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Polarized superfluid phase
of the attractive Hubbard model

“Quantum 2021”

e superconductivity: Kamerlingh Onnes, 1911
* BCS theory: 1957
«2021: BCS theory — exact

[ arXiv:2103.12038 |
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Unbiased approaches for fermionic )\/-body problems

strongly interacting fermions: solids & molecules, nuclei & neutron stars, QCD

Challenge: large N, thermo. lim. N — oo

analytics

1D, small A/, weakly correlated limits

Tensor network

1D: ©
2D: harder (bond dimension - o0)
3D: ?

continuous space: ?



“bulk” Monte Carlo approaches

( quantum “classical” )
d dim. d+1 dim.
volume Ld “volume” Ld X /8 /

e path integral

ri(7),...,rar(7)

o Auxiliary Field QMC (lattice QCD)
e Determinental Diagrammatic MC (CT-INT)
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intensive Q are well-defined for [, = oo

even in presence of long-range order
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Diagrammatic MC with connected diagrams

sum all connected Feynman diagrams of order N < Npax

truncation error €  — 0
Nmax—>00

works directly in thermodynamic limit N = oo @

flexibility of diagrammatic technique:

e change the starting point (order zero)

* reorganize expansion (use dressed propagators / vertices)
—> non-perturbative

—> low orders already ~ OK

fermionic sign helps:
strong cancellations between diagrams
—> large orders contributions reduced
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Diagrammatic MC with connected diagrams

S¢—p quadratic
SEOVAVAV Y. such that Se—1 =95
¢ — S¢ analytic

Q=(Qs " Q) =(Qs. =Y Qn&Y
N=0
Q=QE=1)= Z QN (if series converges)
N=0 |
N\

sum of all order-N connected Feynman diag.

well-defined in thermo. limit N = oo

Qv= > /Xm...dXND(’T;Xl...XN) X = (77

" , B
connected e / dX = / dr
topologies T » 0 ZF: 0

Freedom in choosing Sy

o Mean-fielde DMFT e Fully dressed G (“bold”)
No add field (bosonic): sum ladders (pp or ph)
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S¢—p quadratic
SEOVAVAV Y. such that Se—1 =95
¢ — S¢ analytic

o0

Q=(Qs "A» Q) =(Qs. =Y Qn&Y

N=0

Q=QE=1)= Z QN (if series converges)

sum of all order-N connected Feynman diag.

well-defined in thermo. limit N = oo

Qv= > /Xm...dXND(’T;Xl...XN) X = (77

" , B
connected e / dX = / dr
topologies T » 0 ZF: 0

Freedom in choosing Sy

o Mean-fielde DMFT e Fully dressed G (“bold”) |e symmetry
No add field (bosonic): sum ladders (pp or ph) breaking




Q= Z QN (if series converges)

QN: Z /XmdXND(’T,XlXN)

connected
topologies T

/dX:




(if series converges)

2.

connected
topologies T

/Xm...dXN D(T;Xl...XN)

/dX:




Q= Z Qn (if series converges)

connected
topologies T

Qv =Y /Xm..

dXN D(T; X1 ... XN)

/dX : Z/()Bdr

Monte Carlo algorithms

e DiagMC [Van Houcke et al. 2010]
configuration: C = (7, X4,..., Xyn)

e CDet [Rossi 2017, Rossi et al. 2020]
C=(Xi,...,Xn)

probability: P(C) o |D(T; X1...XN)]

P(C) x

ZD(TaXlXN)
T




o0
Q= Z QN (if series converges)
A > N=0

connected
topologies T

ov= 3 /Xm...dXN D(T; Xi ... Xn)

/dX = ;/{)Bdf

Monte Carlo algorithms
e DiagMC [Van Houcke et al. 2010]

e CDet [Rossi 2017, Rossi et al. 2020]
C:(Xl,...,XN) P(C)O(

configuration: C = (7, X4,...,Xy) probability: P(C) o< |D(T;X1...XnN)|

ZD(TaXlXN)
T

Polaron:

