating from UV renormalisation, 
the rapidity scale ζ, originating from the cancellation of  rapidity 
divergencies.



The respective evolution equations are: 

In addition, for small bT, TMDs can be matched onto coll. distributions: 

The solution is: 

Anomalous dims. and matching funcs. perturbatively computable.

with:

Evolution (Sudakov) factor
μb = b0 / bT

Matching
onto collinear

TMD factorisation
TMD factorisation introduces two independent artificial scales: 

the renormalisation scale μ, originating from UV renormalisation, 
the rapidity scale ζ, originating from the cancellation of  the rapidity 
divergencies.



µ

Æ
s

§QCD

Æs / ln°1
≥

µ
§QCD

¥

Blindly integrating over the full phase space would give a divergent 
result.

TMD factorisation
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When integrating over bT, large values of bT give rise to low scales in 
the non-perturbative region:

TMD



Introduce the so-called b*-prescription: 

and rewrite (CSS approach): 

g 

TMD factorisation
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Models - bT prescription

23
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 Nonperturbative TMD evolution

Collins, Soper, Sterman, N.P. B250 (85)

choice!

0.0 0.5 1.0 1.5 2.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

b̄⇤ = bmax

 
1� e�b4T /b4max

1� e�b4T /b4min

! 1
4

b̄⇤
bmax

bT (GeV-1)

large bT → μb gets frozen → nonperturbative evolution sets in 
small bT → μb is prevented from becoming larger than Q

fq
1 (x, bT ;Q

2) =
X

i

�
Cq/i ⌦ f i

1

�
(x, b⇤;µb) e

S(b⇤;µb,Q) egK(bT ) log Q
Q0 fq

NP(x, bT ;Q
2
0)

Q=2 GeV

Q=5 GeV

Q=20 GeV

original choice: the CSS scheme b⇤ =
bTp

1 + b2T /b
2
max

other choices: Bacchetta et al., JHEP 1511 (15) 076

b⇤[bc(bT )] Collins et al., arXiv:1605.00671

µb = Q0 + qT
b⇤ = bT

D’Alesio et al.,  
JHEP 1411 (14)

µb =
C1

b̄⇤

C1 = 2 e��E bmax = C1 bmin =
C1

Q

bmin = 2e��E/Q
<latexit sha1_base64="l21CAC5Vc4yJqoplnI/vUquq7hg="></latexit>



Introduce the so-called b*-prescription: 

and rewrite (CSS approach): 

g 

Properties of  fNP: 

has to go to one as bT goes to zero: reproduce the fully perturbative regime, 

has to go to zero as bT becomes large: mimic the Sudakov suppression. 

Bottom line: avoidance of  the non-perturbative region upon integration 
in bT implies the presence of  both b*-prescription and fNP.
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TMD factorisation
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matching onto the collinear region at bT ≪ 1/ΛQCD, 
factorises as hard (perturbative) and longitudinal (i.e. 
collinear, non-perturbative).  
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matching onto the collinear region at bT ≪ 1/ΛQCD, 
factorises as hard (perturbative) and longitudinal (i.e. 
collinear, non-perturbative).  
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CS and RGE evolution, 
evolution to large scales, 
perturbative.
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Final expression:

TMD factorisation

CS and RGE evolution, 
evolution to large scales, 
perturbative.

avoid the Landau pole through b*, 
fNP accounts for the introduction of  b*, 
fNP is non-perturbative thus fitted to data.

matching onto the collinear region at bT ≪ 1/ΛQCD, 
factorises as hard (perturbative) and longitudinal (i.e. 
collinear, non-perturbative).  
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TMD factorisation allows us to resum large logarithms:
Logarithmic counting

TMD



Logarithmic counting
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Accurate predictions for all qT’s by additive matching, order by order 
in perturbation theory, of  collinear and TMD calculations:

In order for the match to actually take place:

Therefore, the “fixed-order” parts have to match in the relevant limits:
Logarithmic accuracy Minimal f.o. accuracy

NLL’ αs (LO)

N2LL αs (LO)

N2LL’ αs2 (NLO)

N3LL αs2 (NLO)

N3LL’ αs3 (NNLO)
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Two PDFs: 

Lots of  data: 

low-energy: FNAL, 

mid-energy: RHIC, 

high-energy: 
Tevatron, LHC.

