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Fermi Polaron (polarized Fermi gas) = mobile impurity immersed in a Fermi sea

1/(kFa)

Polaron residue:

Zp = |h polaron|0#, FS(N")i|2
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Model and diagrams:
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DiagMC for the polaron [Prokof’ev & Svistunov, PRB 2008]
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FIG. 1. Backbone structure of a fourth-order Feynman dia-
gram for the Green’s function G(X). Each box is a dressed
interaction vertex �0 running from space-time point Xi =
(ri, ⌧i) to X 0

i = (r0i, ⌧
0
i) . All diagrams of order 4 are obtained

by considering all possible connections of the arrows, with
the exception of ladder diagrams which have already been
included in each box.

R
dr

R 1
0 d⌧ . To obtain the N -th order contribution to

the Green’s function one needs to consider all possible

ways the open ends of the �
0
-lines can be can be closed

with G
0
"-propagators. This can be achieved by consider-

ing a simple determinant. The N -th order contribution

to the Green’s function for X = (r, ⌧) is thus given by

GN (X) =

Z
dX1 . . .

Z
dX

0
N B(VN , X) SN (VN ) , (4)

where the sum of all possible connections by spin-up

progators is given by

SN (VN ) = det[A(VN )] , (5)

with the matrix elements of A given by

Ai,j =

(
G

0
"(Xi � X

0
j) if i 6= j + 1 ,

0 if i = j + 1 .
(6)

The zeros in the matrix A ensure that ladder diagrams

are not taken into account since there are already in-

cluded in �
0
. With this simple trick double counting

can be avoided. In the conventional diagrammatic Monte

Carlo algorithm all diagram topologies are sampled ex-

plicitly. Here, their sum is given by just one determinant

(for a given set of internal variables). This greatly sim-

plifies the algorithm and the code. The prize to pay is

that one has to work in position representation, where

the propagators are oscillating functions as a function of

distance, which might be di�cult to deal with numeri-

cally. The DiagMC algorithm, on the other hand, works

in momentum representation, where the propagators are

sign definite as a function of momentum. As we will il-

lustrate later, the current algorithm is always superior

despite the oscillations in position space.

The Determinant DiagMC algorithm amounts to doing

the multi-dimensional integral which appear in Eq. (4)

and to do the sum G(X) =
P

N GN (X).

In order to calculate the self-energy ⌃N (X) at order

N one needs to exclude all the reducible diagrams. This

can be achieved by

⌃N (X) =

Z
dX

0
1

Z
dX2 . . .

Z
dXN B̃(VN ) S̃(VN ) ,(7)

with the backbone of the self-energy given by

B̃(VN ) = �
0
(X

0
1) G

0
#(X2 � X

0
1)

⇥ �
0
(X

0
2 � X2) . . . �

0
(X � XN ) , (8)

and where we have put X1 ⌘ 0 and X
0
N ⌘ X in the

set VN . S̃(VN ) is the sum of all connections with spin-

up propagators such that only irreducible diagrams are

included. This can be achieved by applying following

recursive relation at each step of the Monte Carlo process:

S̃n(Vn) = Sn(Vn) �

n�1X

k=1

S̃k(Vk) Sn�k(Vn \ Vk) , (9)

for n = 1, . . . N . The computational cost to calculate

S̃n(Vn) is still polynomial, O(n
5
), while the cost for cal-

culating Sn(Vn) is O(n
3
) since it requires just calculating

one determinant.

We consider first the unitary point kFa = 1. Previ-

ous Diagrammatic Monte Carlo simulations were able to

calculate the self-energy up to order N = 12. At unitar-

ity, this allowed to extract the polaron energy without

the need of resummation techniques since the series was

found to converge here.

Acknowledgements. We thank Félix Werner. This

work was granted access to the HPC resources of

MesoPSL financed by the Region Ile de France and the

project Equip@Meso (reference ANR-10-EQPX-29-01) of

the programme Investissements d’Avenir supervised by

the Agence Nationale pour la Recherche.

