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Impurity propagation in 1D media
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» McGuire model. Bethe Ansatz solution.
» Momentum distribution

» Quantum Flutter

» Log-diffusion
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Physical motivation: Non-equilibrium dynamics in 1D

Quantum Transport through a Tonks-Girardeau Gas [PRL 103, 150601 (2009)]
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Bloch oscillations in the absence of a lattice [Science 356, 945-948 (2017)]
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Motivation: Correlation functions in 1D
(O(x,)0(0,0)) = 3 (vac| (0, 0) ) [P~ & 7 —7
f

Bosonization:
> Low-energy (soft-excitations), asymptotic krx > 1, Ert > 1
> Linear Spectrum S(p) ~ [ d*x(9¢)?
> O =P(0p,0%p,€?)

Non-linear model to capture high-energy behavior!!!

w

4? ‘Impurity’ branch

Luttinger liquid

Glazman, Imambekov, Khodas, Kamenev, Cheianov, Pustilnik, Affleck, Pereira, Sirker, Caux. . .
Kitanine, Kozlowski, Maillet, Slavnov, Terras . . .

[Review: Adilet Imambekov, Thomas L. Schmidt, and Leonid I. Glazman, Rev. Mod. Phys. 84, 1253 |
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Mobile impurity [McGuire 1965]

)<; FD X 1%
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H:m+;2m+g;5(xi_x)

» Model is integrable (specific sector of the fermionic Yang-Gaudin).
» Thermodynamic limit N — oo, L — oo, p = N/L = const

» Dimensionless coupling vy = mg/p, m=1, p=1/7, ke =1

a=2m/y=2/g
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Impurity’s reference frame

p2 N p_g N
!
g L S(x: —
2m+§2m+g§ (i

Total momentum

Wave function transformation

\U(Xuxlv'“:XN):eiQXd)(.ylw“yN)ﬂ yi:Xi_X7 leyl+L

Ho = M_,_Z D +gz5(y,

v

Hoy(y) = Ey(y)

> 4)(y) is antisymmetric
> 4)(y) is periodic and continuous w(y)‘ = T/’(Y)’
yi=0 yi=L—0
_ P(y) +(y)
i=L—0 - L
> v =oly)| | - eyt =0

yi=0
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Coordinate Bethe Ansatz

ekt gikeyt | giknyana
ek gikeyr | giknyaya
P(y) ~ : : :
ekiyn  eikeyn . elkntayn
/xl /‘2 . /QIVﬁfl
NtL o, N+1
> V" Ho(y) = E¥(y), E=3 K2/2, Q=5 K
i=1 i-1
>V y(y) is antisymmetric
> 4)(y) is periodic and continuous 'L/)(y)‘ — w(y)‘
¥i=0 yi=L—0
= »(y) +(y)
yi=L—0 - L
> i = Oy Y(y) . - ¥=0 5 yi=l=0 _ 4
yi=
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Coordinate Bethe Ansatz

ekl _ 1  gikel _q

elk1y2 elkaya
y1=L-0
¥(y) ~
y1=0 K -
eikiyn eik2yn
A1 A2

v

N+1
v Hqu(y) = Ex(y), E= 2 K2/2,

v

v 1b(y) is antisymmetric

v

+1(y)
yi=0

—-g 5

—1—0 P(y)

Yi i
> i = Oy Y(y) Y=o yi=t—o

/w(y) is periodic and continuous w(y)’y:o = Y(y)

=0

etknial 1
etkn+1y2

Yi=

elknt1yn

Ant1

N+1

Q= > k
i-1

L—

= A =elil -1
0
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Coordinate Bethe Ansatz

iki(e*t —1) — §(efal 1) ... ikyya(efnal — 1) — £(efnaal 1)
elk1y2 L eikN+1Y2
o1 ~ : :
eikiyn o eiknt1yn
eik;lL -1 . eikN+1L -1
NEL N+1
> v Hoy(y) = E¥(y), E= 3 K?/2, Q=3 ki
i=1 i=1
> 4(y) is antisymmetric
>  4(y) is periodic and continuous d)(y)’ 0= w(y)‘ e = A =elt —1
yi= yi=L—
- (y) +1(y)
_ yi=L-0 y;=0 y=L—0 L k—Ntig/2
> \/5111,:8y,¢(y) Y= —gf =0 = €% :47/\77@/2
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Bethe Ansatz solution
The eigenstate |k)g = |Q; k1 ..., knyt1) at total momentum Q is given by the