One PDF and one FF: 

many precise data points: 

HERMES at DESY, 

COMPASS at CERN.

Two FFs: 

di-hadron prod. from: 

BELLE at KEK, 

BABAR at SLAC.

Processes for which leading-power factorisation has been proven:
Drell-Yan Semi-inclusive DIS e+e- annihilation

Factorising processes



A framework for TMD analyses 
NangaParbat

Public implementation of  TMD factorisation and CSS formalism: 
Drell-Yan with fiducial cuts operative, 

validating semi-inclusive DIS. 

Main focus on fast and accurate computations aimed at TMD fits: 
exploitation of  interpolation techniques.

https://github.com/MapCollaboration/NangaParbat

https://github.com/MapCollaboration/NangaParbat


A framework for TMD analyses 
NangaParbat
The numerical computation of  a cross section can be reduced to:

The weights W can be precomputed and stored: 

perturbative ingredients, 

non-perturbative ingredients: collinear distributions and Landau pole regularisation, 

integration over the final-state phase space including fiducial cuts. 

The cross section is thus obtained by “convoluting” the weights with the 
non-perturbative function(s) fNP: 

fast computation that can thus be used during a fit.
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[Bacchetta et al., JHEP 07 (2020) 117, arXiv:1912.07550]

Pavia 2019 (PV19): the settings 
Functional form of  the non-perturbative function: 

a total of  9 free parameters. 

Complete treatment of  the experimental uncertainties: 
correlated systematics (additive and multiplicative) properly treated, 
uncertainties deriving from collinear PDFs also included. 

Fits using all the available perturbative orders: from NLL to N3LL. 
Full integration over qT, Q and y when required: 

no narrow-width nor “middle-point” approximations. 

No ad hoc normalisation: 
fit both shape and normalisation. 

Monte Carlo method for the experimental error propagation.
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PV19 fit: Drell-Yan data
Fixed target
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Only data with qT / Q < 0.2 (TMD factorisation region).

https://arxiv.org/abs/1912.07550
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PV19 fit: Drell-Yan data
TMD



PV19 fit 
Fit quality at N3LL
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Clear perturbative convergence.

Order NLL NLL’ NNLL NNLL’ N3LL

χ2 / n.d.p. ~20 3.19 1.62 1.07 1.02

Global χ2 as a function of  the perturbative accuracy:
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Recent results 
The LHC electroweak precision working group
W mass measurement now possible to increasing precision at the LHC, 
utilises Z  qT spectrum. 

Necessitates increased accuracy in theory predictions - many development in 
this area. 

Sudakov double logarithms (L = ln(Q2/qT2)) are left over from the 
cancellation of  IR divergences. 

At low qT, αsL2 ∼ 1, perturbative expansion breaks down ⇒ resummation. 

Resum these large logs up to given order - Possible up to N3LL. 

Many different approaches - the goal is to compare them to understand 
their differences, uncertainties and accuracy.
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Small differences and well understood.

Differences at low qT:
different Landau pole regularisation
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Recent results 
The LHC electroweak precision working group

Small differences and well understood.

Differences at larger qT:
different resummation scheme
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The LHC electroweak precision working group

Benchmark extremely successful!



Conclusions
TMD factorisation à la CSS well-established and phenomenologically 
successful. 

Implementation within NangaParbat: 

fast ⇒ suitable for TMD fits, 

already used for the PV19 TMD PDF extraction, 

currently being extended to analyse SIDIS data and determine TMD FFs, 

accurate ⇒ state-of-the-art perturbative accuracy (N3LL) necessary for precision 
physics (involved in the LHC electroweak precision working group). 

Extensive comparisons against other formalisms and codes make it extremely solid. 

Used for impact studies for the Electron-Ion Collider. 

NangaParbat can be employed for a fundamental study of  TMDs as 
non-perturbative objects defined in terms of  light-cone operators: 

interface to PARTONS being planned.