1 N.V. Prokof’ev and B.V. Svistunov, Phys. Rev. B 77,
020408 (2008).

2 N.V. Prokof’ev and B.V. Svistunov, Phys. Rev. B 77,
125101 (2008).

3 J. Vlietinck, J. Ryckebusch and K. Van Houcke, Phys. Rev.
B 87, 115133 (2013).

4 J. Vlietinck, J. Ryckebusch and K. Van Houcke, Phys. Rev.
B 89, 085119 (2014).

5 P. Kroiss and L. Pollet, Phys. Rev. B 90, 104510 (2014).
6 P. Kroiss and L. Pollet, Phys. Rev. B 91, 144507 (2015).
7 O. Goulko, A. S. Mishchenko, N. Prokof’ev and B. Svis-

tunov, Phys. Rev. A 94, 051605(R) (2016).
8 A. L. Fetter and J. D. Walecka, Quantum Theory of Many-

Particle Systems (McGraw-Hill, New York, 1971).
9 G. D. Mahan, Many-Particle Physics (Springer, Boston,
MA,2000).

10 L. Hedin, Phys. Rev. 139, A796 (1965).
11 F. Aryasetiawan and O. Gunnarsson, Rep. Prog. Phys. 61,

237 (1998).
12 G. Onida, L. Reining, and A. Rubio, Rev. Mod. Phys. 74,

601 (2002).
13 G. Baym and L.P. Kadano↵, Phys. Rev. 124, 287 (1961).



0 X 0
1 X 0

2 X 0
3 X4X3X2 X

Vn = {X1, X
0
1, . . . , Xn, X

0
n}Set of spacetime points:                                                         with

Calculation of the N-th order contribution to Self-energy

2

0 X1 X
0
1 X

0
2 X

0
3 X

0
4X4X3X2 X

FIG. 1. Backbone structure of a fourth-order Feynman dia-
gram for the Green’s function G(X). Each box is a dressed
interaction vertex �0 running from space-time point Xi =
(ri, ⌧i) to X 0

i = (r0i, ⌧
0
i) . All diagrams of order 4 are obtained

by considering all possible connections of the arrows, with
the exception of ladder diagrams which have already been
included in each box.

R
dr

R 1
0 d⌧ . To obtain the N -th order contribution to

the Green’s function one needs to consider all possible

ways the open ends of the �
0
-lines can be can be closed

with G
0
"-propagators. This can be achieved by consider-

ing a simple determinant. The N -th order contribution

to the Green’s function for X = (r, ⌧) is thus given by

GN (X) =

Z
dX1 . . .

Z
dX

0
N B(VN , X) SN (VN ) , (4)

where the sum of all possible connections by spin-up

progators is given by

SN (VN ) = det[A(VN )] , (5)

with the matrix elements of A given by

Ai,j =

(
G

0
"(Xi � X

0
j) if i 6= j + 1 ,

0 if i = j + 1 .
(6)

The zeros in the matrix A ensure that ladder diagrams

are not taken into account since there are already in-

cluded in �
0
. With this simple trick double counting

can be avoided. In the conventional diagrammatic Monte

Carlo algorithm all diagram topologies are sampled ex-

plicitly. Here, their sum is given by just one determinant

(for a given set of internal variables). This greatly sim-

plifies the algorithm and the code. The prize to pay is

that one has to work in position representation, where

the propagators are oscillating functions as a function of

distance, which might be di�cult to deal with numeri-

cally. The DiagMC algorithm, on the other hand, works

in momentum representation, where the propagators are

sign definite as a function of momentum. As we will il-

lustrate later, the current algorithm is always superior

despite the oscillations in position space.

The Determinant DiagMC algorithm amounts to doing

the multi-dimensional integral which appear in Eq. (4)

and to do the sum G(X) =
P

N GN (X).

In order to calculate the self-energy ⌃N (X) at order

N one needs to exclude all the reducible diagrams. This

can be achieved by

⌃N (X) =

Z
dX

0
1

Z
dX2 . . .

Z
dXN B̃(VN ) S̃(VN ) ,(7)

with the backbone of the self-energy given by

B̃(VN ) = �
0
(X

0
1) G

0
#(X2 � X

0
1)

⇥ �
0
(X

0
2 � X2) . . . �

0
(X � XN ) , (8)

and where we have put X1 ⌘ 0 and X
0
N ⌘ X in the

set VN . S̃(VN ) is the sum of all connections with spin-

up propagators such that only irreducible diagrams are

included. This can be achieved by applying following

recursive relation at each step of the Monte Carlo process:

S̃n(Vn) = Sn(Vn) �

n�1X

k=1

S̃k(Vk) Sn�k(Vn \ Vk) , (9)

for n = 1, . . . N . The computational cost to calculate

S̃n(Vn) is still polynomial, O(n
5
), while the cost for cal-

culating Sn(Vn) is O(n
3
) since it requires just calculating

one determinant.