>
set of N 4 1 integers + phase shifts, via the "nested" set of Bethe equations
>
N+1 g2 N N+1
E=> —» Q=P+> h=3 k
j=1 i=1 i=1
ol _ ki =N+ ig/2 o2 (%
ki — N —ig/2 T\ x
> TD limit
T ™ 27 n;
dj = - —arctan(A — akj) = - —arctan (A —a—— ), a=2/g
2 2 L
> Fixed total momentum sector:
o N1
= — nj—1+4+94
(Q L ;g;; lj (?ﬁ

14 (a—N)?

SQp = (A + «) arctan (A + a)C: (A — &) arctan (A — «) N
™

1
2am 14 (et A2
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Lieb-Liniger

N 6)2
H==2 g T2 iti=x)
i=1 4 1<j
> The Bethe wave function
7] 7] iix
W(xg,...xy) = H — — — + csgn(xx — x;) | det(e"V*k)
Py Oxx  Ox;
>Jj
» Bethe Equations
ki — kj + ic
ikil) =[] 2———+
eelist) =113 = —%
1
> Dressed momentum (counting function)
q
Pl _1=0 P(q) =q+ /9(q — k)p(k)dk
—q

» Dressed phase shift

Flk) = 55 o F(i - i/q K(k — q)F(q)dq = w

ki4,1 - ki 2w J_ v

2c

k .
6(k):2arctan; K(k) = 0kb(k) = K2+ c2
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Form-Factors

» Direct computation from the coordinate Bethe Ansatz

> |k>Q = |Q;k1 "'7kN+1>7

27 §;
ki = T (nj ;)

27
> la)=lq1...,qn), = n
1 1 2
N1 Okj | ki — g1 knyr — g1
2\N i3 oA ) )
kKyol? =4 ) —_— . .
|(C||CP| >Q| p+> 9, Q (L) Nil 8kj i i
=1 ON ki —qn knt1 — gn
1 1
Bkj _ 2 1
ON L

1+ (akj — N2 +2a/L
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Observables

» Momentum distribution

n, = qlkleyclkio = Y lalelk)ol®

q1,492,---,9N

» Dynamical and steady state momentum

(P(£)) =) (Quac| Cpo [K') (K| Plk) (K| cpf | Guac ye ~ (B )
k,k/

Poe = D l{Guaclcpo k) [ (k| P[K)
k

» Green's function

d _—
65 2) = bl 010,00 = [ 23 Il P =1

k
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Momentum distribution

1 .
= X lalalel = [ dxePol)

q1,492,---,9N 0

One-particle density matrix

L L
p(x):/dXQ---/de\II(X,XQ,Xg,,...,XN)\IJ*(O,XQ,X3,...XN)
0 0

V(X X1, .) = V(oo xip, x5 ... ) V(oo X, Xig1, -0 ) = =V X1, X )

(k) - Impenetrable Bosons n(k) - Fermions
1. 1.0

Kty kg
3 -3 2 - 2 3
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Summation

Summations over momenta qi, g2, ... gy are independent!!!
27 27 27
pN(y):det 5I'j+TKN(ki7kj)+T6KN(ki7kj) — det (5,‘j+ TKN(khkj)

Thermodynamic limit

p(y) = lim py = det(l + K + K) — det(1 + K)
L— oo

K and 8K act on [—1,1] and are defined through the phase shift only

_ S(N — ak)

s

arctan(A — ak)

s

F(k) =--

N =

e/ P=a/2(cotfnF(p)] + i) — l9=P)¥/2(cotlr F(q)] + i)

K(p, q) = sin[rF(p)] m(p—q)

sin[7F(q)]

5K (p,q) = — sinlrF ()] ®+97/2 sin[xF (q)]

No need to solve Bethe equations!!!
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One-particle density matrix

— Q=0

—— Q=k¢/3 (Re

— Q=0

—— Q=k¢/3 (Re,
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One-particle density matrix in TD limit