* DiagMC [Prokof’ev & Svistunov 1998 & 2008 ( bosonic & fermionic)
* PDet [Van Houcke et al. 2020]

see talks by
K. Van Houcke
& N. Prokof'ev




o0
Q= Z QN (if series converges)
N=0

Qv= Y /Xm...dXND(T;Xl...XN)

connected / dX —
topologies T

B
/dT
0

]

Monte Carlo algorithms

e DiagMC [Van Houcke et al. 2010]
configuration: C = (7, Xq,...,Xy) probability: P(C) o< |D(T;X;1...Xn)]

¥

e CDet [Rossi 2017, Rossi et al. 2020

C=(X1,...,Xn) P(C) o |> D(T;X;y...Xy)
T
Polaron: see talks by
* DiagMC [Prokof’ev & Svistunov 1998 & 2008 ( bosonic & fermionic) EI\Y agrgiféjf?ge
* PDet [Van Houcke et al. 2020] : v

Real-time (Anderson impurity):
see talk by

« “Keldysh Det” [Profumo et al. 2015] X. Waintal
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Q= Z Qn (if series converges)

ov= Y /Xm...dXN D(T: X ... Xn)

B
connected / dX = Z / dr
7 0

topologies T

Monte Carlo algorithms
e DiagMC [Van Houcke et al. 2010]
configuration: C = (7, Xq,...,Xy) probability: P(C) o |D(T;X;1...Xn)]

e CDet [Rossi 2017, Rossi et al. 2020]
C:(Xl,...,XN) P(C)OC

> D(T;X1...XN)
—

Computational complexity
(N2 (DiagMC)
* tcpu ~ e N (CDet)

e counteracted by convergence: |ay| ~ e 7N

t(e) ~ e #mIe™) (DiggMQC),  where € = total error
—> (statistical + truncation)

tHe) ~ e @ CDet).
(€) ~ € (CDet) [Rossi et al., EPL 2017]




a hunting board of diagrammatic MC...

repulsive Hubbard model 2D square lattice
supercond. phase diagram (d- & p-wave) T -0 in Fermi-lig regime [Deng et al. 2015]

crossover to AF insulator at half-filling [Simkovic et al. 2020 ; Kim et al. 2020]
diagonal hopping — pseudogap physics [Wu et al. 2017 ; Rossi et al. 2020]
graphene Dirac liquid T=0 [Tupitsyn & Prokof’ev 2017]

phonons+electrons with Coulomb interactions 3D cubic lattice
phonon spectrum (Kohn anomaly) [Tupitsyn et al. 2016]

unitary Fermi gas contact interactions, 3D c° space (cold atoms)
eq. of state, contact, non-Fermi-lig n(k) [Van Houcke et al. 2012 ; Rossi et al. 2018]

electron gas Coulomb interactions, 3D c° space

static response, Fermi-lig params [Chen & Haule 2019 / 2020]

frustrated spins AF Heisenberg model, triangular & pyrochlore lattices

quantum o classical correspondence [Kulagin et al. 2013 ; Huang et al. 2016]
(...) all in normal phases (T>T_)

Haldane model 2D honeycomb, magnetic field
T=0: topological phases,  magnetically ordered [Tupitsyn & Prokof’ev 2019]

here: superfluid / superconducting phase




Hubbard model — 3D cubic lattice

H = Hiin — Y _ pto No + Hint

Hy,, = —t Z (ciTchJ + h.c.)

(i,j) o

Hint — UZ niT nil
i

U<0




Hubbard model — 3D cubic lattice

Hy,, = —t Z ((:L(:jg + h.c.)
(i,j) o

Hiny = UZ’“&T ni| U <0

H = Hiin — Y _ pto No + Hint

Diag. expansion in superfluid (superconducting) phase ‘ O := (corcoy)

unperturbed quadratic Hamiltonian: breaks U(1) symmetry
Hy = Hyiy — Z to.o N + g B0) HA0) . Ag Z {ZIT(,'L + h.c.

pair pair
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Hubbard model — 3D cubic lattice

Hy:, = tZ IJfJJ—I—h(
(i,j) o

Hiny = UZ’“&T ni| U <0

H = Hiin — Y _ pto No + Hint

Diag. expansion in superfluid (superconducting) phase ‘ O := (corcoy)

unperturbed quadratic Hamiltonian: breaks U(1) symmetry
H[] = Hkin — Z HO,o ND- -+ Hl(jig) HIE:::S) : A(} CIT(,'L{ +- h.c.