We consider first the unitary point kFa = 1. Previ-

ous Diagrammatic Monte Carlo simulations were able to

calculate the self-energy up to order N = 12. At unitar-

ity, this allowed to extract the polaron energy without

the need of resummation techniques since the series was

found to converge here.

Acknowledgements. We thank Félix Werner. This

work was granted access to the HPC resources of

MesoPSL financed by the Region Ile de France and the

project Equip@Meso (reference ANR-10-EQPX-29-01) of

the programme Investissements d’Avenir supervised by

the Agence Nationale pour la Recherche.

1 N.V. Prokof’ev and B.V. Svistunov, Phys. Rev. B 77,
020408 (2008).

2 N.V. Prokof’ev and B.V. Svistunov, Phys. Rev. B 77,
125101 (2008).

3 J. Vlietinck, J. Ryckebusch and K. Van Houcke, Phys. Rev.
B 87, 115133 (2013).

4 J. Vlietinck, J. Ryckebusch and K. Van Houcke, Phys. Rev.
B 89, 085119 (2014).

5 P. Kroiss and L. Pollet, Phys. Rev. B 90, 104510 (2014).
6 P. Kroiss and L. Pollet, Phys. Rev. B 91, 144507 (2015).
7 O. Goulko, A. S. Mishchenko, N. Prokof’ev and B. Svis-

tunov, Phys. Rev. A 94, 051605(R) (2016).
8 A. L. Fetter and J. D. Walecka, Quantum Theory of Many-

Particle Systems (McGraw-Hill, New York, 1971).
9 G. D. Mahan, Many-Particle Physics (Springer, Boston,
MA,2000).

10 L. Hedin, Phys. Rev. 139, A796 (1965).
11 F. Aryasetiawan and O. Gunnarsson, Rep. Prog. Phys. 61,

237 (1998).
12 G. Onida, L. Reining, and A. Rubio, Rev. Mod. Phys. 74,

601 (2002).
13 G. Baym and L.P. Kadano↵, Phys. Rev. 124, 287 (1961).

2

0 X1 X
0
1 X

0
2 X

0
3 X

0
4X4X3X2 X

FIG. 1. Backbone structure of a fourth-order Feynman dia-
gram for the Green’s function G(X). Each box is a dressed
interaction vertex �0 running from space-time point Xi =
(ri, ⌧i) to X 0

i = (r0i, ⌧
0
i) . All diagrams of order 4 are obtained

by considering all possible connections of the arrows, with
the exception of ladder diagrams which have already been
included in each box.

R
dr

R 1
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the Green’s function one needs to consider all possible

ways the open ends of the �
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-lines can be can be closed

with G
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"-propagators. This can be achieved by consider-

ing a simple determinant. The N -th order contribution

to the Green’s function for X = (r, ⌧) is thus given by
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progators is given by
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with the matrix elements of A given by

Ai,j =
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j) if i 6= j + 1 ,

0 if i = j + 1 .
(6)

The zeros in the matrix A ensure that ladder diagrams

are not taken into account since there are already in-

cluded in �
0
. With this simple trick double counting

can be avoided. In the conventional diagrammatic Monte

Carlo algorithm all diagram topologies are sampled ex-

plicitly. Here, their sum is given by just one determinant

(for a given set of internal variables). This greatly sim-

plifies the algorithm and the code. The prize to pay is

that one has to work in position representation, where

the propagators are oscillating functions as a function of

distance, which might be di�cult to deal with numeri-

cally. The DiagMC algorithm, on the other hand, works

in momentum representation, where the propagators are

sign definite as a function of momentum. As we will il-

lustrate later, the current algorithm is always superior

despite the oscillations in position space.

The Determinant DiagMC algorithm amounts to doing

the multi-dimensional integral which appear in Eq. (4)

and to do the sum G(X) =
P

N GN (X).