Q=0

0.7

06 200 400 600 800 ¥

17/35



Lieb-Liniger model (ABACUS vs Fredholm; Preliminary)

p(x) =D e MPA=PU (BN 2 = R (det(l + K + 6K) — det(1 + R))
[1)

i(P(N)—P(N))y/2 i) — el(P(X)=P(\)y/2 4 i
K(0 M) = sin[rFOV)] sinfr FOV)] e Y/ (cot[rF(N)] + i) — e Y72 (cot[m F(N)] + i)

(A=)
Q=0 c=4 N/L=1
P
p(¥)
1.2 12
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10 09|
08
07]
06|
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P0)
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11500, o °
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1.100
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1.050)
0.2 1025
01 1 i0 00 io00°
X
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Asymptotic = Microscopic bosonization
» Form-Factor summation

x) = _[alok)e™ "k = det(1 + V)
3

> Orthogonality Catastrophe: |(q|Olkvac)|? = A/N?8
> Soft-mode summation

p(x) ~ ZI (alOfk)[2e~ > *Z > (QleVPe|{p, h})({p, hYle VP2 (0|q)

k=0 P1,-- Pk
ha,..

_ Ae—f(Pn—Pvac)x<e¢3«p(x)e—ﬂw(0)> _ Aﬁe—fwn—mac)x

x2

w

Luttinger liquid

Slavnov (1989); Slavnov and Korepin (1991); A. Shashi, L. . Glazman, J.-S. Caux, and A. Imambekov
(2011); N. Kitanine, K.K. Kozlowski, J.-M. Maillet, N.A. Slavnov, and V. Terras (2009-2012); K.K.
Kozlowski, J.-M. Maillet (2015);
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Asymptotic

Ae=1®
) ~ y — 00

(2iy)" (~2iy)a-F

The exponents are defined by the phase shift
Fi = F(£1)

G2(Fy)G%(1—F_)

A= a(2r)f+-F-+1 Fr_F. exp (—C)
1 ld ldk F(k) - F(q)\? ldkFEsz(k) ldk(lfﬂ)zf(lf/”(k))2
5_/1 q/l ( k—q )+_/1 1k 7_/1 1—«k

G(x+1) =T(x)G(x)
Impenetrable bosons [H. G. Vaidya and C. A. Tracy [Phys. Rev. Lett. 42, 3 (1979)]]

a2 G2(1/4) 2737 /eAC
p(y) N NG

A =1.2824271 ... is Glaisher's constant.
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Asymptotic @ =0

o)
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[M. Olshanii and V. Dunjko (2003); O. I. Patu, A. Klumper (2017)]
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Momentum dependent “statistics”

2

-3 -2 -1 0 1 2 3 Wke
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Figure: The momentum distribution for the different total momenta: Q =0,

Q = kr/2, Q = kg - black, red and blue lines respectively. The left panel corresponds
to a =1/2 and the right to o = —1/2.

» External momentum as an anyonic parameter x

> R X, X1, ) = e inmsEn (g =g yr(, S Xjt1s X - )

2
> a=2/g—0 k = —arctan A = Q/kr mod 2
v

[R. Santachiara, P. Calabrese (2008); O. I. Patu (2015)]
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Time dependent momentum

(P(1)) = (Guac| oo [K') (K| PIK) (K| cpt | ehvac ) e~ T(Ew =E)
k,k’

14 T T
— N=21

o 12 — N=45]
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Steady state momentum

P = D [{Gvac| oo k) (k| PK)
k

Direct computation is numerically challenging for finite N. But as N — oo:

—o0

Poo = / %P(A)/dxsin(pox)[(h(x) —1)det(l+ V + V) +det(l + V)]

1.0+

Pso
T 0.5

0.0~

v
[]
*
A

MC3
MC6
MC 10
Mathy et. al. 10
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Kick Protocol (Preliminary)

Impurity is instantly accelerated to the additional momentum & P.

o 2
P = D | (le™ %m0 g)| .