He = (1= Ho + £H Q&) :=(Qu. =) n—ogQnEY

pressure: P = —Q/L°, Q= -TInTr exp (-8 H)

P(§) := Z;ln Tr exp (=0 He) ZPN&



unperturbed quadratic Hamiltonian: breaks U(1) symmetry

HO :Hkin—Z,UJ(}jJ ND- —|—ng§1{;) Igii) . A Z IT LL—i_h (e

He = (1= Ho + EH  Q(6) :=(Q)n. £ZN:O Qn &Y




unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

HU — Hkin — Z/JJD’J Ng —|-ng§1{1]_) ngiz) . A Z IT LL -+ h.c.
He == (1=8§) Ho + EH  Q(¢) := ﬁZNZO Qn &Y




unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

Hkiﬂ — Z H0,o Ng + Héig) ngig) = A Z Cl"]‘ LL -+ h.c.

Hg —

(1—-¢) Ho + §H

(1
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symmetry
breaking
field

Q&) = (Q)n, = ZN:O Qn &N
HE 5 (1 g) H(Ao) H((l §) Ao)

pair palr



unperturbed quadratic Hamiltonian: breaks U(1) symmetry
Ho = Hyin — Z po,c No + ngfiﬂ) H29 = A, Z CITcL + h.c.

pair

He = (1= Ho + EH Q&) :=(Qu. =) n—ogQnEY

symmetry
(1 - f) Ap & breaking He > (1—¢) H(AO) — H((l_g) Ao)

field pair pair
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unperturbed quadratic Hamiltonian: breaks U(1) symmetry
Ho = Hiin — 9 _ to,0 No + H{520) H VRV, Z chel, + hec.

He = (1= Ho +EH Q¢ = (Q)n. éZNZO Qn &Y

symmetry
(]_ - 5) AO <~ breaking H£ =) (1 é-) H(AO) H((l §€) Ao)

fi6|d palr palr

1" > 1. T <T.
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unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

Ho = Hiin — 9 _ to,0 No + H{520) HSO = A, Z chel, + hec.
He .= (1 =8 Ho +EH  Q(¢): £ZNZO Qn &Y
(1—8) Ao & Tieaking | H, 5 (1— ¢) HED — ((1-980)
field § pair pair
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unperturbed quadratic Hamiltonian: breaks U(1) symmetry
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unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

i Ag Ag
HU Hyin — Z H0,o Ngs + ngair) H]galr) = A Z CIT LL + h.c.
He := (1-&Hy +&H Q&) = £ZN:OQN€N
symmetry
(1 — f) AR= breaking Hg 5 (1 g) H(ﬁlg) H((allr §) Ao)
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T > T, 1 <1,
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unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

i Ag Ag

HU Hkm Z HO, o Ncr + H}Salr) H]galr) = A Z CIT LL + h.c.
. _ -~ N
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unperturbed quadratic Hamiltonian:

.. (
HU = Hyin Z H0o,o Ns + Hpair

Ag)

breaks U(1) symmetry
gloo) . Ag Z C: —|— h.c.

pair

(1—-¢) Ho + §H

. . ~ o N
He = Q) == (Q)H, = ZNZO QN &
symmetry
(1 =€) B0 & breaking | He 5 (1 - ¢) Hig? = H{ 4
1" > 1. T <T.
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unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

Ho = Hyin — Y _ pho,0 No +

130 H =203 dhel + e

pair pair

Hg —

(1—-¢) Ho + §H

(1

— &) Ay &

symmetry
breaking
field

Q&) = (Q)n, = ZN:O Qn &N
He > (1 g) H(Ao) H((l §) Ao)

pair pailr
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unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

Ho = Hyin — Y _ pho,0 No +

130 H =203 dhel + e

pair pair
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symmetry
breaking
field