In order to calculate the self-energy ⌃N (X) at order

N one needs to exclude all the reducible diagrams. This

can be achieved by

⌃N (X) =
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and where we have put X1 ⌘ 0 and X
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N ⌘ X in the

set VN . S̃(VN ) is the sum of all connections with spin-

up propagators such that only irreducible diagrams are

included. This can be achieved by applying following

recursive relation at each step of the Monte Carlo process:
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k=1

S̃k(Vk) Sn�k(Vn \ Vk) , (9)

for n = 1, . . . N . The computational cost to calculate

S̃n(Vn) is still polynomial, O(n
5
), while the cost for cal-

culating Sn(Vn) is O(n
3
) since it requires just calculating

one determinant.

We consider first the unitary point kFa = 1. Previ-

ous Diagrammatic Monte Carlo simulations were able to

calculate the self-energy up to order N = 12. At unitar-

ity, this allowed to extract the polaron energy without

the need of resummation techniques since the series was

found to converge here.
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culating Sn(Vn) is O(n
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) since it requires just calculating

one determinant.

We consider first the unitary point kFa = 1. Previ-

ous Diagrammatic Monte Carlo simulations were able to

calculate the self-energy up to order N = 12. At unitar-

ity, this allowed to extract the polaron energy without

the need of resummation techniques since the series was
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Diagrammatic series has finite radius of convergence

-3x10
-5

-2x10
-5

-1x10
-5

 0

 1x10
-5

 2x10
-5

 3x10
-5

 0  5  10  15  20  25  30  35  40  45  50

G
N

(p
=

0
,τ

)

τ/εF

N=21

N=22

N=23

N=24

N=25

N=26

N=27

N=28

N=29

N=30

GN (p = 0, ⌧) =
F (⌧)

(�R)N
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

at kFa = 1 : R = 0.878(2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

-1x10
-7

 0

 1x10
-7

 2x10
-7

 3x10
-7

 4x10
-7

 5x10
-7

 6x10
-7

 7x10
-7

 0  5  10  15  20  25  30  35  40  45  50

R
N

 |G
N

(p
=

0,
τ
)|

τ/εF

N=24

N=25

N=26

N=27

N=28

N=29

N=30

Where does this asymptotic behavior come from?



Large-order behavior of the diagrammatic series:

A naive estimate due to time ordering of the vertices in the backbone:
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Large-order behavior of the diagrammatic series:

A naive estimate due to time ordering of the vertices in the backbone:

Z ⌧ 0
1

0
d⌧1

Z ⌧2

0
d⌧ 01 . . .

Z ⌧ 0
N

0
d⌧N

Z ⌧

0
d⌧ 0N =

⌧2N

(2N)!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0 X1 X 0
1 X 0

2 X 0
3 X 0

4X4X3X2 X⌧1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧ 01
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧ 02
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧ 03
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧ 04
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧4
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⌧
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

So sum of all diagrams of order N
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇠ ⌧2N/N !
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Note that some classes do converge: GN = (G0
#)

N (⌃1)
NG0

# ⇠ 1/(N !)3/2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Goulko, Mishchenko, Prokof’ev, Svistunov
(PRA 2016)

�v(p, ⌧) = � 4⇡

m3/2
p
⇡⌧

e�( p2

4m�µ�"F )⌧

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Rigorous bound with UV momentum cut-off (for vacuum                                                             ): 

|GN |  ↵
CN p3Nc ⌧

3N
2

(N/2� 1)!
⇠ 1p

N !
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

So, convergence breaks down to the ultraviolet behavior.



Two diagrams with the same behavior:



at kFa = 1 : R = 0.878(2)
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Two diagrams with the same behavior:
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Power-counting argument for T3 diagrams

⌧
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>�⌧(N)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2N�⌧(N) ⇠ ⌧ ) �⌧(N) ⌧ ⌧
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Typical time of each backbone line: 

G0
#(r, ⌧) ⇠

1

⌧3/2
e�

m
2⌧ r2

�0(r, ⌧) ⇠ 1

⌧2
e�

m
⌧ r2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Propagators at short time and distance: 
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Time-dependence at large order:
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Resummation of diagrammatic series:

Formal power series:                                                   with⌃(z) =
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FIG. 13. Coe�cients of the transformed series after conformal
mapping. We show �⌃̃N (p = 0,! = 0)wN