kiAg

1

r = _Re
=M (g = A)2Q (M)

oo

™
0

/ge,m d? det(1 + K)

dx?
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Correlation function

G(x, t) = (Yimp(x, )¢y (0,0))

d ipox—i dA
G(X7 t) - / % Z |<k‘Cp°|qvaC>|2epo " - / gp(xv t? /\)
k

» Exact Result [0.G. A.G. Pronko, M.B. Zvonarev (Nucl. Phys. B 892; NJP 18, 045005)]
p(x, t,A) = (h—1)det(1 + V) +det(1 + V — W)

»> “Jordan-Wigner” transformation to anyons

an(x) = c(x)e™ J7etelndy

Averaging over the anyonic angle

Glxt) = [ G el )en(0.0)
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Field theory treatment = Microscopic bosonization (T =0 )
»> Form-Factor summation

70, 8) = Y [alOfk) Pe ™t = det(1 + V)
k
» Orthogonality Catastrophe: |{q|O|kvac)|? = A/N?8
> Soft-mode summation
Ae—xOP
(x — ket)B(x + ket)B

7(x,£) ~ > [(a|Ofk)Pe At — (eVPelotemVER(0.0)) —
IR

» Nonlinear contributions

) . . 2 2 Be— XAP+iAEt
’T(X, t) ~ Z I<q‘o|k)|2ef/ka+ltEk+lx(kaF)+lt(Q —kg)/2 _

O+IR. Vi(x — ket)P(x + kpt)B

w

4? ‘Impurity’ branch

Luttinger liquid

Slavnov (1989); Slavnov and Korepin (1991); A. Shashi, L. . Glazman, J.-S. Caux, and A. Imambekov
(2011); N. Kitanine, K.K. Kozlowski, J.-M. Maillet, N.A. Slavnov, and V. Terras (2009-2012); K.K.
Kozlowski, J.-M. Maillet (2015);
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Asymptotics

— ixQ+itQ — ixQ+itQ+i(t—x)2 /2t
plx, £ ) = e EY L B L 0(x] > )
(2i(t — x))F==D2(2i(t + x)) it (2i(t — x)FF @2i(t + x)
(At a)arctan (A + a) — (A — a)arctan (A — ) 14 (a —A)?
e= am +2047'r I°g1+(a+/\)2
2 _a 2 arctan (a« — A)  arctan (o + A) A 1+ (a —A)?
97;7(1+a (17/\))( . + = )+E| TTeih
0.2 0.2
= =
< 01 “ e g0 (‘\ [\ 0
< LA LT s -
L 0.0;"" Fa WY A (a\ JAON NSO 0 0.0;-ﬁ Fa s 7,\ Pﬁhhﬂnnnﬂ
] VNV VY T VYT UUWUWUU
< o & o X
S-01 AT A X | y
o ' &
-0 20 40 60 80 100 % 20 40 60 80 100
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Diagonal Asymptotics

What about p(t, t,A)?

Ae—ixQ+itQ Ae—itQ+it§2
p(t t,A) = 2 F2 = 2 F2
(it —x)F =122t +x)= ot (CyR)F-D2 it + 1)
AeiT/2
B s

~
0 ' '

-0.1¢

10 20 30 40 50 60 70 80
t
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Correlation function: different ray sections

Gt
o
- ) % 0.04 — £=0.25
\\“ . K o
\\\\\\\\\\lm"w{///{{/l/ =0 0.00
/s 20 40 ' 60 80 100
dA A(N)et@m—£a(m)
be=gt 1) = / 2 (2i(t — x))FM=12(2j(t + x))F-(N?

The integral is dominated by the saddle point A, which exists only for

OQ(N)
aQ(A)

& < & = maxy
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Correlation function; TG-limit

Asymptotic for p(x, t,A) in the time-like regime t > x leads to

0.06}+

0.05
0.04
0.03
0.02
0.01
0.00

73/2G*(1/2)

G(x,t)~

a=0; |G(x,t=10)|

x?2 it
2t)+ ) 2

2V/it [log(2t) + = P <_2 (log(

a=0; |G(x,t=20)|

0.04r,

0.03

0.02

0.01

0.00]
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Correlation function; Finite coupling constant