Q&) = (Q)n, = ZN:O Qn &N
He > (1 g) H(Ao) H((l §) Ao)
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unperturbed quadratic Hamiltonian: breaks U(1) symmetry
Hqy = Hyy — Z Ho,o No + H(QT“) H(&”) = Ap 1T LL + h.c.

pair pair

He = (1-§Ho +&H Q&) = (Q)m, ﬁZNZO Qn &Y
(1 -8 Ag & Drearng He s (1— &) HAY — g1-920

field pair pailr

AO(S)

&, _:__>.
P

4 /

order parameter : O(§) := (corCoy) H, 6% O #0
—1-

spontaneous symmetry breaking — thermodynamic limit L — oo before & — 1~

=) on&Y O=0(—17) ZON
N=0



unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

HU — Hkin — Z/JJD’J Ng —|-ng§1{1]_) ngiz) . A Z IT LL -+ h.c.
He == (1=8§) Ho + EH  Q(¢) := ﬁZNZO Qn &Y




unperturbed quadratic Hamiltonian:

- N, —|—H(&.“) H(ﬁn) = Ag

pailr pair

breaks U(1) symmetry

1’]‘ 1J,‘|'h’F

natural choice:
BCS mean-field theory

.o = to — U (no—o)H,
Ag m— AMF = —U (CUTCU¢>HD

Q&) == (Q)n, = ZN:O Qn &Y

also Ag # Aump



unperturbed quadratic Hamiltonian:

breaks U(1) symmetry

H'U:Hkiﬂ_Zlu'DJN +HI(3§;?') ngflg) f— A ZCITCLL_I_h'C'
He := (1-§Ho +EH Q6 :=(Q)n, ﬁZNZO Qn &N

natural choice:
BCS mean-field theory Ag

I-LD,G'

= Mo — U(”U,—J)HD

= Ayr := —U (corcoy) H,

also Ay # Amrp



unperturbed quadratic Hamiltonian: breaks U(1) symmetry
H(}:Hkiﬂ_Zlu'DJN —I_H(&D) H(&D). A ZCITCLL_I_hC

pair pailr

He = (1= Ho + EH  Q(6) = (Q)m, £ZNZO Qn &Y

natural choice: Ho.o = to —U(no,—o)m, also Ay # Amrp
BCS mean-field theory Ay = Apyp = —-U (CUTCU¢>HU




unperturbed quadratic Hamiltonian:

pair pailr

breaks U(1) symmetry
H(}:Hkiﬂ_Zlu'DJN —I_H(&D) H(&D). A ZCITCLL_I_hC

natural choice:
BCS mean-field theory

Ho,c — Mo — U<nU=—J>HD
Ag = AMF = -U (CQTCOi,)HD

Q&) == (Q)u. = ZN:O Qn &Y

also Ay # Amrp

large distances : small contribution

broken symmetry
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algorithm: CDet [Rossi 2017] with Nambu propagators

B <Tc1(X)cT(X’))HO (Tel(X)el(X")

(g{m(X—Xf) Q’m(X—X’)) _ .
| (Ter(X)er(X) , (Ter(X)ep(X)

Gio(X—X") G11(X—X")

v



algorithm:

CDet [Rossi 2017]

with Nambu propagators

(goo(x—x’) Go1(X—X")
Gio(X—X") G11(X—X")

) o (<T61(X)CT(X’)>

(Tey(X)er (X))

- <T01(X)cj(x’))H0
Ho <TC¢(X)CUXI)>H(

X =(,7)

recursively
3N operations

_\N
= _=U0) /Xm...dXN cdet(A)
N
= det(A) — Z(disconnected diagrams) (
0 dsh . Goo(X1—XnN) Go1(X1—XnN)
dsh 0 o 1 Gro(X1—Xn) G111 (X1 —XnN)
gOO(XJ.\/'_Xl) Qo1(XJ-\r—X1) 0 5s.h
Gio(Xn—X1) G11(XN—X1) ... dsh 0
Garo(—X1)  Gori(=X1) ... Guro(—XnN) Goi(—XnN)

Osh = 0 1f Ay = Ayr

gfng \

gOa(XN)
gla(XN)
Gara(0)