1 as a function of
order N . The line is an exponential fit.

evaluating the Taylor series of ⌃̃(w),

NmaxX

N=0

⌃̃N wN , (20)

which converges in the limit Nmax ! 1 at the physical
point w = w1. Imposing w(z = 0) = 0 ensures that ⌃̃N

is a linear combination of ⌃1, . . . , ⌃N+1.
There are many di↵erent choices for the conformal

mapping. We use

z(w) =
Aw

(1 � w)↵
(21)

with ↵ > 0. This mapping is constructed such that the
positive real axis in the z-plane is mapped onto the unit
segment in the w-plane, with w(z = +1) = 1. This
guarantees that 0 < w1 < 1, and choosing A = 2↵R
ensures that the singularity at z = �R is mapped to
w = �1, which is further away from the origin than w1.
The value of ↵ can be chosen in the range [0, 2], fixing
how much of the complex z-plane is mapped into the unit
disk. In what follows we take ↵ = 1. We checked that the
final result for the energy does not depend on ↵ within
the error bars.

After the conformal mapping, we observe that the se-
ries converges exponentially, see Fig. 13. This shows that
all singularities were indeed mapped further away from
the origin than w1. The fact that the series in w is not
sign-alternating indicates that the singularity w2 nearest
to the origin is on the real positive axis. Fitting the tail
gives ⌃̃N / 1/wN

2 with w2 = 0.479(4), which is indeed
larger than w1 = 0.3628. The corresponding singularity
of ⌃(z) is at z(w2) = 1.61(3), which we checked to be
stable w.r.t. changing ↵.

The polaron energy Ep is determined from the pole of
the propagator G, which gives the implicit equation in
terms of the self-energy [32]

Ep = ⌃(p = 0, ! = 0, µ = Ep). (22)
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FIG. 14. The polaron energy Ep, as a function of the maximal
order Nmax of the diagrammatic expansion of the self-energy.
While our results converge after conformal mapping (black
crosses), they diverge if this mapping is not applied (blue cir-
cles). This divergence was not resolved in the earlier DiagMC
results from Ref. 34 (red squares).

-0.61565(4) this work
-0.607 one particle-hole variational ansatz [15, 16]
-0.615(3) diagrammatic Monte Carlo [32, 33]
-0.6156 two particle-hole variational ansatz [84]
-0.615(1) diagrammatic Monte Carlo [34]
-0.622(9) lattice quantum Monte Carlo [92]
-0.60(5) experiment [9]

TABLE II. Polaron energy Ep/"F at the unitary limit.

After applying the conformal mapping to the self-energy
diagrammatic series, our results converge in the limit
where the maximal diagram order Nmax ! 1, see
Fig. 14, where we also show for comparison the re-
sults without the conformal mapping, obtained with the
new PDet algorithm, as well as with the older DiagMC
method [34]. We obtain a polaron energy Ep/"F =
�0.61565(4). This result is compared with earlier the-
oretical and experimental values in Table II. Our error
bar is dominated by the systematic error from the Monte
Carlo grid in imaginary time. The precision is strongly
improved over the previous DiagMC results of Refs. [32–
34] and the hybrid path-integral/auxiliary-field quantum
Monte Carlo result of Ref.[92]. The ⇠ 1% di↵erence with
the one particle-hole variational ansatz [15, 16] is much
larger than our error bar, and the agreement with the two
particle-hole variational ansatz [84] is remarkable. On
the experimental side, we agree with the latest value ob-
tained via radio frequency spectroscopy measurements of
a strongly spin-balanced Fermi gas in a spatially uniform
box potential [9], as well as with the earlier determina-
tions of Refs. [2, 93].

Chevy, Phys. Rev. A 74, 063628 (2006). 
Prokof’ev, Svistunov,  PRB 77, 125101 (2008).
Combescot, Giraud, PRL 101, 050404 (2008).
Vlietinck, Ryckebusch, VH, PRB 87, 115133 (2013).
Bour, Lee, Hammer, Meißner, PRL 115, 185301 (2015).
Yan et al., PRL 122, 093401 (2019). 
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FIG. 15. Average sign as a function of order N for G(p =
0,! = 0) and ⌃(p = 0,! = 0). Remarkably, the average sign
has a finite large-N limit.