3/2 2 Fy—F_ G2 F_ Gz 1_F —€[F] 5 ¢ )
G(x,t) = = (2m) : ( 2) : ( +)e exp (itQ(a) + i (arc ana) )
(2it)*F/iT T o
T t7r2Q(a) 2i(1 4 2raFy) log(2t)
T 1+a? (1 + a2)?
a=271/10; |G(x,t=10)| a=271/10; |G(x,t=20)|
o 0.10
0.10} e
0.08
0.08
0.06}"
0.06
0.04 0.04
0.02 0.02
0.00 . 0.00
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Novel regimes? G(p,t) = [ €PG(x,t) =?
A. Kantian, U. Schollwdck, T. Giamarchi Phys. Rev. Lett. 113, 070601 (2014)
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Finite temperature

Distribution function 1

ne(q) = eBe(@) + 1

The main change
det [*kFJ(F](]' + \7) — det [700,001(1 + ng \7)
Static asymptotic

det(1+ K) — = det(l+ nrK) — Ae~xJv(kdk

The dressed phase shift

V(K) = 5 log(1 + (27F M) — 1)me (k)

A = exp (;/dkdq (l/(qZI;(k))2>
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Finite temperature

27! =272/ B

Tr(e PHO(x,t)...)/Tre™ 1 = (O(z = x+it) ... )g1 w1 = ~{O(Z')... g2
CFT prediction for correlation length:

), == 4

_ N N
v T GGy TR T T e T

Finite temperature 4+ Dynamics

det(1+ np V(% £)) = W exp (—i/(x - qt)y(q)dq)
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Summary and outlook

» Anyons np =4 (qlcplk)[2 v
» Quantum flutter Pso = 3 l(alcolk) 2 (k| Pianp k) v
» Log-diffusion Go(t) =X\ |<q|cp‘k>|2e—itEk v

To Do:

> Finite temperature
» “Kicked" profile (external force)
» (Pimp(t)) as Fredholm determinant

» New formulation of universality? non CFT-like?

35/35



Extra Slides



Asymptotic without RHP = bosonization

» Form-Factor summation
p(y) = l{alcplk)o?e?Pa= D = det(1+K+5K)—det(1+K)
q

» Orthogonality Catastrophe

A
2 _
(vaclelk)alt = o

. A .
> Bosonization p(y) ~ ——— ¥ (Prac=Q)
(=iy)e
Slavnov (1989); Slavnov and Korepin (1991); A. Shashi, L. I. Glazman, J.-S. Caux,

and A. Imambekov (2011); N. Kitanine, K.K. Kozlowski, J.-M. Maillet, N.A. Slavnov,
and V. Terras (2009-2012); K.K. Kozlowski, J.-M. Maillet (2015);
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Soft mode summation

|...... - 00000 000 .| ® o
H> Hq PL P

k

. k
[(Pk, Hilcolk) @l _ ( det 1 )2 (smfrﬂ)zkl—[ ey — Fo)? T + P12
[(vac|cplk) o2 1<ij<k pi+ hj — 1 m 1 M) iy Th)?

1 k
2
Pq—Q:/qu(q)+T7r§ (pj+hj—1)
Z1

Jj=1

2
o(Pa—Q) [(Pk, Hilcplk) oI * VP (0|eF+ ¢ ()| Py) Hy ) (Py, HileF+#() o)
|(vac|cp|k) o[

7= e27TI/L
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Soft mode summation

+1 — — + .t —
{tn, ¥} = nm, {tn, ¥m} = {¢n, ¥m} =0. Bosonization
Ppl0) =0, if n>0, ¢7|0)=0, if n<0

Ap(2) = T (2)y(z) :
|Pr, Hic) = gy - p b1y - - - Y1, 0)

iy(Pq — i F. F.
S M Pam Dy, Hyleplk) gl = e¥2F [(vaclcplkygl? 3 (01" P P, Hi) (P, Hile™#12)j0) =
Py, Hy Py, Hye

) SYAP A SIVAP
= [{vaclcp[k) o |2e¥2P (0]™+* (M ef+2(2) 0) — |(vac|c, k) |2 = — —
a-2%  NF - eri/nfE

AeiyAP

Z e"}’(Pqu)|<Pk, Hk|cp‘k>Q|2 - W

Py, Hk

» Any soft modes excitations

» Non-linear bosonization
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