(=1, o/ =0)



algorithm: CDet [Rossi 2017] with Nambu propagators

(g{m(X_X,) gm(X—X’)) o <Tci(X)CT(Xf)>HU <Tc1ii(X)ci(Xr)>HU
Gio(X—X") gni(X—-X") ) ° <TC¢(X)CT(X’))HU <TC¢(X)C1(X’))HU
_\N .
Oy = ! N') /Xm ...dXy cdet(A) X =(,r7)
| rsivel
cdet(A) = det(A) — Z(disconnected diagrams) ( 3 ;ec(:;em tz’oyns )
0 dsh o Goo(X1—Xn) Go1(X1—XnN) Goa(X1)
/ dsh 0 o G10(X1—XN) G11(X1—XN) G1a(X1) \
A= : ) . ; ;
Goo(XN—X1) Go1 (Xn—X1) ... 0 dsh gOa(XN)
\Q10(XN—X1) Gii(Xn—X1) ... dsh 0 Gia(XnN)
ga/O(_Xl) ga’l(_Xl) ga/O(_XN) ga’l(_XN) ga/a(O)
o0sh = 01f Ag = Amp (O‘ =1, o' = O)

Implementation: Fast Feynman Diagrammatics library [Rossi & Simkovic]
with Many Configuration MC [Simkovic & Rossi 2021]




RESULTS




t=1,

U=-5

= —3.38 = (n+ +ny) >~ 0.5 (quarter filling)
T.(h=0)=TY

A

! ~ 0.06
T ~~ .

0.25 oo
70 T
F

L4
L 2
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h=0:
sign-free AFQMC

----------
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0

A0=1361 zA|V||:|—|—|_
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CD_et final
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O = (corcoy)

T0/2, h=0

0.25

0.24

0.23

0.22

A0= 1361 = AMF |—|—| —
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Metastable regime: s/owly divergent series

near (1% order) transition point
large energy barrier
— Weak essential singularity
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Polarized superfluid
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Polarized superfluid
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Polarized superfluid
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Polarized superfluid

Quasi-particle description
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Polarized superfluid
Quasi-particle description
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Polarized superfluid
Quasi-particle description
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Quasi-particle description
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Polarized superfluid
Quasi-particle description

HJ& = % (E)é’. — Jh.ﬂ‘) ELQ_ L)';:f

=%\

i -, .
F WY = -~
VWA, i,‘M_‘\

L MWM

]]’”’SMx T 1" T

AT [ il
M= M = - _
13 | R Q@CE)sz AN QFCEMD;P\

= (23 /L e TBER ) (&%L — 6-[5L>
‘f\g :\ *T

= M 1Cr) 14| e TH




0.04

£ 0.02 -




0.04

S 0.02

0 | | 1 | I | 1 |

0 0.2 0.4

h

) 1y "}
M"i\" (e%’k-—- e F:’ )

ml |~ 00036l =N | Bl <1407
i Y117

Tl
>
G
¢
fl



Large-order behavior of SF expansion symmetry

breaking
field

Goldstone singularity [Patashinskii-Pokrovskii / Brézin-Wallace, 1973]
O+cst/1—-E+... (T < T.)
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Large-order behavior of SF expansion

Goldstone singularity [Patashinskii-Pokrovskii / Brézin-Wallace, 1973]
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OUTLOOK

e bare vertex U - ladders [CDet, Normal: Simkovic et al. 2020]
- strong coupling
polarized SF at T=0 ? (gapless SF, “breached-pair phase”)

*FFLO? MF:yes H > 2. A (2) < <, + ke
 2D: BKT, algebraic order

=4+

?

* d-wave NIEEEREDJUNNLS 3 1P S TANEID WIN
supercond. phase: ° s ANNANE.LNELL
e C° space: unitary gas
- filling - O
- directly in C°:

zero convergence radius, but resummable
as in Normal phase [Rossi et al. 2018] ?

* nhuclear phys: expansion around Hartree-Fock-Bogolioubov (~ BCS-MF)
yields promising results already at N__ =3 [Tichai et al. 2018]

our suggestion: MC in position-representation
| # Li-Wallenberger-Gull 2020]