V. EFFICIENCY OF THE ALGORITHM

We end with a quantitative discussion of the new algo-
rithm’s e�ciency. Consider the computation of a quan-
tity Q, of diagrammatic expansion

1X

N=1

aN .

The most relevant case for PDet is the self-energy Q =
⌃, for fixed external variables, say (p = 0, ! = 0) for
simplicity, so that aN = ⌃N (p = 0, ! = 0).

Denoting the set of space-time variables by VN , we
have

aN =

Z
dVN W (VN ); (23)

in the considered case of the self-energy with PDet,
we have VN ⌘ {X 0

1, X2, X 0
2, . . . , XN , X} and W (VN ) =

B̃(VN )S̃(VN ), see Eqs. (10,11,12). Equation (23) can be
rewritten as

aN = hsigniN zN (24)

where hsigniN is the average sign corresponding to the
Monte Carlo process at order N , hsigniN = hsign W (VN )i
where the average is taken w.r.t. the Monte Carlo weight
|W (VN )|, and

zN =

Z
dVN |W (VN )| (25)

is the total weight of the order-N configuration space.

A. Average sign

A major aspect determining the e�ciency of any Monte
Carlo algorithm for fermions is the behavior of the av-
erage sign. A small average sign means that positive

and negative contributions nearly cancel out on average,
which amplifies the relative statistical error. In previ-
ous diagrammatic Monte Carlo algorithms for fermionic
many-body or polaron problems, the average sign tends
to zero in the large-order limit. This “sign problem”
poses a fundamental limitation on the order that can be
reached within a given computational time. In contrast,
for PDet the average sign tends to a finite limit at large
order, as we see in Fig. 15 : Remarkably, the fermionic
sign does not cause any fundamental di�culty here.

While this observation is surprising at first, we can
understand it from the power-counting argument of
Sec. III B. That argument suggested that |aN | ⇠ (1/R)N

at large N , with R determined by any of the two three-
body diagrams. The same argument gives zN ⇠ (1/R)N

with the same R: Indeed, it does not matter that we
consider the integral of |W | instead of the integral of
W , because the short-time expressions of the propa-
gators Eqs. (3,4) are sign-definite. This explains that
hsigniN = aN/zN has a finite limit for N ! 1.

B. Computational complexity

A natural way of summarizing all aspects of compu-
tational complexity for a numerical algorithm is to de-
termine how the computational time t scales with the
error ✏. Here ✏ is the di↵erence between the computed
value and the exact result, coming from both statistical
and systematic errors. As we will see, the scaling is only
polynomial in 1/✏ for PDet,

t = O(1/✏⌫) . (26)

Such a scaling was derived in Ref. [94] for the CDet al-
gorithm, and we can reuse most of the analysis presented
there, modulo the following three di↵erences, which will
change the expression of the exponent ⌫:

(i) the number of operations per Monte Carlo step in-
creases only polynomially with N for PDet, instead of
the 3N scaling of CDet (because for the polaron problem,
disconnected diagrams do not exist, so that the CDet re-
cursive procedure to eliminate disconnected diagrams is
not required for PDet);
(ii) while the average sign decreases exponentially with
N for a full many-body problem with CDet, it has a finite
large-N limit for the Fermi-polaron problem with PDet;
(iii) while Ref. [94] restricted for simplicity to the case of
a convergent series (i.e. to small enough interaction for
the Hubbard model), here we have to consider the case
of a divergent series, resummed by conformal mapping.

It was already stated in Refs. [70, 77] that point (iii) does
not invalidate the scaling (26); here we will justify this
in some detail and show how this modifies the exponent
⌫ (both for PDet and CDet).

Whereas the original series
P

aN diverges exponen-
tially, |aN | ⇠ 1/RN with R < 1, after conformal mapping

Average sign corresponding to MC process at order N and algorithm efficiency
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Conclusions

• CDet for polaron: PDet
KVH,  Werner, Rossi, Phys. Rev. B 101, 045134 (2020). 

•

• Large order: 

Outlook
• Mass-imbalanced polaron (+halon physics)
• N+1 few-fermion problem
• Polaron at finite T
• Polaron: real-time calculations?
• Full understanding of large-order behavior?
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